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has no isolatedvertices

QUELTIONS but notconnected

Try to come up with a conjecture
that

characterizes graphs G CV E having an

Eulerpath but no Euler tour similar in

spirit to the one we proved forgraphshaving
an Enter Tour Can you prove it



THEOREM G a graph with no isolated

v s has an Enter path but no

Euler tour
a G is connected

AND
b exactly of

its vertices

Vo v have odddegree

all others even degree

Furthermore every Erler path
in G

will start end at the two odd degree

vertices

proofi
Similar to Euler

tour proof
0 ONOandadd on

Takeo edge s
Y ro toY

and create the Euler
tour

and the extraedge
toget

an Enter path TB



Consider adiredggtedmpgurgph D CY A
Vertices directed

arcs

and directedEuler tours ok
i

sequences of arcs that start at andendata
vertex ro follow the arrows along arcs

and traverse each arc in Aexactlyonce

indegs_outdegs

i in
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fat II it a no
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has none has some has none has some

Can youwrite
down a characterization of

which digraphs D YA have

directed Euler tours similar to theundirectedcase



THEOREM A digraph D VA
with no isolated vertices has a directed

finer tour
a D is connected in the

undirected

AND
or directed sense

b every vortex
VEV has

deg Cr
indegDCD

out
arcsatA

t.ee farcmsaauEaf entering

some e ones
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proofi All the same proof

as in the
undirected

Euler tour proof Bg
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Eulerian digraphs DeBruijnsequences

mathematician magician

First A card trick due to PersiDiaconis

He throws a prepared deck of cards inambber
band into the audience asks severalpeopleto do

visual ads of the deck then pass it to next
5 people

who draw the top 5 cards Asksthem to think

about their cards withthoseholding redcardsto

standup Then he guesses all 5 cards

Howdoes hedo it The deck starts outlikethis
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DEFINITION
A DeBmijnseqrenceonkletterslo.bzk i

oforde rn is a circular sequence

of K letters having eachpossible

word of length n appearing
exactly

once as a consecutive sub
word

e g 12 2
n 3

I
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i
i



E Do DeBmijn sequences exist for

every k and n If so howdo we

find them

YES and it's related to Eulerian digraphs

Niceideai Fixing k
n make a

digraph
Da V A canaamanuan

11 X n word

length n i finish
this'ubwood

sequences
of ca an Ca an

letters lab
hub

Ca Az an l



Niceideai Fixing kin smake a KEYPOINT
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THEOREM DeBmijn sequences of
order n on k letters exist for all kin

oil e k i

since the digraphs Dk u are

a connected
AND
b have mdegp.ca outdegpncnDVveVCinfactbotneqralk

Preet For lb let's prove it by
rich

enough example s Inside Ds y
letters lo l2,314

2222
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THIEN DeBmijn sequences of
order n on k letters exist for all kin

on e k i

since the digraphs Dk u are

a connected
AND
b havemdegtz.n outdegpn.cn ther

infact bothemail k

proto For a any
two vertices v.v

have

a path
v with En I steps

Proofby rich
enough
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Hamiltonian tours circuits and paths

walks from vertex to vertex
in

an undirectedgraph
G V E

that visit every
vertex reV exactly

once but may miss
some edges

A tour if start
vertex end vertex

path if not

Sounds close to Enter
tours paths

but is not really
EXAMPLE

Kau 0 d
asfIIEe

0 40 Fsommhophism

graph
has an Euler
tour Cno Enterpath Hamiltonian

path
and has noHamiltoniantour

nor



EXAMPLE

Inhete
graph

NoEuler tour nor Enterpath

But has a Hamiltonian
tour Jgand Hamiltonian
path

oj
It's hard to decide if agraph G

has a

Hamiltonian tour path o

Twoexamples from
book

µo

i
Hamilton'sgame findsuchatour



There is no known algorithm for
deciding whether

G CV E has

a Hamiltonian
circuit or path

that does much
better than

checking all
V ordering s of V

to see if any
of them are a Hamiltonian

circuit or path
we'll come back

to this when
discuss

lack ofgood
algorithms for

T S P

raking
a
Espey bk

There do exist theorems giving
sufficient conditions

for G to have

such a circuit 1path

necessary
conditions for having

them

see e g Bondy Marty
4.2

West 72

Essentially the same holds for directed
versions of Hamiltonian circuitfpaths



Chapter 8 Trees

DEFINITION A graph
G CV E

with noaycles
is called a forest

its connected
components are called

trees That is a tree is a

confected graph
with noaycles

EXAMPLES

y

is a forest a tree
O
gotaforest but not

with4 connected
a tree

components
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That is atree is a

qq of
connectedgraphwith nooy cks.gg

go

Anotherway to say
it too farest

PROPOSITION W E

a Agraph G
is a forest Chas

no cycles

F atte
path u tf Iv

possibly none connonegteudes

lb Agraph G Cv
E is a tree

F exactly one
path v tou

tu

proofi Ca Iff en path u to v m G

then G must
have no cycles

one
Y Larew
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between

connected

me EI E



Another way to characterize trees

PROPOSITION
a Gis a tree G is connected

and removing
any edge

disconnects it

b Gis afreet G has no cycles

aqueofo

buffeffenssaaggeedge

TH v forpartbO

go.e.gs
45
Tt e between

yw

T e
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Examines
median 98

average 93
standard deviation 8

GUESSED GRADE I 90 predicts
an A

of some kind

80 90 predicts some
kind
ofB

80 Corbelow



PROPOSITION
a G is a tree G is connectedand removing

anyedge
disconnectsit

b Gis atree Ghas nocycles
butaddinganyedgecreates acycle

proof G a tree implies it is
connected

but also if we
remove anyedge

l v v

in G then

o
P

If G is connected
and

removing any edge
disconnects it

then it must
have no cycles

because

removing anyedge
on the cycle

cannot

disconnect it KokoTo
u

Whoodo



b Gis atree Ghas nocycles
butaddinganyedgecreates acycle

PWI G a tree implies ithas
no

cycles but
also adding any edge

Say from
v to v creates a cycle

by

our EEEe bv i
og fo
og E
Assuming G has no cycles

but adding any edge
creates one

Si nie G is a forest we
need toknow

it is

connected So given v v E

addingedge
v v creates a cycle
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NEXT let'sprove
PROPOSITION Every

finite tree

with at least
2vertices has at

least 2

leave f
vertices of degree

one

0 O 8

gtEfTd
leaves

0 o O 0
in red

proof NOTE This tree F has no

se en

start atany vertex
v EV in the tree

and walkalongedges
to new unvisited

vertices until yougetstuck
then you

are at a leaf v because
if u has

to onto fommotheeronidgeonasmidfered

Hoff v to somevisited
vertex

to Otero and this creates
a

Holo cycle or twopathsvotov



To getat least two leaves do the

same argument starting
from the

leaf v that youjustfound

agep
Why can't we find more than

2 leaves byiterating this

argument P

woong
0

COROLLARY Any tree F
CV E

with n WI has IEl
n I edges

and hence deg Lv 214
24 D
2h 2
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iffy NEM

Ek 0 14 1



COROLLARY Any tree F CV E
with n VI has 1El n i edges
and hence deg_Cv 21ft un D

2h 2

Fo
w
6h0

proofi Prove it by
induction on a IN

BASE CASE Nfl has no edges

Do so let 0 14 1

INDUCTIVESTEP'I
Since we can assume

IVl nZ2 F some leafvertex
to

and we can remove it to get
TET trig

F off t.w.gg
Byinduction

IECTIFIELTHH IECTvdt.NET H
n I i Need T ro is still an 2

a tree EXERCISE



How many labeled
and unlabeled

trees are there on n vertices 21,3 n3

labeled means
we distinguish It 3 n

fromeach other

Unlabeled means
is om m classes

of trees

g
IIF E TEF isomorphic
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How many labeled
and unlabeled

trees are there on n vertices21,3 n3

n unlagenlendutffeeses labeled

no
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n unlagenlendutffeeses labeled

h
O

2 or FEE 1210 2

72 59 87 31
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To YEE 21 60
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THEOREM Cayley
1890

labeled trees on u vertices
in 2
N


