
 

MathcototMonsept
REMAINDER Wed Sept 23 class is

asynchronous recorded
and probably no Thur Sept 24

office hour

BIJECTION PRINCIPLE

Suppose two
sets A B have a

bij A Is B

T a tea b

ice both A

E mIoFgi

thenKatha'i EIE



EXAMPLES Recall
fsaulbsets of 1,3 n had IAI's

A

but A also has a nice to 2 213
so 13 2

Il
A

givenbywriting down
the characteristic

vector of length n consisting
of o's is

forthe subset andthen reading
it as a

b.in numb er

e g
h 6

i 23 4 56

i 2 4.6 run 4,40 1

a subset
characteristic
vector

5 4 32 n o

11020 Iwo
n 25 1.24 024722

TO 247 20
32 16 4 11 53 E fo 1,2 243 13



This map f A B is a bijection
since we can write down its inverse bijection

given me 91,2 243 13

write it uniquely in binary and read

the digits as the
characteristic rector of a

subset in A
e g h 6

m 38E orb 76,1
38 32 4 2

25 22 21

1.24 o 240 23 1
22

2 3 y s g
t l 2

0.20

100 I lotwo

e g u 3
M Ii 4,53 EA

to O C 1,23,446J

11 200 to 4
I 010 2

Eel 9 Ed allot coin
i31 107 5 221
2 011 3

4,273 111two 7



Which are there more of
even sized subsets

or

odd sized subsets of 1,2 h3

even
odd

inside

100,113.020,1123 113,123

1433 113 91233

1234 223 124

4 43 133 134

34 143 234

GuES There are as many ofeach

Can we find a bijection
A

f B

leren siotfgfsyfs.gg
Iodsdufiffdof42mn31



Can we find a bijection
A

f B

term sized sybsentg
toddles's.eedof4a n3

Hnisodd then set
complementation

S ftp sn S

then this has
f S k site u k

Here is such a bijection

A
f B

Il
evensited I
hfYz n

fodd sized

S
S 43 if Les

Su B if I S

So if

Same asf



Prove 2 Ik two ways

a directly from the formula with
factorials

b via a bijection f
skwsEIF.ta.nil slnnkbsetmofut.mn

Block walking
How many ways are

there to walk
fwm

o.o to nm takingunitsteps north
oreast

at each step
e g Cm n 1 2

Chin 2 2

I Fifi
0,0 7

Hi wars t i

FI i i
ways



Blockwalking
Howmanyways arethere

towalkfwm

o.o to mm takingunitstepsnorth
oreast

ateachstep
e g Cmn 1,2 Chin 2 2

Fifi t ma
and CLI 6

HI ways said
2,33

FI i am
3,43 ways

ANSWER any men's THI
m n

x
m element
subsets of
1,2 men

There's a bijection

Hunks and
to 17.97353

walk W te subset of C steps

0.014,3
s is 123573



How many ways to walk
from co o toG co

that avoid the point 12,6

allwalks

i E 9
Al 1131 14
P

E's'T f
2,0 6

I I
130540 wayslogo

kid to

engagedfor
226 way to gocoo

b 126



Howmanywaystowalkfromcoo toGo Whatif we'rewalking
thatavoidthepoint12,6 P Op lo un n

avoidinggoingthrough

I l E9 oesen

Al 1131 14
E's HeD mtm fataleX
2,06

I I
130540waystogokid to

S
How many ways to chooseyour

baker's

dozen B ofbagels from STs at

Bmegser's asiago garlic
onion plain

There's a bijection
sesame

A choices of 13bagels from 5 flavors

ft
B choicesof 4 dividinglines

between

13 symbols x



Howmanywaystochooseyourbaker's
dozen B ofbagels from STs at

Bmegser's asiagogarlic

There's abijection
onionBhim

A choicesof 13bagelsfrom 5flavors

f f
B choicesof 4dividinglinesbetween

13 symbols x

3 asiago
o garlic xxx f x xxxx xxxxx

1 onion
fasiago

garlic onion plain se

4 plain
5 sesame

xxx 11 1 xxxx xxxxx

17 symbolstotalX's or 1 s

130 s 17t

410s 4
choices

I

i Ii D



PROPOSITION The number ofways

to pick a k element multi set
be 13above a set with
13 X's multiplicities

from aset with nelements
is

n 5 my n i dividers
flavors

Kt n f
ke n l
k n i

proofi The above bijection
D8



Math 4707 WedSept 23 asynchronous lecture

Our last basic countingprinciple
PRINCIPLE OF INCLUSION EXCLUSION

How to deal with overlapping sets
in

t

counting problems withoutgoingcrazy

It generalizes
DIFFERENCEPRINCIPLE

restated

y
universe

I U Al LUI TAI

what about 2 overlapping
sets A Az

what is iiI

Either formula is P It for2sets



EXAMPLE using P l E for 2 sets ylut

zooe.FIdsefaniisha
school

Gk 30 take German

iqp.EE
dmTakeyHowmomaneytfanegatakasII

401 101 20 70

Gu SUGI 2 730
1such ISHI GI ISH

Ul Ist ICH IsnGl
50 30 to

Loo 50 301 10
So 10

70

130

Whatabout 3 overlapping
sets

n
n i

m

i



Whataboutforn overlappingsets

PROPOSITION For A Az An Ufnitesels
P.IE for nsets

Iu AirAsia.uAnI lUl
L Us Ail Ail Hat Hnl

IAMzt IA.nA.ltAanAzltIAninAnl
tA.nAsnAsHAnAznAnt

IIAM zn.HN
k o nE
lul IEIAiltI2jIAihAjlIS Eh

TE's.liiinAiEnAisL
n

t tc iTIANAA.mn

IfDk 2IAi.nAizn nAin
k 0isi ciza siren



proof wellskip the details

Useinduction on a the ofoverlapping
setsAi

We did base case
n i

and even h L

In the inductivestep you
can use

distributivity of n over V

A n CB U c fanB
u CA n c



PRINCIPLE OF INCLUSION EXCLUSION

n n what MI Al
A 2 LUHANAll LUI Al HakLANAI
general n Iu AuAzo want lui Ail

k o term

is Hea Est fi nAiannAinfXAM

PES

Howmany
rearrangementsof BAMBIN I

avoid consecutive
double letters

thatis avoiding BB
and also II

U fall rearrangements
of

BAMBI N

A those with
consecutiveBB

AE
thosewith consecutive

II

We want 14 ANAs I
thosewitheitherBB

or II
orboth



EXAMCPES
Howmanyrearrangements

ofBAMBINI
avoidconsecutivedoubleletters

thatis avoiding BB andalso II

U fallrearrangementsofBAMBIN

A thosewithconsecutiveBB n 2

AE thosewithconsecutive p ed
Wewant 14 ANAalin

thosewithertherBBorIIorboth

MANAsk LUI IAI Adt IA.NL

C2 aii7 fnYaii.Df2nYi.HBBIIAMNpgzIIAMN
ByBt FN

zz iiiyyu.tt
5
mini

7
EF Y

Tai Li 5



Howmanywalksfrom o.o to
15,10

taking unit N E steps
avoidboth 2,6 and 4,8

15,10 p i Efor

8 a

43 ANSWER n

I initiate'Enanai
gud

wi
His if D

459th HI HE
i
c
a



The hatcheck or derangement or

SecretSanta problem

n peoplegivetheir
hats tothehatcheck

person wholatergives
them back

randomly What is the
probability

that nobyodygets
their own hatback

Let'sgetaformula and
as afunction

of n figure outhow it
behavesfor

in large Approaches 0

Approaches 1

U all arrangements of n
hats

distributions J
IUE n his it ti
Lef Ai Az An
bedefined by A f

arrangementswhere
person igets

theirhafny



U all arrangements of n
hats

distributions

lut n tis it ti
Lef Ai Az An
bedefinedby A

arrangementswhere
personigetstheirhoaw.int

Wewant derangement

I U ftp UA I

III
Ml Ei Hitt

into't

TEAM tifjfAiaA
nAikl1Ut_nl.IAikCn

HAik Yn.t.fi dtiainAjl cnd

4 54 1AM Eftsitt Hns



derangement

I U ftp.vAnll
Ezinhe.E ifjfAian

nAikl

with Infn
Aiken
IAinAjI Cn21

Ain nAinl Cn k

t.EE ciiiih

EEcn4n hHCHlIt
n n x

EocME
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derangement MkIi
so probabilitythatweget

aderangement
is

derangement

Tui Euik
hot t's fit tt7

i tieI Iit II
II a

i t t's t't t

xJx.e E fest


