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1.2 Cyclic semigroups

Recall Mehmet defined for se S a semigroup

the cyclic subsemigroup
s s s s

if S was a monoid the submonoidgen'dby
s

would be sq
s s s

For se S a finitesemigroup we defined

index c smallest c z suchthat sets
for somed

period d smallest del such that sets for
some c

EXAMPLE

s s s É s s's s sty
Sj

s8
index c 7 1

periodd 5 so sa



Weproved
PROP 1.1

WR 7 2 COR7.4

Forevery s
eS a finite semigroup 8

s s s

o contains a unique idempotent
e e

namely e so where we 0medd and wz e

0 Furthermore e is the identityelement for

C 59s s which is asubgroupofS

o C 74dL is a cyclicgroup
generatedby so so s

EXAMPLE
s 5 7 s s s's s sty

SI sq s8

index 0 7

period d s e so so s

W 10 0mods C E 7152
27



REMARK I 3

If n 18 thenUses more concretely

his idempotent e s s

sinceboth c d 51 n Todd

DEF N ECS idempotent e e in S

LEMMAI 6 If S IT is a surjectivemorphism

offinite semigroups S T
then 4 Els ECT

proof Y Els e ECT since

e e Elek ele

Eep

For surjectivity Els 5 ECT given
e e ECT note G e is nonempty and a

Ysurjects

finite subsemigroup of S so it contains

an idempotent e e ECS D



1.3 Ideal structure and Green's relations

M a finite monoid throughout this discussion

ifeng.IT I l exists

DEF N A nonempty
subset IEM is a

o left ideal if MIE I

o right ideal
if IM E I

o f sided ideal if MIM EI

All are subsemigroups so contain idempotent

Any two ideals
I J both containanother ideal

IJ ij i EI JeJ E I J

so afinite monoid M has a minimal ideal

namely I I In where I In are allofits ideals



EXAMPLE

11 M Mulk nxu matrices over afield k

has its only ideals I matrices of ranker

unique I CI C C In C In

IT
so Mia Edt

Rightideals are ofform
matrices A withinA EV

Leftideals are ofform
matricesA withkerA 24

for any choices of
subspaces U Vc k

EXERCISE Checkmeusing im AB E im A
kerBA kerf

principal left ideal
2 For meM Mmmm right ideal

sided idealMMM
generatedby M

3 Ilm se M me MSM is an ideal

if it'snonempty as me MsM metMasbMeMsM

Into meminimal
99 IMA B rankBcrankA



DEF N Green's relations JA Green1951

Say m Jm if MMM MMM Fiegel

m Lma if MmeMma
MEEEEdeal

m Rm if mM maM PingL

EXAMPLES

a For M Mulk Matrices

AJB E rankA rank B
so B PA with

P QE Gluck

ALB E A B are now equivalent

so B PA

ARB E A B are column equivalent
so B AQ



2 For Tn all selfmaps is n 41,2 ng

undercomposition fog
Full transformationmonoid of degree n

f Lg Ey f g
have same partitionofsourceinto

fibers
f i g i

ffg since f hog
8É L L É sat

f g e imf ing frg since g foh

1 9
and can similarly

2 find an h with2 R f gohÉ 5

fJg E im f ing Tn hasideals
I c Iac C InÉ 54 Tn

y Eastport3 8 where

Ir f im f er



DEF N M is A trivial if mM MM Mima

L trivial if MmeMma M

J trivial if MmM
MmMImim

i e the various relations R L J are justequality
NOTE

J trivial R and L trivial

ÉÉÉ it ahead

From Denton Hivert SchillingThiery 2021

on
Damini

Notegroups are not J RL trivial g gsgLgitg.g



Green's relations are compatible with

restricting to submonoids eMe e idempotent

LEMMA 1.7 For an idempotent e e ECM

and ma ma e eMe one has

m Rm in M E m main edle

and same for L J
Proof Do the proof for J for L is similar

eMe m e Me eMe ma eMe

Fa b c d e eMewith m amab
ma em d

Mm M MmaM

Conversely if MmM Mm M then

eMe my eMe eMmMe eMmMe eMemieMe

M E eMed TyeeMe B



M sets
In studying L R J ithelps to havethe
notion of Matching on a set X

amp M x X X
on x to mix

with 1 x x the X

M Max Mma x

Call it a faithfulaction if me mix theX
m m inM

ATtip XY is M equivariant if

4 ax my x UmeM
XE X

and an isomorphism XY of M sets ifbijective

Hamm X Y M equivariant X 94



PROP 7.8 Foran M set X and ee ECM
2

a one has abijectionHomm Me X ex
Its ace

Take X Me

G End Me Cme as monoids

monoid groupofunits

Antoine Éj ajit
where Ge groupofunits in eMe



PROP1.8 ForanMsetXand ee ECM
2

a one has abijectionHom Me X ex
Its ace

ED End Me Cme as monoids

CoDAuthMe Ge asgroups

where Ge groupofunits in eMe

proof If YeHommMex then g ex

since Yle 4 e elle and 46 determines 4

via elme male The inverse bijection

is Hom Me X GeyY men mx n

mex
ex

TrenCii is i taking Me noting 9 e41014

one Olelute

Lastly ii iii applying A A to
monoid groupofunits



REMARK I 9 If one doesn'tlike the op s

Cii End Me EMe

says eMe acts on the night of Me

via M setmaps and gives all suchmaps

Likewise KIDAutmMe Get
says Ge acts as agroup

on theright of Me

PROP 1.10

Ge right acts freely on Les L classof e
generatorsofMe

and left acts freely on Re R classof e

proof foraction if me he and geGe leMe
want ing eLe that is Me Ming
z g ege Mmg Mmege E Me

E meLe F yeMwith
e ym

so e gig g eg gymg
and Me Mgying e Mmg



For freeness using same m g y as above

if mgm then g eg ying y
m e By

EXAMPLE When M Mn k n xn matrices

a typical idempotent ee E M
is

e Y If where Kk v or

Fmr In r

having eMe ff Ae Man

Ge ere foot AE Girls

and the generators Le of Me ft
have lin indep 1st r columns carrying a

free action of Ge on theright

Ge orbits a r dim l subspacesof k
on Le givenby olspaceof Ff



HowcanrelateM setstructure forMe em
toGreen'sJ

TH M 1.11 For idempotent e f e E M TFAE

i Me Mf as left Msets

ii em e FM as right M sets

iii Fa beM with Egba

Tig F x x em withEgg
and e x'x

f Xx

Cu MeM MFM f e eJf

Note an immediate

COROLLARY 1.12 When idempotent e f e E M

haveeJf then eMe E fMf asmonoids

and Ge I Gf as groups

since edle Endm em and Ge CeMe



EXAMPLE Recall for M Mn k

eff e rank e rank f

so if we have idempotent e f e Elm

V k im e to kerleis

pick some aflb

ime kere

Then e ab imf
here

in f kerf
Fba

fit



proofof
TH M 7.11 For idempotent e f e E M TFAE

i Me Mf as left Msets

ii em e FM as right M sets

iii Fa beM with
e ab
f ba

Ej Fx x'em with xxxx and e

XXXIX
X'x

f Xx

Cu MeM MFM f e eJf

Proof
strategy

show i iv

H M y
and replacing
Ci by ii

followsby leftC E Ciii
rightsymmetry



i Me Mf as left Msets

I
f xxCiv Fx x'EM withEYE

and e x'x

Given inverseM set isomorphisms Me F y
Mf

let x Cle Glee elle e eMf
X Hlf 1 4 ff fUcf e fMe

and check

x'x X Ucf X x'f X x 4 ele e

and similarly for xx f

Also x'x x ex exysince x'ee
Mf

and xx x Fx IT since xefMe



i Me Mf as left Msets

A
Ciii Fa beM with

e ab
f ba

Given cab then any meMe
has

f ba

ma me a maba mat e Mf
p

meMe te ab
R f ba

giving an M set map Me I Mf
m to ma

Likewiseget an M set map Me Imf
mb i m

and can checkthey're inverses

46 m mab me m

4 Ulm mba mf m



iii Fa beM with Egba

H
Cu MeM MFM f e eJf
I
i Me Mf as left Msets

Assuming iii one has

MeM MeeM MababMe MbaM MFM

and MFM e MeM is similar soG follows

Assuming u so MeM MFM

write f xey so f ft xeyf

and Mf Mxeyf EMeyfe Mf MfMef

Hence get a M setmap Me I Mf
e eyt

which surjects since MEMeyt showing Imel z Imf
Symmetrically Mf 21Mel so I is an M set

bijection B



Next we learn of a cancellationpropertycalled

stability that finiteness of M provides

THM 1.13
and Mmm Mm M

Mmm Mmm
katiight IMclear mM mxMV not clear

Mm Mom

proof Assume MmM MxmM
so M UX MV

Then MxmE Mm Muxmr E Mxmv Zr

9 I
surjectivityhere Mxm É
Imam IMxmul

equality in x as desired



Two consequences of stability
COR 1.14 M J m2 lie MmM Mm M

Frem with Mm Mr rM MaM

i e m Lr r m2

and leftright e Fremwith mM rM Mr Mma
i e m r r Lma

proof Notethat is clearfine xLy xJy
xRy xJy

For assume m Jma
and write me umar

mz xm y
then set r xm

Onehas nryv uxm yv unavem

so Mxm M MrM Mm M

and stabilitygives Mxm Mr Mm

Also Masry and
r xm xumar

so MrM MmaM MryM and Stabilitygives
rM ryM m2M B



COROLLARY 1.15

Thegroup G ofunitsofM has G J J dog
and if M G 0 then it is an ideal

proof

GE Ja Any unit g
has egg re Mgm
and gem Mr M

J E G if me J so MmM M Mr M

then Mam Mm and me M mM

stability Mm MM MM me G
421

To see MIG is an idealwhen non
O note

MIG M IT me M a MMM

I e frombefore

an ideal Be


