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A non trivial corollary

THELREM Hall's MarriageTheorem

In a bipartitegraph G Xw E

there will be a matching M that
matches allotX i.e M X

tf subsets X'EX

EFFIE's no NCI Z X

matchingof all otX
neighbors

otX

NIX neighbors

o_0 ofatleastope

y

x'ex

poet nexttime
using Hungarianalgorithm



HEOREM Hall'sMarriageTheorem ftp.tsmfnEas no

Thabipartitegraph G Xw E matchingofallotx

therewillbe amatching M that
matches

I
X ie M X

fog y
tf subsets X EX

pref f is easy enough
if we had a

matching M that
matched all ofX then

t XIX M gives
an injectve map

x NG
X 1 x's neighbor

in M

Assume If a matching
Mot

all of X
Use Hungarian

algorithm
to

find a max
sized matching

M There

must be at least
one vertex x'EX

unmatched in M



KII Assume amatchingMot

all of X UseHungarianalgorithm
to

find a max sizedmatching
M There

mustbeat least one vertex x'EX
unmatched in M

GTen this x'EX unmatched
is M

define X w Y to be the vertices
in G

that have at least
one directed path from

X

EXAMPLE
X Y

cry
riff

0 5 0

0

Goal Show Y NCI and Y's X
a

b

thou Note Y onlycontains
M matched

vertices from4 because otherwise
wewould

have an M augmentingpath

But then M gives an injective
map from

Y X Haysmieffisnmached
Y L X



Given this x'EX unmatched
in M

define X w Y to be the vertices
in G

that have at least
one directed path from

X

EXAMPLE
X Y

cry
riff

0 5 0

0

Goal Show Y NCI and Y's X
a

b

ToshowlD Y EN x sinceevery y EY

had a path from to y
and the 2ndto last

vertex on this path is
a vertex in X

Butalso anyneighbor y
of some x e X

has a path from to x and then to y

so it lies in Y Hence NCI EY

Thus Y NG Dz



COROLLARY If in a bipartitegraph

G X NY E has all vertices of

same degree d z n then
it has a

perfectmatching

co YLo
RY Tf

In the above setting
E is the

disjoint union
of d perfectmatchings

Mi Ma Md

EXAMPLE'T

d 3 y

x
Y

1 2 92

Xs



Comte
l

Intheabovesetting E is the

disjoint union of d perfect
matchings

MiM2 Md

EXAMPLEI

d 3

X YES

M w Ma w My E

p
f RY

Assumethat G
XUY E has degcxiedeglyjt.cl

Vxi EX

and let's cheekHall's
condition is yitY

satisfied given X E X

I
Y on

xiwakxjsimdweesjbg.ms

between them



p
f RY

Assumethat G
XUY E has degcxiadeglyjt.cl

Vxi EX

and let's cheekHall's
condition is gitY

Satisfied given X E X
considerthesubgraph

Xl
on X w N X

and the edges

between them

X y

I

i
Xy

Xs

Count intwowaysthe edges
in

this
subgraph

on one hand it is exactly jdeggx fX't d

Ontheotherhand it is s Idegglx NH d

yeN X
So d E d N x cancel the d's BE



Similarly
COROLLARYI
If a squarematrix

A aj nu has

a jZ 0
and all now sums and columns

are equal to S o

then a F a permutation
0 of 942 on

so that Ai dig
0 for it 3 n

b one can write

A spatSept smph forsome Si 20
with St t Sm

and Pi are each pemnuL maizes

sotheyhave
exactly one nonzeroentry

in each vow
and column equalto

1

Comparewith the
book's totem problem

c
O O n



COROLLARY X Y
T matixA laid I has 0 y y E
ai

then a F apermutation oofE 2
n

Xz y
x yu

proofot
Create fromsuch

a matrixA a bipartite

graph G Xu 7 E with edges
11

ix axis
sis ms EHi.gsftor

and lets check
Hall's condition is satisfied

Gwen X EX
consider the submatrix

whose rows are indexedby X and columns
y D D's

are indexed by NCW e.g x z i f
42

Compute in two waysthe sum
ofall entries in

this submatrix

Summingacross
rows it is s X

Summing down
columns it is E s N X

So s X E s N X

and we cancel the s to get X's N XD



b one canwrite

A spatSept smphforsome
Si20

withSt Sm

Toprove b first find 0 such that ai di 0

for each i I 2 s h

so let Sy min Ai ai f is i n

and let A A sa
fpermmafnt.TT o

A E A al
o o n O

1 9,11S min1131,33
n

hasnowsums
columnsums all

equal to
s s

4 I 3

Repeatwith A replacing A
which has strictlyfewernonzero

entries

Induct on of nonzero entries to
conclude

the proof TB
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Chapter 12 Planargraphs

DEEN A graph G N E is plane

if it be drawn in the plane 1122

with today
self intersecting

a slippery term

EXAMPLES

kn completegraph on n vertices

ki planar

KE planar

Ks Il planar

Kui III planar

Ks Suspect

Ks isnotplanar



Koo Kz

E EIRA
suspects tar

alsofitanar

since it contains

a kg as
an

edge
subgraph

Km n
completebipartitegraph

km
i

kn.tk kzsI IEj
Kris Efg Kaif
Kim is Kan is
planar planar

th
tu



Ksp Xi T l

x
X Y Hs

y

sis an
x

and neither are

Km u for m
n 23

T's

Wethink planargraphs
can't havetoomany

edges compared

2suspect number ofvertices

We'llmake this precise using

Entersformula c some
inequalities



REMICK Notethat multipleedges

and self loops
do not affect

planarity is

of
planar planar

n



Entula is a relation between

the number of vertices
v

edges e

andregions
f of aplanar

or faces of
graph

famous a polyhedron

e.g polyhedra are
Platonic solids

fe wnwbe

hexahem.EA.LY
o

of 8revertices 4 6
of 12 12e edges 6

f
of 4 8 6

tace
dodecahedron

icosahedron

Enter

20 12
30 30
12 20



i
4 6 8

e Ies 6 12 12

f Efes 4 8 6

dodeeahe ahemn.TLEnter

E i
20 12
30 30
12 20

Eirmula for 3
dimensional

polyhedra
r et f L

EXAMPLES that
are not regular Platonic

i
6 5

e 9 8 Still v e tf 2

f 5 5



Really Euler's formula is more general
holding for pKantirectgedndphs if

we count

as faces the regions including
the

unbom ded region

i

I 3

HEH



Eo M In any
connectedplanargraphG

one has v et 1 2

where v V
e f

f regionffaces
including the

e g G
mb facefregion

Z y to
13

Fu 158 7 18

a Is
b F9

E 25
16

F 9
v e f 18 25 9 2



THEOREM Inany
connectedplanargraphG

one has v et 1 2

where V
e f
f regionffaces
includingthe

unboydedforcelregion
13

4 lo

proof Tn is8 7 18

One by one 6 For

removeedges
fwm G 16

that do not
disconnect it

andratherseparate
one of its bounded

faces

fromthe
unboundedface

i
edge1919 Fs

Aftheends f o

wenaren pwnenyme.h.am
edges o Fg't only one
and we erased a region

left
exactly f l edges Oneyoffmedaedhface with atree
Hence e Q Htlv D rtf 2



I
We'll use

o M In any
connectedplanargraphG

one has v e t f 2

to get an inequality for planargraphs

relating e and v

For Ks Ks3
which are simplegraphs

connected
ftp.multipleedges

notethat any graph
G with no loops

no multiple edges and at least two

edges everyface
is boundedby

at least 3 edges

i
iw

7

0 bounded by 22 edges B

of



COROLLARY If G is planar connected

and has at least
two edges then

2e Z Sf

and hence feE3v6J
Ks fails

Pnef Next time
this


