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Stablematching

e The National Residency

MatchingProgram
NRM P

matches graduating
medical students

to residency program
slots each with

lists of preferences
for each other

so that things
are stable in the

sense that one avoids a
matched pair

Sir residencies
students an

S
testable.een r

s

is
Shapley
algorithm4962

but S prefers r to r since
and r prefersS to S 1952



REM ARK Also used in NYC School system

for Sthgraders and high
school slots

In 2012 Alvin
Roth LloydShapley

EIEIEEIIIE.gg
then wore

Lets make some
assumptions then

fix them later

Assume h students and in residency
slots

Assume each linearly
orders all n of the

other side

EXAMIE
cosmeticpulmonology

has

only 4
slots 4 students

T
CA B CoD

U Mina has two
slots in Ma

RochesterMayo has 1 slot
r

Harvard has a sloth

with these preferences



EXAMPLE cosmeticpulmonology
has

faff
Finn

only 4 slots 4
students

7 A BCoD
preferencesUMina hastwoslots mi ma

mi ma r h B A D GR
r mi ma h BGAD

fake
horrible
student
D

Dr
Jekyll

Thealgorithm
startswith

conditionalmatchings

r ma

R ma 1matched
to

e r

s h

In a cycle ofthealgorithm
a proposers

starts out being
unmatched and proposes

to thehighest
residency left on their listr



If r was
matched Sithattheypreferts

then they reject
5 who crosses r

off their list and continues asproposer

If r wasmatched to S thatthey
like

worse than 5 then they reject 5

who crosses off offheir list r

conditionallymatcheswith
5 and S

becomes the new proposer

The cycle ends when
R is rejected

and doesn't cross
off any one

doesn't becomeproposer
The number k of non Jekyll

matched

slots increases by
1

Algorithm stops
in h cycles when

k n

I



t
i

Gde f A proposes
to me rejecting R

proposer cycle over
with

A m

FL M2

r r

s h

Cyclet f B proposes
to mi

whorejects B
as in prefersA

B crosses in off their list

f B proposes
to m2 who says

conditional yes rejecting
R

Cycle over
with

A m

B ma

r r

r h

h A3



f
i

Cyclesi f C proposes
to mi rejected

S C proposes to m2 rejected

S C proposes
to r

conditionallyaccepted

cycle over with
r rejecting 2

A M i

B ma

c r

s h

Gde S D proposes
to r whoconditionally

acceptsthem rejecting C

f C proposes
to h who accepts

rejecting R
M

cycle over with AB I m
D r

C h



Does it work

PREP Thealgorithm never gets stuck

no student runs
out of their list

and it finishes
in NZ u steps proposals

proofi Notice that only
I can be

matchedtomultiple
slots So if a

student S has
crossedeveryslot off

their

list then each
of those slotsrejected

S

and is
matchedto some real

student

and there
are only n i other real

students

There are at
most hZn proposals

since n of them
end up with

1 being

rejected and allof the
otherproposals

cause a slot to
becrossed off

someone is
list There are

E n n

positions
to cross off By



PREP The matching produced is stable

proff KEY OBSERVATION

A residency slot's
matchonly

improves overtime

A student's match only

ge
se over time

Nowsuppose we
endedupwith

an

unstable pair CS
r

s r
S prefers r tr

S r
i r prefers

Sbs

Smustnererhaveproposedlory

duringthe algorithm
since the

KEY OBSERVATION says
r only saw

proposalsfrom students it
liked lessthan S

Since 5 matched
with r itmust have

crossed r off its list atsomepointSof
didpropose tor

contradictionTB



REMARK Galeqfahggpfey
pointed

out that nonbipartitegraphs
preferences

the roommateproblem

can have nostablema
terings

EXAMPLE
1 2,3 4 people

7 likes 2
best

2 likes 3
best

3 likes 7
best

andeverybody
hates 4 likesthem

worst

Nomatchingisstablel
Mm 2

neu Ea Ea
Estate
par


