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Review Stanley Reisner rings
f vectors h vectors Hilbert series

Colorful systemof parameters
a Colorful Hochstein formula

Universal SystemofParameters

How they relate
































































Example StanleyReiserring
b d
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I i ab.ca
f vec torif ffy.fo.fi fa
fi i dim 1,5 6,1faces
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We can also compute the Hilbertseriesfrom a finite
minimal n of k s SII over S

syzyies 0th 1st 2nd 3rd
4 I

o k s S Sf 2 SC3 4 SC 4 o
Cf Ot

SC3
1 SC45 SC 5 1

Hilbkes t Hills Sst Ito 4th 3 et't 2 4 It Its

p Lte ft't 3 3 It 4 Its

ztt stdli
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gdeameenwfthTee
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How can we construct the minimal free
resolution of Ms from before

Wefirst considerthe vertex selectedsubcomplexes of A

Du FED FE V dEabgd

Then the

test v dim IT
V I i fsu.tk

in the i th
syzygy

THI Hochster 1977
































































syzyies 0th 1st 2nd 3rd
4 I

o k s S Sf 2 SC3 4 SC 4 o
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What if we consider a subcomplex definedby a properf coloring
of the 1 skeleton of D instead dimG I

iee
a pink

Step Compute a colorfulsystemafparameters

O atd
Oc Z Xi Oz toteverticesc

ofcolora
03 C

Steps Writethe resolutionofIKEA over the polynomialring
A 1k Z colors wt Ik EiZzZz

where z e Alk s bymultiplicationby Oi
































































Step 3 e go.gg
atd btec

syzygy 0th 1st
7

O KES A c AL 2 O

AC25 AC 3

Hilby t Hilbalt to Ett Ext

3
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vertices

i
colors

depth s depth k s 5 2 3
V Il V Il V

depthA depth k s 3 2 1

tuslander Buch.ba I
vertices

vertices 11
m

S lk v vn depth s depthKES lengthoftheresolution
ofKcs as an S module

VI 11
A lk Zi Zk depthA depth k s lengthoftheresolution

un l ofK s as an Amodulecolors 11
colors
































































Pmchhi
w u Yii

colorfulHochsterformula

If we first considerthe color selectedsubcomplexes of A

D FED colorsof FE C

Then the

St c dim It
V I i f se k

in the i th
syzygy

THI A Reiner
































































But what if we consider an even

more canonical systemof parameters

DEF The unistrameters
is a sequence 0 Oa in HIS

b d
05 2 IF I i I

faces FED a e

F I
O atbtctdte vertices

Oz e abtactbc edges

cdtcetdeqvhnffah.uaEemLmmaeaeYC9z abc 32 12
































































Universal Systemof
Parameters

Found in work by
1 De Concini Eisenbud Procesi 1972

on algebras with straightening
laws

Z Garsia Stanton 1984

invarianttheoryofpermutationgroups

3 D E Smith 1990

sheavesof posets
4 Herzog Moradi 2020
































































DEF For anyfiniteregular
cell complex

inour case anysimplicialcomplexD

Krull dimofHals
VI depthKb

depth µµy ma.gg.gq.gyq.my
anegieeansegae eon

11

max length
of a regular where Q CQ Od
sequence is theuniversalsystemofparametersin IKEA

for Kcs with Jed

DESmithproved
thisforanypuresimplicial complex Theorem A Reiner
































































We can write the resolutionof IKEA over the polynomialring

A 1k za wt Ik Zi Zz

because IKEA is finitelygenerated as an A module

where Zi Alk s bymultiplication by Oi
































































i i iO

z Z

Ficolorful universal

We can write
doff affinite minimalfree resolution

Q colorful
k s over laCE

Q universal
































































The Universal SOP D the colorfulSop relate

A aus sus i

O at btc dte Oz abt act bc
dice de 03 Abc

A EEEa

O KES A c Al 472 o

AC2 4 AC5 3
Ot

s
AC3 1

Ata
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Conjecture A Reiner2020

when we take the resolution of
IKEA over the universal SOP

and we take the resolution of
Haff over the colorful SOP

the two resolutions have the same shape

If true then we know theshapeby the
colorful Hochsterformula8
































































Evidence The conjecture is true when

COROLLARY A Reiner

KID is CohenMacaulay
PROPOSITION A Reiner

D is a 1 dimensional complex

i e a graph withmultipleedges
but noselfloops

PROPOSITION AiReiner
cowfalzc univeral

dimkTorik KLA k Edington KGds K b

i.e theconjecturegives a correct upperbound
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Thestreet sim
g

For 1k s with For 1k Sds with
universal parameters colorfulparameters
Q Od Q Od

I
1k Z Zd

QUESTION S Murai

Is KES E K Sds asA modulesB
































































Evidence

we haven'tfound a

counterexample
































































Everything we've done

for a simplicial complex can

be generalizedfor a simplicial
poset P and its corresponding
face
ning HIP

In this case P is a regular cell complex

P and Sdp is a simplicial complex
so that the colorful SOP exist
































































thankyou

arxiv 2007 13021

Macaulay2 package ResolutionsOfStanleyReisnerRings

These slides canbefoundon

ashleighadams.com




