FACTORIZATIONS OF COXETER ELEMENTS IN COMPLEX
REFLECTION GROUPS

THOMAS HAMEISTER

ApsTrRACT. In |CS12|, Chapuy and Stump studied factorizations of Coxeter
elements into products of reflections in well-generated, irreducible complex re-
flection groups, giving a simple closed form expression for their exponential
generating function depending on certain natural parameters. In this work,
their methods are used to consider a more general multivariate generating
function FACyw (u1,...,u¢) in which the number of reflections from each hy-
perplane orbit is recorded. This generating function takes a similar simple form
which can be stated uniformly for well-generated irreducible complex reflection
groups in terms of certain data associated to orbits of reflecting hyperplanes,
and specializes to that of Chapuy and Stump. A consequence of this more
refined generating function — that the Coxeter number of any well-generated
complex reflection group W is determined by certain data associated to any
W -orbit of reflecting hyperplanes— is stated, and a case-free argument is given
for real reflection groups.

1. INTRODUCTION

A factorization of an element ¢ in a complex reflection group W is a tuple of
reflections (r1,...,r,) such that ¢ = ry---7,,. Let f,, denote the number of fac-
torizations of length m of a fixed element ¢ in the complex reflection group W. In
[CS12|, Chapuy and Stump used representation-theoretic machinery to compute
the numbers f,, for ¢ a Coxeter element in a well-generated irreducible complex
reflection group, W, and to give a closed form for the exponential generating func-
tion

tm
FACw (t) := ) Jn—-
n>0

In particular, by considering cases they concluded that for any well-generated com-
plex reflection group W,

FACyy () = (eN:v/n _ 6N*m/n)"

for n the rank of W, N the number of reflections in W, and N* the number of
hyperplanes fixed by a reflection in W. In the crystallographic real case, Jean
Michel also produced a case-free derivation of their identity using properties of
Deligne-Lusztig representations [Mic16].

For a given well-generated, irreducible complex refleciton group W, let R be the
set of reflections in W and let R* be the set of hyperplanes fixed by some reflection
in R. In this note, we study the refinements

Jrmamy = #{(rl,...,rm) ERT X - XR™:c= r1~~~rm}
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for R = R U---UTRy a partition of R corresponding to the decomposition of R*
into W-orbits. More precisely, we consider R = R1 U --- U R, obtained as follows.

Definition 1.1. Let W act on the set of hyperplanes R* by right multiplication,
and let Oq,...,O; be the W-orbits of R* under this action. Then, let

R; = J{Stabw (H) | H € O;}
be the set of reflections which fix some hyperplane in O;.

We consider the more general multivariate generating function

£ my
_ u;
FACw (u1,...,ue) = Y fonrome || ol
mi,...,mg>0 i=1
Our main result is the following closed form expression for FACy (uq, ..., us).

Theorem 8.7} Let W be a well-generated, irreducible complex reflection group. For
invariants n;, Ny, N} associated to the classes R; in W (see Section @ for precise
definitions), FACw (u1, ..., ug) has the closed form

1 4 Niwg o Nfui\™
FACW(U17~--,W):VV|H<€ nio—e ™ )

In section 2, we give some background on complex reflection groups and make
explicit the representation-theoretic techniques used in the proof of the main result.
Section 3 provides the statement of the main theorem, including definitions of the
invariants n;, N;, and N;. A consequence of this decomposition-that the Coxeter
number of any well-generated irreducible complex reflection group W is determined
by certain data associated to any W-orbit of reflections—is motivated and case-free
arguments are supplied. Finally, the proof of Theorem [3.7] is given in cases, using
the Shepard-Todd classification of well-generated, complex reflection groups.

2. BACKGROUND

Here, we recall some basic notions relevant to the exposition. See [BMRI7| or
[ILT09| for further details on complex reflection groups.

2.1. Complex Reflection Groups.

Definition 2.1. Let V be a finite-dimensional complex vector space of dimension
n. A complex reflection is a linear transformation T' € GL(V) with finite order
whose fixed space is a hyperplane in V. A complex reflection group, W, is a finite
subgroup of GL(V') which is generated by complex reflections.

Definition 2.2. A complex reflection group W C GL(V) of rank n is well-generated
if and only if it is generated by exactly n reflections. W is irreducible if there is no
nontrivial W-invariant subspace Vy C V.

Example 2.3. Let W = G(r,p, n) for p | r be the group of n x n monomial matrices
with nonzero entries rth roots of unity whose product is a pth root of unity. For
example, B = G(2,1,n) is the group of signed permutation matrices. The group
W = G(r,p,n) is well-generated and irreducible if and only if p =1 or r = p.
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Recall that R denotes the sets of reflections in W, and R* denotes the set of
hyperplanes in V' fixed by some reflection in W. Note that R is closed under
conjugation in W and so decomposes into a disjoint union of conjugacy classes.
Let Cr(W) be the set of conjugacy classes of reflections in W. Put N = |R| and
N* = |R¥|.

Definition 2.4. Let V be an n-dimensional complex vector space, and let W C
GL(V) be a well-generated, irreducible complex reflection group. The Cozeter
number of W is the constant

N+ N~

n

h

Definition 2.5. A (-regular element is an element ¢ € W with eigenvalue ¢ such
that, for some eigenvector v corresponding to ¢, v is not contained in any hyperplane
in R*. A Coxeter element is a (j-regular element of W where (}, is a primitive hth
root of unity.

Remark 2.6. There are several inequivalent definitions of Coxeter elements in the
literature. The one given here has the advantage of being more general than that
offered for example in [Bes06].

Proposition 2.7 (|CS12|, prop 2.1). Let W be a complex reflection group. An
element ¢ € W is a Cozeter element if and only if it has a primitive hth root of
unity as an eigenvalue.

Definition 2.8. A Cozeter group is a group W together with elements ry,...,7, €
W and m;; € N with m;; = 1 and m;; > 2 for ¢ # j such that W admits the
presentation

W= (ri,....r | (ryvj)™7 =1)
A Shephard group is a reflection group W with generators ri,...,r, € W and
associated integers p1,...,Pn,q1,---,qn—1 With relations

rPi=1fori=1,...,n
rir; =rir; for [i —j| > 1
TiTip1TiTit1 " * = V41757417 - -+ , where products on both sides have g; terms

The Coxeter-Shephard groups consist of the union of the Coxeter groups and
Shephard groups. The Coxeter-Shephard groups form a subclass of the well-
generated complex reflection groups.

For every Coxeter-Shephard group, W, there is an associated diagram D(W) =
(D, a, B), where D is a tree, « is a labeling of the vertices, and /3 is a labeling of the
edges of D. Then, D(W) indicates a presentation of W as follows. To each vertex
v of the diagram D(W), there exists a simple reflection s, of order a(v), and for
each pair of vertices (v, w), s, and s, commute when (v, w) is not an edge of D(W)
and satisfy the interlacing relation

SvSwSvSw = SwSvSwSv *

with exactly m terms on each side of the above product when (v, w) is an edge of
D(W) with label m. Then, W is isomorphic to the group given by the generators

{sy,: v is a vertex of D(W)}

with the aforementioned relations.
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Definition 2.9. An admissible subdiagram of D(W) is a full subdiagram of D(WW)
which is also a Coxeter-Shephard diagram.

To any admissible subdiagram, D’ C D(W), there is an associated complex
reflection group, W(D’) < W, whose generating reflections are taken to be the
generators of W associated to the vertices of D’. As a complex reflection group,
[BMR97| shows that W (D’) has the associated diagram D.

Irreducible well-generated complex reflection groups can be classified completely;
namely, the groups G(r, 1,n), G(p, p,n), cyclic groups, and a finite list of exceptional
groups. Moreover, we can check the following by cases.

Proposition 2.10. Consider the action of W on R* by right multiplication. R*
decomposes nontrivially into W -orbits if and only if W is Cozeter-Shephard and its
the corresponding diagram D(W') has an edge with an even label.

2.2. A Character Theoretic Counting Technique. Let W be a complex re-
flection group. Let C1,...,C,, be unions of conjugacy classes of reflections of W
and let C = (C4,...,Cy) where for each i, C; C R is closed under conjugation in
W. Fix a Coxeter element c. We follow the approach of [CS12] to compute the
numbers

g(C) =#{(r1,...,rm): c=r1 -1y and r; € C; for all i}

We first compute a character-theoretic formula to compute g(C). Consider the
representation (C[G], p) where C[G] is the group algebra with G acting on the left.
Set R; =) ¢, vr € C[G] in the group algebra. Then,
g(C) = coefficient of v. in R1Ry -+ R,
= coefficient of 1 in R{Ry - Ryc !
1
= —X,(RiRy - Rpc™h)
a

The R; are in the center of C[G] so by Schur’s lemma R; acts by a scalar on any
irreducible representation. Hence, for any m-tuple C with m; copies of the class C;
for each 1,

1 . 1~ m -
(1) 90 =177 D dmVxv(eT)Rv (R)™ - v (i)™
Velrr(G)
where Yy = %. In particular, this expression implies the following result.

Corollary 2.11. Let &, act on m-tuples C by permutation of the entries. Then
for all o € &,,,, we have g(C) = g(o - C).

Remark 2.12. Corollary can be seen more directly by the transitivity of the
Hurwitz action of the braid group on the set of factorizations ¢ = ry---r,,. See
[Bes03] for more details.

3. MAIN RESULTS

We recall the definition of hyperplane-induced partitions here. (also see Defini-

tion
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Definition 3.1. Let W C GL(V) be a complex reflection group. For r € R a
reflection in W, let H, = ker(r — 1) denote the hyperplane in V fixed pointwise by
the action of r. Furthermore, for C' a conjugacy class of reflections in W, let

He={H.CV:reC}
be the set of hyperplanes in V fixed by some reflection in C.

For any complex reflection group W, define the hyperplane-induced relation on
conjugacy classes by C; ~ C; if and only if He, = He,. Let Ry, ..., Ry consist of
the unions of conjugacy classes of reflections in the same equivalence classes under
the relation ~. That is, Rq,..., R, partitions the set of reflections of W and for
each R;, there is some conjugacy class of reflections C; such that

Ri = J{C ecr(W): C ~ Ci}.
Call the partition R = R U- - U Ry the hyperplane-induced partition of reflections
in W.

Remark 3.2. An equivalent formulation of hyperplane-induced partitions can be
stated as follows. Let W act on the set of hyperplanes R* by right multiplication,
and let Oq,...,O; be the W-orbits of R* under this action. Then, let

R; = J{Stabw (H) | H € O;}
be the set of reflections which fix some hyperplane in O;.

Remark 3.3. By the Shepard-Todd classification of well-generated complex reflec-
tion groups, one can check there are at most two classes in any hyperplane-induced
partition of reflections in a well-generated irreducible complex reflection group W.

Let W be a well-generated complex reflection group with hyperplane-induced
partition of reflections R = R1U---URy. Set fi,,....m, to be the value g(C) for any
permutation of the multiset {R}"*,...,R;"“}. By corollary we can assume
with loss of generality

C=(Ri,....,R1,....Re,...,Ra).

mq times my times
Then, for R; = . vr € C[G], equation (1)) gives the identity
1 : -1\ m ~ m
(2) frromg = €] > dim(V)xv (e kv (R)™ -+ Rv (Re)™
Velrr(G)

For W as above, define the generating function

Y4 u
FACW(’U,l,...,Ug): Z fm1,.<-7m£H TYZL"
m;>0 i=1

Definition 3.4. Let W C GL(V) be an irreducible, well-generated complex re-
flection group of rank n with R; a class in the hyperplane-induced partition of
reflections. Then, for any Coxeter element ¢ with factorization into reflections
c =ty -ty, let n; denote the number of reflections ¢; in the factorization whose
fixed hyperplane lies in the W-orbit of hyperplanes associated to the class R;. That
is,

n; = #{i | t; € Ri}.
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Bessis showed in [Bes03| that the Hurwitz action of the braid group of type A, _1
on factorizations of ¢ of size n is transitive and preserves the multiset of conjugacy
classes {C; | t; € C;}. Therefore, the numbers n; defined above are independent of
the choice of factorization of c.

Remark 3.5. If W is Coxeter or Shephard, then one can associate a reflection t, to
each vertex v of the diagram D = D(W) such that the product ¢ = HvEV(D) tyis a
Coxeter element. Moreover, the hyperplane-induced partition of reflections further
partitions these generating reflections into the connected components of the diagram
D obtained from D by removing all even edges. Hence, writing D = D U --- U Dy,
where D; are the connected components of D, gives the alternate interpretation

n; = rank W(D;)

where D; is viewed as an admissible subdiagram of D. In particular, by Propo-
sition [2.10] this holds whenever the hyperplane-induced partition of reflections is
nontrivial.

Definition 3.6. Let W and R; be as above, and let H; be the set of hyperplanes
fixed by reflections in R;. Then, put

Ni = #Rz and Nz* = #Hl
We now come the the main result.

Theorem 3.7. Let W C GL(V) be an irreducible, well-generated complex reflection
group with hyperplane-induced partition of reflections R = R1 U ---URy. Then,

1o [ MmN \™
FACW(U17...,U5>:MH<6 i — e g )

This formula specializes to the one derived in [CS12] as follows. Let W be a well-
generated complex reflection group with nontrivial hyperplane-induced partition of
reflections R = Rq{ U---UR,. If fn denotes the number of factorizations of a
Coxeter element ¢ into a product of n reflections, then

~ mi + e + my
fn = E fml,...,m(
_ mi,...,My
mi+-+me=n
Hence, the exponential generating function ano fn%y can be expressed
wml . xmg

o my e+ mg -
anﬁ = Z( Z ( Mmi,. .., My )fmhm’m[> (M1 + -~ +my)!

n>0 ’ n>0 \mi+---+me=n

4 u:’“
= E fml,.,.,m[ H miz'
=1

mi,...,me>0

Uy =" =Ug=2T

Therefore, equating the result of Theorem with the formulation in [CS12] gives
the identity

(emm\/n _ e—x\R*\/n) _ H (eNix/m _ e—M:*-%/m)

i=1
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In particular, this implies the equalities ny+---+ny =n and h = |R|J;‘R*| = Ni;N:

for all 1.

Remark 3.8. Let W have nontrivial hyperplane-induced partition of reflections.
By W is Coxeter-Shephard and so has associated diagram D = D(W). Let
D, ..., Dy be the connected components corresponding to Rq, ..., R, as in Remark
[B-5] Then, n; = rank W(D;) is equal to the number of vertices in D;. The identity
n1 + ne = n reflects the fact that the corresponding subdiagrams D; partition the
vertices of D(W).

Corollary 3.9. Let W be a well-generated, irreducible complex reflection group
with hyperplane-induced partition R = Ry U --- U Ry, and set h; = w for
Ni, N}, n; as above. Let h denote the Cozeter number of W. Then for any index

1<i<?l h;=h.

Remark 3.10. If W is a real reflection group, then Corollary [3.9] follows from the
following proposition of Bourbaki.

Proposition 3.11 (|Bou02|, Ch VI, Section 11, Prop 33). Let R be an irreducible,
reduced Toot system with basis {a1,...,q} and let s; = so, = 1 — (o, @) be the
reflection corresponding to ay;. Let I' be the cyclic subgroup of order h generated by
the Coxeter element ¢ = s1S2...5;. Then, the action of I' on the set of roots R is
free, and there exist representatives 01, ...,0, of the T'-orbits of R such that each
0; is in the W-orbit of the simple root «;.

Case-Free Proof of Corollary[3.9 for Real Reflection Groups. For W areal irreducible
reflection group, its associated root system is irreducible and reduced. Fix the no-
tation in proposition 3.2. Let Oi,...,0O; be the W-orbits of R* (corresponding
to some hyperplane-induced partition of reflections R = R; U--- U Ry). Then, n;
counts the number of «; whose corresponding hyperplane is in the W-orbit O;.
Furthermore, since the representative 6; is in the W-orbits of the root «;, it fol-
lows that n; also counts the number of 6; having corresponding hyperplane in the
W-orbit O;.

Since the reflection groups are real, N; = N;*, and the number of roots in R with
corresponding hyperplane in O; is equal to 2N;. Because I' acts freely, the size
of each I'-orbit is exactly h. Therefore, the action of I on the set of hyperplanes
O; has 2N;/h orbits. But the previous paragraph implies this number is also n;.
Therefore h = 2N;/n; = (N; + N})/n; = h;. O

Jean-Michel kindly provided a case-free proof of Corollary [3.9] for well-generated
complex reflection groups using results of Bessis and Broué-Malle-Rouquier.

4. PROOF OF THEOREM [3.7]

We use the Shephard-Todd classification of well-generated, irreducible complex
reflection groups to reduce the proof of Theorem [3.7]to cases. Furthermore, only the
cases in which a hyperplane-induced partition of reflections is nontrivial are con-
sidered. In particular, this leaves the Type B reflection groups G(r,1,n), dihedral
groups Iz2(n) = G(2,2,n), and exceptional groups.

4.1. Type B Reflection Groups. Consider the group W = G(r,1,n). Recall
that W consists of all monomial n X n matrices whose entries are rth roots of unity.
Observe that the reflections in G(r, 1,n) consist of the following conjugacy classes:
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(1) The conjugacy class of transpositions and (,.-transpositions (those having

k
a diagonal two by two minor equal to ( CQT 6 ) for some r), which has
k

size r(g)

(2) The diagonal matrices with all but the one diagonal entry equal to 1 and
one being equal to ¢¥. Each class of this type consists of n elements, and
there is one class for each 0 < k < r — 1.

We group together conjugacy classes which share a set of reflecting hyperplanes.
Let Ry be the conjugacy class of transpositions and let C; be the conjugacy class
with a single ¢/ on the diagonal for 1 < ¢ < r—1. Then, set R; = Uz;llCz. Set fo.m
to be the value of ¢g(C) for any (£4m)-tuple C with entries in {RRg, R1} with exactly
£ copies of Ry and m copies of the R;. The formula [If implies fo ,, is well-defined
and that, for R, =3 v, € C[G],

1

f@,m = TA
G|

Z dim(V)xv (¢ )xv (Ro) Xv (R1)™
Velrr(G)

Now, to finish the computation, we make use of some representation-theoretic ma-
chinery described in |[CS12|. For w = o 1 (i1, ...,i,) the element of G(r,1,n) with
permutation matrix shape o and nonzero entry ¢ in column k, define |w| = o and
|lw|| =i1+---i, mod r. Also h7 will denote the hook (n —k, 1%) and ,h? denotes
the n-tuple (0,...,0,h%,0,...,0) where the hook appears in the gth coordinate.

Proposition 4.1 (|CS12], 5.3). Ewvery irreducible character of W = G(r,1,n) is of
the following form. Let X = (A ... X"V be an r-tuple of of partitions of total
size n, kg = |A9|, and

B = G(T, 1,k0) X G(’I“, 1,k‘1) X+ X G(’I", 1,]{/},1)

be the subgroup of block-diagonal matrices of appropriate dimensions inside of W.
Then, for each \ as above, there corresponds exactly one irreducible character x
given by

) |B| > HX)\(O Jwe|)¢Elwe

SGW =
s” wseB

-1

where s~ 'ws = (wp, . .., w,—1) in the above sum.

Lemma 4.2 (|CS12|, 5.4). The character xx as above vanishes on ¢! unless
A =¢ by for some 0 < g <7 and 0 < k <n. In this case, deg(thz) = (”;1) and

Xgop (™) = (=1)%¢9.

Lemma 4.3 (|CS12|). The evaluation of the character on the elements Cy =
> rec, Vr 18 as follows.

n¢at if1<t<r
n li = r -
Xqby ( Z) { nr(n;Zkfl) zf@ 0
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Now, we can express f; , as follows.

Z dim(V)xv (¢ xv (Ro) Xv (R1)™
V€Irr (@)

Z” 0( ) 1k (nrn—2k—1

)
Z_:(71—1) (nr(n—2k—1 }{’fgq ((r—l)n)m}

q=0

e E o (2]

k=0

14
—n+ rnéqEO (r))m

Therefore, the exponential generating function FACq(t) = >, fg,m% can
be manipulated to take the following form

n—1

i e o)

£,m>0 k=0
n—1
1 m m n—1 & nrt(n — 2k — 1) u™
_|G|mz>:0(((7“—1)n) —(—n) ) {kZ:O< f >(—1) exp (2>}m'
1 n(n—nrt ~— /n—1
- (r—=1)n —nu -1 k_—nrkt
G (e )6 { ok )( ) }
1 n(n-1)rt _1
— = (plr=1)nu _ e~ g e_mat)n
€l (e )
— Té” <e(r71)nu _ efnu) (enrt/Z _ efnrt/Q)nfl

4.2. Factorizations in the Dihedral Group I2(n) for Even n. Now consider
the case of the dihedral group I2(n) on n vertices for n even. I5(n) has the presen-
tation
Iyn) = (a,z | a" = 2®> = 1, ax = za™ '),

By inspection, we have that I5(n) has n reflecting hyperplanes and n reflections,
so h = 2% — 2. Hence, the Coxeter elements of I(n) have eigenvalue ¢; = —1.
Therefore, Coxeter elements in I5(n) are given by long cycles. Let Ry/R1 be the
conjugacy classes of even/odd reflections, respectively, and put R; = > €

C[I2(n)]. Then, we can compute the number of factorizations of ¢ by

gerR; Vg

1 : -1\ g —m.g m

fom = m Z dim(V)xv (e 1)XV(RO)€ Xv (R1)

2 Vel (@)
We have the following character evaluations:
Character Value on ¢! = ¢ | Value on Ry | Value on R;

1 1 n/2 n/2
det, 274 1 —n/2 —n/2

ay—1 -1 —n/2 n/2
e -1 n/2 —n/2

X, ST | a1y 0 0
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Hence, for £ > m, we compute

o= () () (D9 66 (9))

n£+m ’
2£+m|_[2(n)|( +( ) +( ) +( ) )
So therefore, the generating function is
nttm o 140 Ly tu™
FAC t) = —— (1 —1)m™ -1 1)) —
a(u, 1) gymm(nﬂ( F DT D) (D))

m

“ =) () (5))

1 (enu/2 _ e—nu/2> (ent/2 o e—nt/2>
[12(n)]

4.3. Factorizations of Coxeter Elements in Exceptional Groups. We record
here our computations for exceptional groups whose set of reflections decomposes
nontrivially into unions of conjugacy classes with no common reflecting hyperplanes.
For our computations, an interface from Sage to GAP3 was used to enumerate
Coxeter elements and compute character tables for each Shephard-Todd exceptional
group. In particular, we compute these results for the rank 2 exceptional groups,
G5, G@, Gg, Glo, G14, G17, Glg, and G21, and the higher rank exceptional groups
Gop and Gag. Below is listed the tables of computations recording the values deg(),
x(c™1), and x(R;), where R; = > rer, Ur for conjugacy classes of reflections R;, as
well as the quantities FACq (u, t). '

For all other well-generated complex reflection groups, Sage was used to enu-
merate the set of hyperplanes associated to each conjugacy class of reflections and
check the hyperplane-induced partition of reflections has only one class. Hence,
[CS12] gives the result in these cases.

The rank two exceptional group The rank two exceptional group
W =G5 W =Gg

deg(x) || x(¢™) | x(Ro) | x(B1) | x(R2) | x(Rs)
1 1 1 1 1 1
1 G 4G | 4G 4 4 leg(y (! R, R, R
L & _1(1 hye B i Legl(x) A(ll ) x(un) )((31) x(gz)
1 G 4 4 4G 4¢3 1 -1 -6 3 3
1 G 4 4 4¢3 4¢3 1 —G 6 3¢ 32
1 G aG | 4G | 4G | 4G 1 c% 6 3(% 36,
1 G| G | AG | AG | A 1 G 6 3¢, 3G
1 1 a6 | 4G | 4G | 4G 1 e 6 3¢2 3Cs
1 1 4G | 4G | 4G | 4G 2 5 0 3 3
2 0 —A | 2 i 0 3 _3
2 0| 4G | —4G | —4G | —4G 2 Gy — Gz 0 33, =3}, +3
2 0 | G| g | —4cp | G 2 || 0 | sk | caches
2 0 4G | AG | 4G | G 2 Ci2 0 —3(H +3 3C12
2 0 —AGH| 4G | 4Gy | 4G 2 G2 0 | =3 +3 312
2 0 A G G 3 0 -6 0 0
2 0 R O Ve AT 3 0 6 0 0
2 0 —4(§ —4¢ —4 —4
2 0 —AG | 4G | -4 | 4
3 -1 0 0 0 0
3 —C3 0 0 0 0
3 - 0 0 0 0
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The rank two exceptional group
W =Gy

deg(x) || x(e™) | x(Ro) | x(R1) | x(Ro) | x(Rs)
I i 2 3 3 [§
1 1 12 | 6 6 6
1 -1 | 12 6 6 6
1 —1 12 -6 -6 6
1 —i | 12| -6 6i -6
1 i —12 6i —6i -6
1 i 12 —6i 6i —6 3 N 4
1 —i 12 6i —6i -6 Dlagram. 9 9
2 -1 0 0 0 12
2 1 0 0 0 12
2 i 0 0 0 12
2 —i 0 0 0 ~12
2 G 0 | —6i-6| 6i-6| 0
2 —Gs 0 | —6i-6|6i—6| 0
2 $ 0 | 6i—-6 |—-6i—-6| 0
2 ¢ 0 | 6i—-6 |—6i—6| 0
2 G 0 | 6i+6 | —6i+6| 0
2 s 0 | 6i+6 | 6i+6| 0
2 @ 0 —6i—6| 6i—6 0 1
5 S5l o |Zeice| sice | o FACq,, (u,t) = (elsu _ e—6u> (ewz _ e—sz)
3 0 12 -6 -6 -6 ‘G10|
3 0 12 6 6 6
3 0 12 | -6 6 —6
3 0 12 6 6 -6
3 0 12 —6i 6i 6
3 0 12 6i —6i 6
3 0 —12 6i —6i 6
3 0 —12 | —6i 6i 6
4 -G 0 0 0 0
4 (s 0 0 0 0
4 ¢ 0 0 0 0
3 .
4 o 0 o o The rank two exceptional group

Diagram: W =G

FACc, (u,t) = \Gflg| (c19 — emo) (12 — em120)

The rank two exceptional group
W =Gio

deg(x) x(ch) X(Ro) | x(R1) X(1t2)
deg() || x(c™h) X(Ro) X(11) X(1t2) X(13) | x(R4) 1 1 12 B B
1 T 6 g G 1 -1 —12 8 8
1 —1 —6 —6 6 1 G -12 8¢¢ 8Gs
1 i —6i 6i -6 1 -G ~12 8Cs 8¢¢
1 —i 6i —6i -6 1 G 12 8¢ 8(3
1 e -6 -6 6 1 5 12 8¢ 8¢
1 2 6 6 6 ; 8 [0‘ :8*:2 :Si
i ?; 6 K Z 2 0 0 v -G
1 vy 3 6 2 @G+ 0 -8 -8
1 ) 2 @G 0 8 8
! L2 -6 2| d-G-d | 0 | s |-sc+s
Lol =S+ Ge -6 B (R A e B 8¢ | —8Ch +8
! G2 — G -6 2 —Chu+ G 0| -8+ | 8¢,
2 0 12 2 GG 0| -8G+8 | s
2 0 —12 3 - 12 0 0
2 0 12 3 1 —12 0 0
2 0 12 3 G 12 0 0
2 0 12 3 - 12 0 0
2 0 —12 3 G -12 0 0
2 0 0 3 3 ~12 0 0
2 0 0 4 0 0 8 8
2 0 0 4 0 0 8¢ 8¢
2 0 0 4 0 0 8(3 X{j
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0
2 0 0
2 0 607 +6 | 607 +6 0
3 1 6 6 -6
3 -1 6 6 -6
3 —i —6i 6i 6 .
3 i i i | 6 Diagram: @i@
3 G -6 -6 -6
3 G -6 -6 -6
3 -G 6 6 -6
3 -G 6 6 -6
3| -G ~6¢% 6c, 6
3| Gt G 6ty —6¢3, 6
3 G2 —6(7, 63y 6
3 —Ci2 6t —6¢H, 6
4 0 0 0 0
4 0 0 0 0
4 0 8, -8 | -8k 0 0 0 1
4 0 8¢, -8 | -8 0 0 0 _ _
4 0 I8¢, | s -8 0 0 0 FACq,, (u,t) = <el6“ —e 8“) (em —e 12L>
4 0 8%, | 848 0 0 0 |G14]
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The rank three exceptional group
W = Gas

The rank two exceptional group
W =Ga

deg(x) || x(e™) | X(Ro) | x(R1)
1 T 9 2
1 -1 -9 12
o | e | g
1 G | -9 12
1 G 9 123
1 G 9 126
2 -1 —18 —12
2 1 18 12
2 —¢ | —18 —12¢3
2 | -@ | s | -1
2 4; 18 712(3 —-12¢3
deg(x) X(Ro) | x(Ry) x(R2) O I B 2% 12
! 3 20 20 3 0 | ot 0 0
1 7;‘3 2;‘2‘ 232, 3 0 —9 | 12 +24 | —12¢5 412
1 30 2063 200, ; ‘0’ 73 TG ;f? i f:
5 200 2002 - 4G +12
h o égf% ;gg 3 0 | -9 | 212 | 2G5 12
b p 3 0 — 12¢ — 12 | —12¢3 — 24
g = g :;8 :;3 3 0 0 | 126 - 24| 12— 12
2 0 _a0 _20 3 0 9 123 +24 | —12¢3 + 12
3 a 0 it T 3 0 9|12z 1
2 R B e o |-agern| g PO I B sl ol B
2 ) 5 —Clo 0| 2060 +20 | 20¢58 3 0 0 | 2612 | 12621
2 B - =~ Gt | 0 2068 | ~20¢80 +20 3 o 9 | —196 - 24| 196 - 12
2 —G5 = G+ G+ G + Gl — oo 0 20657 | =20G50 + 20 6 0 18 | 126412 | 126 + 24
2 d+edi - 0 |-20¢8+20| 2000 M o 18| 126+ 24 | 196+ 12
2 i Gof + oo 0| -206 +20 | 20¢4 o o 18 | —196 - 24 g
2 || G-+ + =G | O 2060 | ~20¢80 +20 p o 18| 126 - 12
2 o3 G — G Gl = Gl + Cao 0 206 | ~20¢08 +20 s p 18 | 210112
3 GHel -0 0 0 6 0 18 | -24¢y 12| 24¢s +12
'; :;g 3 g 6 0 —18 | 12+ 12 | 12¢+24
3 it o 0 6 0 | -18 | 12G 421 | —12¢+12
; Bt 0 0 6 0 | -18 | —12¢ - 24| 12¢—12
3 —30 0 0 6 0 CI8 ) 126 - 12
; - 0 0 6 0 | -18 | 24G+12
: i 6 0 | —18 | —24¢—12
3 30 0 0 s 2 )
3 30 0 0 N L o
3 30 0 0 s e | o
3 30 0 0 3 B d 0
3 30 0 0 N 5 o
4 0 20 20 3 4’} 0
4 0 20 20 0 i
1 0 20¢, 2062 ) o | Zor o
4 0 2003 20¢3 9 0 97 0
4 0 20G, 2062 ) o o1 0
4 0 2083 20¢
1 0 20 20
4 0 20 20 s . 4
4 0 2062, — 20 207, D lagram: @—@—@
1 0 208, | 2062, - 20
4 0 20¢F, — 20 730{,-’2 1 2
4 0 2068, | 20¢%,-20 _ _
5 30 —20 ~20 FACq,, (u, )= —— (612u —e 6u> (69t —e 9t>
5 -30 —20 —20 ‘G26|
5 30 20¢, 203 + 20
5 30 —20¢ ~20¢ s
: N o The rank four exceptional group
5 —30 —20¢2 —200s
6 —i 0 0 ! 0 W == G28
6 i 0 0 0
6 -G 0 0 0 deg(x) || x(c™h) | x(Ro) | X(B1)
6 12 0 0 0 1 I 2 2
6 —( + G2 0 0 0 1 1 —12 | —12
6 12 0 0 0 1 1 —12 12
1 1 12 | -12
2 -1 | —24 | 0
2 ~1 24 0
2 —1 0 —24
2 —1 0 24
4 0 —24 | 24
4 0 —24 | —24
4 0 24 24
4 0 24 | -2
4 1 0 0
6 1 0 0
6 -1 0 0
Di . 10 8 0 0 48
lagram: @_@ 8 0 O "
8 0 48 | 0
8 0 48 0
9 0 36 | —36
9 0 36 | 36
9 0 36 | —36
9 0 36 36
12 1 0 0
16 0 0 0
5 4
Diagram: (3@ @—@
1 6 6 2 6t 6t 2
FACg,, (u,t) = (640" —e 20“) (530‘ —e 30‘) FACg,, (u,t) = —— (e e “) (e —e )
|G| |Gas|




FACTORIZATIONS OF COXETER ELEMENTS IN COMPLEX REFLECTION GROUPS

The rank two exceptional group W = G~

deg(x) x(eh) X(Ro) X(R1) X(R2) X(R3) X(R4)
1 T 30 12 2 2 12
1 - -30 12 12 12
1 G+E+G+1 -30 12¢s 122G+ G+ G+ 12¢2 12¢3
1 -¢ -30 12¢ 12¢ S12AG+E G+ 1265
1 -G -30 3 12¢5 125 “12AEH G+ G+
1 —G —-30 —“12(G+GE+G+1) 12¢5 12¢3 12¢2
1 “G-G-¢-1 30 12¢5 “12E+E+GH1) 12¢¢ 12¢2
1 G 30 12¢2 12¢¢ “12(EH GG+ 12¢5
1 2 30 12¢3 12¢2 12¢5 —12@+E+G+1)
1 G 30 “12E+E+GH1) 125 12¢3 12¢2
2 30 0 125, — 12¢3, — 12 125, — 12¢3, — 12 —12¢5, +12¢4, —12¢5 +12¢3,
2 Gy 0 —12¢§, + 1265 — 1265 +12¢3, 1268, — 12¢3, — 12 126§, - 12¢3, — 12
2 —Go 0 125, — 12¢3, — 12 12¢5, — 12¢3, — 12 —12¢5, + 12G3 —12¢5, +12¢},
2 —Go 0 —12¢5, + 1263 —12¢5, + 1265, 125, — 12¢3, — 12 128, — 12¢, — 12
2 20 0 1265, — 1264, + 12¢3, —12¢3, + 12 —12¢5, + 12 1204, + 12
2 —Cho 0 —12¢5, + 12 12¢4, + 12 —12¢3, +12 1265, — 12¢8 + 1262,
2 50 0 12¢4, +12 —12¢5, + 12 1265, — 12¢4, + 1263, —123, + 12
2 oot —Co | O —12G5 + 12 125, — 12¢3 + 12¢3, 12¢, +12 —12¢5, + 12
2 —Cao 0 1268, — 12¢4 + 12¢3, 123, +12 —12¢5, + 12 12G3 + 12
2 o 0 —12¢5, +12 12¢4, + 12 —12¢3, +12 12¢8, — 1204, + 12¢3,
2 o 0 1264, + 12 —12¢5, +12 1265, — 12¢4 + 1263, —12¢3, + 12
PR e A e e 123, + 12 120§, — 12¢} + 1263 12Gi, 112 1285, + 12
2 20 0 —12¢5, — 1263, 12¢5, +12¢3) — 12 1263 — 123, —12G4, + 12¢3, — 12
2 ~Cho 0 12¢3) — 12¢5, —12G3 +12G — 12 125, +12¢3) — 12 —12¢§, — 12¢3
2 ~Go 0 —12¢j, + 1265, — 12 12(4, — 123 —12¢5, — 1263, 5
2 o—Go+tco—Co | O 125 + 123, — 12 —12¢5, — 1265 —12¢3) + 126, — 12
2 Lo 0 ~1¢5, - 1263, 12¢§, +12¢3, - 12 1264, — 123,
2 o 0 1263 — 12¢5, =126, +1265, — 12 1205, +12¢3, — 12
2 & 0 126}y 412G, - 12 1264, - 1263, 125, - 126,
2 o+ Go—Co+C| 0 125, +12¢3, — 12 —12G5 — 12G5 —12¢, +12¢3, — 12
3 0 =30 12(¢E + ¢ +1) 12(68 + ¢ +1) —12(¢ +¢3) —12(¢ +¢3)
3 0 =30 —12(¢ +@3) —12(¢ +¢3) 12(¢3 + ¢ +1) 12(¢2 + ¢ +1)
3 0 —30 12(G +6G+1) —12(C +¢G5) —12(¢ +G5) 12(¢ + G +1)
3 0 =30 ~12(G3 + ) 12(¢E +¢5+1) ~12(G3 +Gs) 12(G + G+ 1)
3 0 —30 12(¢ + ¢ +1) —12(¢ + ) 12(¢ + G+ 1) —12(C8 +¢s)
3 0 =30 —12(G +Gs) 12(GE + G5+ 1) 12(G8 + ¢ +1) —12(G8 +G5)
3 0 —30 —12(¢¢ +1) —12(¢ +1) 120G+ G+ G) —12¢; — 12
3 0 —30 122G +E+G) —12(G; +1) —12(¢ +1) —12(¢ +1)
3 0 -30 —12(G; +1) 12(¢3 + G2 + ) —12(G +1) —12(¢ +1)
3 0 =30 —12(¢2 +1) —12(¢3 +1) —12(G +1) 12(3 + G2 +G5)
3 0 30 12(E + ¢ +1) 120+ +1) —12(¢ +¢3) —12(¢ +¢3)
3 0 30 123 +¢) —12(G+ @) 2(G+E+1) 12(E+E+1)
3 0 30 12(G + G +1) —12(G + G) —12(E +G) 12(E+G+1)
3 0 30 —12(¢3 + ¢s) 12(¢G + ¢ +1) —12(G3 + Gs) 12(6G + G+ 1)
3 0 30 12(E+G+1) —12(3 + ) 12 +G+1) —12(¢ + )
3 0 30 —12(G +¢5) 128+ G +1) —12(¢3 + G3)
3 0 30 —12(¢ +1) 12(¢ + G5 + Gs)
3 0 30 12(G8 + G+ Gs) —12(¢ + 1)
3 0 30 —12(G + 1) —12(¢2 +1)
3 0 30 —12(¢ +1) —12(G +1)
4 0 —12 —12
4 0 12 —12
4 0 —12¢5 -12¢2
4 0 —12¢2 12(E+E +G+1)
4 0 —12¢¢ —12¢;
4 0 120+ +¢+1) —12¢3
4 0 -12¢; —12¢
4 0 —12¢2 12(E+E+G+1)
4 0 —12¢¢ —12¢5
4 0 122G +E+G+1) —12¢3
4 0 —12 12
4 0 -12 -12
4 0 —12¢4, 12§, + 12Gh, — 12¢3 + 12
4 0 —12¢5) + 1263, — 12¢3, + 12 % 12¢5,
4 Go 0 123, =128, + 112G — 12G5) + 12 ~12¢3 30
4 o+ Go— o+ | O 12¢5, —12¢5, 125, —12¢ + 126 — 1265, + 12
4 20 0 —12¢3 12¢5, —12¢8) +12¢%) — 1265, + 12 263
4 G 0| —12¢5 +12¢k — 1265, +12 2G5, 12¢5, —126,
4 —Go 0 23 —12¢) +12¢8 — 1265, + 12 —12G3 25,
4 CGo=GotGh—Co | 0 125, ~12¢5, 1265, —12¢5, + 1268 — 125, + 12
5 - 30 0 0 0 0
5 1 -30 0 0 0 0
5 GH+E+G+1 30 0 0 0 0
5 ¢ 30 0 0 0 0
5 —¢ 30 0 0 0 0
5 G 30 0 0 0 0
5 ~G -G -G-1 -30 0 0 0 0
5 3 -30 0 0 0 0
5 ] -30 0 0 0 0
5 G —30 0 0 0 0
6 0 0 12 12 12 12
6 0 0 12 12 12 12
6 0 0 123, —12¢5, 12¢5, — 123, +12¢3, — 12 —1265,
6 0 0| 12¢8 —12¢h + 1263, — 12 -123, —12¢§, 1264,
6 0 0 —12¢3, 12¢8, — 12¢4, +12¢3, — 12 12¢4, —12¢8,
6 0 0 —12¢5, 12¢3, —12¢5 12¢) — 1268 + 1265, — 12
6 0 0 15, 120§, — 12¢4, + 123, — 12 123,
6 0 0 12¢5, — 12¢3 + 112G — 12 —12¢5 —12¢5, 123
4 0 0 —12¢3, 128, — 12¢ +12G5) — 12 123 ~12¢%,
6 0 0 —12¢5, 12¢3 —1265 1265, — 12, + 1265, — 12

FACG17 (u, t)

Diagram: @_®

|G|

48u

e _ e—lZu

30t _ ,—30t

13
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The rank two exceptional group W = G5

deg(x) x(e™h) X(Ro) X(R) X(R2) X(Ry) X(Ra) X(Bs5)
1 20 20 12 12 12 12
G 20¢3 20¢3 12 12 12 12
-1 2003 2003 12 2 12 12
—@-G-G-1 20 20 1265 “12E+ G+ G+ 124‘ 12¢
3 20 20 12¢2 128 12
e 20 20 126 12¢2 —12(¢3 + 45 +G+1)
G 20 20 SAG+E G+ 1265
s ~20(¢}s +1) 20¢E; 12¢}; —12(¢fs + (15) 12(¢f5 — (15 (r. +Lr -1
Cis 20¢; ~20(¢75 +1) 12} *12((;r Y (i) 12(Cf5 — s — (s + G5 — 1)
o+ s~ G+ Gl — G+ 1| 20l + 1) | 200, 1200, (s 20,
A 2007, | ~20(C + 1) 126, 12(¢; ~ 4., - 4,, +G-1) 12¢};
—c., ~Gs ~20(¢7; +1) 20075 12(Cfs — s — <h + ch -1 —12¢]; — 12¢7,
20 | <20(E+ 1) | 1208 - G~ G+ G- 1) uc., B —12¢f5 - 12¢3;
s — s+ C.s Ch s =1 | =20(¢; +1) 2067 —12(¢fs + ¢fs) 12¢ 12(¢f; — -1 12¢55
~Cls s~ G~ Gis 1 20¢E; —20(¢3s +1) —12(Cfs + (i) 12¢f; 12(¢fs — cls <h+<h 1) 1275
-20 -20 -G+ @) - 12 1@ ¥ () - 12 126 + &) 12(G + ¢5)?
-20 -20 12(6 +G)? 12(G8 + Gs)? —12(¢8 + ) - 12 —12(¢ + ) - 12
—20 —20 12¢2 +12 12¢2 +12 —12(¢¢ + ¢3) — 125 12(, +12
—20 —20 —12(¢E + () - 12Gs 12¢5 + 12 12¢3 + 12 1zg) +12
—20 —20 12 +12 —12(¢8 + ¢3) — 1265 12¢2 + 12
—20 20 12¢8 4 12 12¢2 + 12 12¢5 +12 2
-20 -20 —12(E +G) - 12 12¢2 +12¢5 12(6 +Gs) —12(<§ +G) - 12
—20 ~20 12(¢2 +G5) —12(¢ + G) — 12 12¢2 + 125 —12(G + G) - 12
—20 —20 712(43 +(5) - 12 12((2 +Gs) —12(¢2 + (5) — 12 1262 +12¢5
5 —12(¢3 +G)-12 12(G3 +Gs)

*IZ(CI, ~ s Y (s}

0000000000000 000000000000000OS

12(¢f; +1) +1) —12(¢fy + (5 — 1)
12(¢f5 +1¢fs) 1207, 120, + 162~ 1) —12(¢; = 1285 + ()
—12(CT; — 120} + () 12(¢f; + s) —12(CEs + ¢ 1)
12(¢Ts = (s +¢fs — 1) —12(Cf5 + G + 1) 12(Cl5 + Gy
=12(¢, + ¢y +1) —12(Cf5 — 120} + () 12(C — ¢ + (5 1)
12(Gs +¢s) 12(¢; = ¢+ ¢l = 1) —12(C; = 126 + ()
12T — 1207y ) 12(¢hs + ) —12(C5 + ¢ +1)
P 12((1’; ot +4.,*1) —12(¢f + G +1) 12((?#(1%)
-1 0 0 —12(c3 + ¢) i
-1 12(E+¢E+1) —12((3+(7)
E+E+G+1 —12(¢¢ +1) 1268 + G2 + )
- 12(6 + gg +6) —12(¢ +1)
712(§2 +1) 5
12((“ +E+G)
5 lz(g +G 1)
—12(¢ +G3) 12(E+G+1)
12( + G5 +1) —12(G +G5)
G 2(G + 123 + G +1) —12(G +G3)
—L2(¢Gs = s ¢ ) =12(¢fs = G + ¢ +1) —12(s + s~ G =12(¢]s + ¢ — Cs)
=12(Cf; + ¢ — CFs) =12(¢f; + s — () —12(Chy = ¢l s 1) =12(¢s = ¢ + s 1)
—12(¢f5 ~ ¢ + ¢+ 1) —12(Cfs = G + ¢fs 1) —12(Cf5 + ¢ — ) —12(Cf; + ¢ — )
—12(Cfs + ¢ — CFs) ’12((11*’[15 - <h) —12(¢s ~ s G +1) =12(¢fs = ¢l + s +1)
1 —12(Cf5 + 1)
—12(Lh+1)

—12(Cfs — ¢Fs = ¢fs + i)
12(4» + C]., -1

s
s f<fs+<fb+<n—1

—12(¢f5 + 1) —12(¢5 + 1) 12(¢f5 + ¢fs — 1)
—12(¢f5 +¢fs) —12(¢f; — 12@5 + (-1 12((fs = ¢y + ()
s = ¢ls +<|s c.r+<ml 12(¢f5 = G5 + ) —12(¢fs + Cis) 12(CPs + s +1)
—12(Cfs — 120} + ¢~ 1) 12(¢f + ¢l +1) —12(¢; + i)
—(,w(,«c. L8 -t 12(CFs + s +1) 12(C; — G+ i) —12(Cfs — 12} + ¢~ 1)
—12(¢f; +¢fs) —12(¢f; 712<,,+<, 1) 12(¢Ts — ¢fs + )
s 12(¢f — (s + ) 12(85 + ¢ +1)
~Gis s+ s —12(Cf; —12¢f + (5 - 1) £ 1) S12 + )
Qo=+ G -1 0 —12(4,,+<1,) 12(¢f5 + s +1) 12(<mch+<h) —12(Cf5 - 12055 + ¢ - 1)
20 - -12 —12
20 711 -12 712 -12
20 —12¢; 12(+ G+ G +1) —12¢8
20 —12¢8 —12¢;
» 12(G+E +G+1)
20 —12¢2
2063 -12
20¢3 -
—20(¢f5 + 1 —12(¢fs = ¢y =+ ¢ = 1)

)
=20(¢s +1)
*20(<1 +1)

)

—12G35

12(¢5 + )
—12

12—y~ G+ - 1)
12(C5 +¢fs)

S R O I I I O O O N O N Y

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0

20 —12¢; 12(E+E+¢G+1)
20 —12¢2 —12¢3
20 —12¢} —12¢2
20 (@+E+G+1) -126;
2003 12 —12
20¢3 —12 -
)| 206 —12¢}; |12 k) “12(¢fs - ¢~ 1)
)| 206 —12¢f; “12(cfs — Ch ~ ¢+ s 1) -1
D LS S R (s %;;(mch 1) —12¢f; ~12 <<,u+4h>
)| 20 12(¢y + () ~12¢}; —12(¢fs — ¢ — ¢ + ¢ - 1)
=20(¢; +1) I2(<.,+<,) ~12 —12<<,,—<h—c.,+<n 1)
=20(¢g5 +1) 5 —12(¢s - 5+ (- 1) 12(C5 + () —12G3
200G+ 1) | 120~y — G + G~ D) ch oo <<,r+<15>
—20(¢ts + 1) 2{dh + i) 7124;‘5 —12(¢fs — Gl — G+ (s - 1) 1235
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s)
~ 12
12(¢T5 = ¢ = s + ¢ — 1)

FACq,, (u,t) = |G118| (640u N efm) (64& B e*mt)
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