





























































 

Hooked
on the work of
Adin Roichman

Jail'iayÉ222

Reflections Onthe occasionof
RonAdin's and Yuval Roichman's

60thbirthdays
































































Ron teaches me thebeautyofcolorful trees

Ron Yuval help me to appreciateEscher

Ron Yuval beat me
and GerhardGotzand Matt to thepunch

Rohrle Pfeiffer Douglass
































































Ronteachesmethebeautyofcolorfultrees

As a gradstudent
Ron spoke at an important

conference Stockholm 1989 on this

I was there as agradstudent atmyfirstconference

i and missed his talk

to Ron What's a colorful multidimensional tree
































































A spanning tree in al dim'lsimplicialcomplexa
graph

is a subset Toft simplices indexing a

ledges

oasisfor the columnspace of 910,071Cold.IQ

i
JF oO

e
Kai

funcomplete

bipartite
graph

T
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THEOREM Borchardt 1860 Cayley1889

Thecompletegraph kn has n spanningtrees

I

k
2 has 53 125 60 t 60 5 spanningtreesca s

s

THEOREM Fiedler Sedlacek1958

Thecompletebipartitegraph Knin has n y spanning
trees

0eg o has 231.32
1 12 9 3 spanningtrees

I
42,3 1
































































DEF'N Kalai1983 Adin 989

Atree in ad dim'dsimplicialcomplex A

is a subset Tofd simplices indexing a

oasisforthe columnspaceof Calo 0 4611,18
e g the 2 skeleton of a simplex on

vertices 0,12,34,5
hasthesetwo spanningtrees amongothers

o

TF cone I 2 7 o nover

complete 21 I 14 6vertex a s y y
triangulation

graphks IÉ s ARP n y 2
































































THEOREM Kalai1983 Thecomplete d complex

i.e the d skeleton A of thesimplex on n vertices

ta
has In trees since n'd I Hd T.I

treesT
in A

Gil'sproof uses Binet Cauchy
Theoremto

evaluate det JIT and compare it to
an eigenvalue calculation

liquid
Laplacian
































































THEOREM Adin1989
Thecomplete r colorful or r partite complexknman
which is the r fold simplicial join of O dim l complexes

reinstated
isolated visaged
vertices

has sni n n trees where Xi JingD

since Nina NE I
treesI

Ad Iz
2
































































Bolker 1976working on transportationpolytopes

hadguessed thenighnircountfortreeswas closebutwrong
duetocolorful treeswith torsion such as this

colorful triangulation of IRP inside k33,3
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Ron'sTheoremactuallycountstrees

in any skeleton of the complete
r partitecomplex

Hedeveloped a new use of the Binet Cauchyformula
to interpret pseudodeterminants

ofLaplacians 027

avoidingGil'scleverchoiceof a reduced Laplacian

Thesemethods inspiredmuch much laterwork by
Bernardi Duval Klivans Kook Lee Martin Maxwell

and others

It ledMartin Musiker and me to an unexpected

connection with rootsofunityandcyclotomicpolynomials
































































Consider n pp pr squarefree
so pi are distinct primes

Let It and Q S the ntheyclotomicextension of a

THEOREM MartinR 20053 Forsquarefree
n pPa Pr

Q bases

Boris sn's bisectwith test it
for Q S

1
tree T whose facetsB havesimplices

mid
p
mid
p

i i i mtdpr je 742
gieB
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79 g into
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itL

V95
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Kai

I I Icomplete
mod

a
l

ipartite 2 13 1838 18,82 mod
a Q basis 1 I

not aQ basisfor 9
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THEOREM Musiker R2014

For nepip Pr squarefree thecyclotomicpolynomial

x cotaxtgx't coin
n

has g to exactlywhenthe
facetsofKp p pr indexedby

Oats Oats oh 2in i u j
formatreet inwhichcase Ir.IT 741912

N 15 3 5
Of x x x3 x x Xt 1 8

y
10

3

0 912 2 1
j t

a o 2

2 4 26 4
2
mod

11 mods 1 mods mid
y mods

notatree

mods it E
































































1 105 3 5.7

8
is the smallest n forwhich coefficients Cj Il occur

forthesamereasontreeswithhomologytorsion

any appear inside

y

until v23 andnigha hr 3
I

o

IRP
CK313,3
































































Ron Yuvalhelp me to appreciateEscher

I met Yuval later but have seen him more often

ashevisitsfriends inMinneapolis I met him first

when he spoke in our seminar on thisgreatpaper

in whichdescentsets of permutations
and tableaux play an importantrole
































































DEF N For a permutation we wi own in Su

its descentset Des w i wi wit

e g Des 13,1 2,44 1,33

For a Young tableau Q with
entries is on

its descentset Des Q i it appears in
lower row than i

e g Des 363947
8

2,4 5,8
































































Descent sets

generalize to reflection CoxetergroupsW

play a key role in Kazhdan Lustigtheory

have amazing
connections totheory of

symmetric and quasisymmetric
functions

through work of Stanley
and Gessel
































































Bydefinition Desta Des Q E 1,2 on i

but an extensionto cyclicdescentsets for we Su

was defined by Klyachko1974

and Cellini1998

eDes w i wi wit with indices takenmodulo n

e g Des 13,1 294 1 3,5
































































Later Rhoades2010definedsuch a cyclicextension

cDes Q r n of Desta

ÉQ

Desta 3,63 12,5 11,43 2,467311,35
Imod6

usingequivanancewithrespect
toadding i modn

and Schutzenberger's promotion
1972
































































DEF N Given a descentmapof Dey 21113
in i

say a map A des 211,2 in in

and a bijection t t t

give a cyclic
descent extension ofDes if

Des a n 1,2 n i Des a extension

cDes pla cDes a a mod n fequivariance

0 I cDes a I 11,2 in non Escher

The non Escher axiom makesthedistributionofDesunique



ASCENDING
DESCENDING

MCEscher



From Inception

CNolan
































































Q Ron Yuval

WhendoesA 2 have a cyclic extension

In particular for which skew shapes Alm does it

exist for A standardtableauxofshape x
All but the ribbons in

They developedbetter and better techniques
for this

Elizalde Roichman20152016
Adin R Roichman2017
Adin ElizaldeReichman 2018
Adin Gessel R Reichman 2018
Bloom ElizaldeRoichman2019

Adin HegedusReichman2019
































































TECHNIQUE 1

Gessel'sfundamental quasisymmetric
function

Fes a XkXk Xian
kEEE IieDesla

let's one test if A 21
n
has a cyclic extension

assuming Qt Effpesa is a symmetricfunction

des exists E Qt 5 aye In
for 0EJE 1,2 in

TdicribbonfunctionofRon rival

closely related to a toricSchurfunctionofPostnikov2005
































































TECHNIQUE2 Adin Hegedus Roichman2019

AssumingQt is notonlysymmetric
but also Schur positive then

cyclicextensioncDes for A 21 exists

phkirnation
thegeneratingfunction

ME É Qt IT
lies in Gtx INEx

They appliedthis to prove
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THEOREM Adin Hegedus Roichman2019
The usual descent map on

cycletype
a

243 in i

Cx permutations of

has a cyclic extension cDes

A r r r for some squarefree
r

Herethesymmetricfunction Q x is known

via a result of Gessel Reutenaner 1993

to be the higher Lie character LienofThrall1942

Andthis is how
































































Ron Yuvalbeatme
andGerhardGotzandMatt tothepunch

DouglassPfeifferandRohrle haveextensivelystudiedtheSurepinson
Matt Gotz Gerhard

HifconfGRd
Configurationspace

whichvanishes unless i r d

of n distinctpoints
xi xn inRd

and then gives Sn repins rangy
lien if d odd

Osa if deven

railcar Tik Solomonrep
orWhitneyhomology

whererank x Iti D oftype x

Also studiedextensivelybySundaram and others
































































DouglassPfeifferandRohrle more generallystudythe W repinson

HifMw Rd whichvanishes unless i r d s

realhyperplane
rrangementcomplement

forreflectiongroupw LY if d odd

and then gives WP É
OS if devenxWorbits

CX ofcodimensionr

Hats Orlik Solomonrep
orWhitneyhomology

see talkby correspondingtoG
SarahBrauner tomorrow
































































Forexample in2019 D PR proved a conjectureof
Felder Veselov2005 on wheretofindthecopiesofthe

trivial W repn in each rep n OSE

Q askedRohrle in May2019

ForeachoftheexteriorpowersA V ofthe
reflectionrep n V ofW

howmanytimes
doesMV occur in LY OSX

Specialcases NV trivial W rep in

NV det W rep n
sign
































































All fourof us lookedatthe data noticedpatterns
for example

THEOREM D P R R unpublished

Thetotal numberof occurrences ofall IV

is alwaysthe same for LY as for Osx

that is Av Ly AV OSE 7
































































I later heardYuvalspeak in Spring2020 at
Mittag LefflerACOW on Adin Hegedus Reichman2019

andrealizedthey hadalreadyanswered

some of our questions for W Sn since there

LY NV Qe IFI

exactlywhatA H R
needed toanalyze
































































They hadalso noticedotherpatterns e.g

CONJECTURE Adin Hegedus Roichman2019

For k o s in Qa IEÉ
is unimodal as a sequence

Lookstune sofar andparticularlyinteresting

since the analoguefor W Dn seems tofail at net

i e LII NV is not unimodal in k for

a certain WorbitCX
































































Thankyou
both

Ron and Yuval

for teaching me

so much and

happy 60th birthdays I


