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Introduction

Virtual resolutions of graded modules in the sense of [1] generalize free reso-
lutions. The combinatorial properties of Cohen-Macaulay simplicial complexes,
which are complexes whose Stanley-Reisner ideal have short free resolutions, are
well-understood. Virtually Cohen-Macaulay (VCM) complexes are defined
by virtual resolutions and therefore generalize Cohen-Macaulay complexes. In this
project, we tried to understand the combinatorial properties of VCM simplicial
complexes, with the following results:
•Balanced complexes are VCM;

• If the Stanley-Reisner ring of a complex is VCM by the Intersection Method,
then the complex is CM up to irrelevant faces;

•VCM simplicial complexes are pure up to irrelevant facets;

•VCM simplicial complexes are not necessarily gallery-connected up to irrelevant
facets.

Definitions

An abstract simplicial complex ∆ on vertex set X is a collection of subsets
of X such that A ∈ ∆ whenever A ⊆ B ∈ ∆.
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Fig. 1: X = {a, b, c, d, e, f}, ∆ = 2{a,b,d,e} ∪ 2{b,c,e,f}, Facets: {a, b, d, e}, {b, c, e, f}, I∆ = 〈c, f〉 ∩ 〈a, d〉

Given a simplicial complex ∆ on X , the Stanley-Reisner ideal of ∆ is the
following ideal in k[X ]:

I∆ =
⋂
A∈∆

(xi : xi /∈ A) = (mA : A 6∈ ∆),mA =
∏
xi∈A

xi

We use the following notation:

•P~n = Pn1 × · · · × Pnr where ~n = (n1, . . . , nr).

•S := k[xi,j : 1 ≤ i ≤ r, 0 ≤ j ≤ ni] is the Cox ring of P~n.

•B :=
⋂r
i=1〈xi,0, xi,1, . . . , xi,ni〉 is the irrelevant ideal of S. Note that V (B) =

∅.
•X~n =

⋃r
i=1{xi,j : 0 ≤ j ≤ ni} is the vertex set for simplicial complexes in P~n.

•The Stanley-Reisner ring of ∆ is the quotient ring k[∆] := S/I∆.

•Given a vertex xi,j ∈ X~n, we say that i is the component of xi,j.

A complex of free S-modules,

F· : 0← F0
φ1←− F1

φ2←− · · · φn←− Fn,

is a virtual resolution of S/I if

1. rad annHiF·⊇ B for all i > 0;

2. annH0F· : B∞ = I : B∞.

A simplicial complex ∆ on X~n is virtually Cohen-Macaulay if there exists a
virtual resolution of k[∆] of length codim I∆.

Virtual Equivalence

Lemma 1. For two ideals I, J ⊂ S with V (I) = V (J), any virtual resolution r of S/J is
a virtual resolution of S/I .
A face F of a simplicial complex ∆ is relevant if it contains at least one vertex from every
component; otherwise it is irrelevant. Since I∆ =

⋂
A∈∆(xi : xi /∈ A), adding a face F to

∆ is equivalent to intersecting I∆ with the ideal I = (x : x /∈ F ). Therefore, V (I) = ∅ if
and only if F is irrelevant. If F is irrelevant, we say that ∆ ∪ {F} and ∆ \ {F} (where
F ∈ ∆) are elementarily virtually equivalent to ∆. Two complexes ∆ and ∆′ are virtually
equivalent if they are related by a sequence of elementary virtual equivalences.
Lemma 2. Let the complexes ∆,∆′ be virtually equivalent. Then ∆ is VCM iff ∆′ is
VCM. In particular, if ∆′ is CM, then ∆ is VCM.

Fig. 2: ∆ in P2 × P2 × P2 Fig. 3: ∆′ = ∆ ∪ {Irrelevant Facets}

Balanced Complexes are VCM

Let ∆ be a pure simplicial complex in P~n. We say that a facet F ∈ ∆ is balanced if it
contains exactly one vertex of every component and a simplicial complex is balanced if all
of its facets are balanced. The main result of this project is the following theorem.
Theorem 1. If ∆ is a balanced complex in the product projective space P~n, then ∆ is
virtually Cohen-Macaulay.
The proof uses the fact that the Stanley-Reisner ring of a pure shellable simplicial complex
is Cohen-Macaulay. In particular, we show that:

•The irrelevant complex with only one balanced facet is shellable, where the irrelevant
complex ∆irr(~n) supported on X~n is an (r − 1)-dimensional complex defined by: for
dimσ = r − 1,

σ ∈ ∆irr(~n)⇔ there is only one pair of vertices {v, w} ⊂ σ of the same component;

•Any other balanced facet has all its ridges contained in ∆irr(~n), so we can add any re-
maining balanced facets and get a shelling order of ∆irr(~n) ∪∆;

• So ∆ is virtually equivalent to a shellable complex.

Constructing the Shelling
Let ∆¬k = {σ ∈ ∆irr(~n) | xi,j ∈ σ ⇒ i 6= k}. We illustrate the shelling with ~n = (3, 2, 2, 2).
For convenience, we use abcd efg hij klm in place of the xi,j notation (for instance e represents
x2,0).

General Shelling

•First add the lexicographically first bal-
anced facet.

•Then add the facets of ∆¬r, . . . , ∆¬1, in de-
scending order, where for each k, add the
facets of ∆¬k as follows:

– We can write every facet F ∈ ∆¬k as
F = Facet(pF , ~vF ), where pF is its defin-
ing vertex pair and ~vF ∈ Zr−2

≥0 specifying
the lexicographic order of the rest of its
vertices.

– Then given F = Facet(pF , ~vF ) and G =
Facet(pG, ~vG), F < G iff ~vF < ~vG or
~vF = ~vG and pF < pG.

– Add the facets of ∆¬k is ascending order.

Example

•The lexicographically first balanced facet is
aehk.

•Add the facets of ∆¬4, . . . , ∆¬1, in descend-
ing order:

– E.g., in ∆¬4, Facet(ab, (2, 3)) = abfj.

– E.g., fgah < efci, because

fgah = Facet(fg, (1, 1)), efci = Facet(ef, (3, 2)).

– The first facets of ∆¬4 in ascending order
is:

abeh < aceh < adeh < bceh < bdeh < cdeh

< efah < egah < fgah < hiae < hjae < ijae

< abei < acei < adei < bcei < bdei < cdei

< efai < egai < fgai < hiaf < hjaf < ijaf

Other Results

A simplicial complex is pure if all of its facets have the same dimension. A pure
simplicial complex is gallery-connected if for any two facets F, F ′ ∈ ∆, there
exists a path of facets F = F1, . . . , Fn−1, Fn = F ′ such that for all 1 ≤ i ≤ n−1,
the intersection Fi ∩ Fi+1 has codimension 1 in ∆. It is well-known that CM
complexes are pure and gallery-connected. Naturally, we ask if the same is true
for VCM complexes up to irrelevant faces.
Result I: VCM complexes are pure up to irrelevant facets.
Method of Proof: [1] provides a bound for the codimension of an associated prime
of I∆, which is sharp for all virtually Cohen-Macaulay ∆. The codimension of an
associated prime is linearly related to the dimension of the corresponding facet.
Result II: VCM complexes are not necessarily gallery-connected up to irrelevant
facets. Consider the following counterexample:
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Fig. 4: VCM but not gallery-connected complex

One way to obtain virtual resolutions is using the Intersection Method as
follows: If there exists J such that V (J) = ∅ and I ′ = I ∩ J is Cohen-Macaulay,
then I is virtually Cohen-Macaulay. We showed that the Intersection Method
for squarefree monomial ideals reduces to modifying the corresponding complex
with irrelevant faces:
Result III: Let ∆ be a simplicial complex on the product projective space
P~n. If there exists J a monomial ideal with V (J) = ∅ such that I∆ ∩ J is
Cohen-Macaulay, then there exists ∆′ containing only irrelevant facets such that
rad(J) = I∆′ and I∆ ∩ I∆′ is Cohen-Macaulay. In particular, this implies ∆∪∆′

is Cohen-Macaulay and ∆ is virtually Cohen-Macaulay.
Method of proof: it is well-known (for example in [2]) that for a monomial ideal
I , if I is Cohen-Macaulay, then rad(I) is also Cohen-Macaulay.

Conclusions and Future Work

•There are various different methods to obtain short virtual resolutions of corre-
sponding Stanley-Reisner rings of simplicial complexes and we have no charac-
terization of which method works best on which kind of simplicial complexes.

•We hope to work out a homological criterion for when complexes are VCM
(analogous to Reisner’s criterion).
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