Math 2374 Spring 2018 - Week 4

Quick Reivew from previous lecture

The velocity of the path ¢(t) is ¢(t). The speed of the path is ||/(t)]|.

Tangent line to a path at point c(to) is

D(cf)(xo) = cD f(x0)
D(f + g)(w0) = D f(x0) + Dg(z)
D(fg)(wo) = g(zo)D f(z0) + f(20)Dg(x0)

i _ g(zo)Df(x0)—f(x0)Dg(x0)
b <9> (wo) = 9(o)]2

D(f o g)(x0) = Df(g(z0)) Dg(xo)

— Example:
Suppose c(t) = (x(t),y(t), z(t)) is a path and f : R® — R!. Then

D(f o ¢)(t) = D f(c(t))De(t)

D(foc)(t) =V f(c(t) - (2)



How do you draw a picture like this in Mathematica?

The curve! is

IThis picture is created by Mathematica. It consists of 4 different paths.



Example 3. The trajectory of a bird is given by the path
biv d% Posf‘fl\l'\/\"f the €.

(—’2 4 7
t) = (17, tan(t), t t).
cft) = (7, tan(t), ¢ +71) o
— 1

The temperature at each point of the space is measured by a function f(x,y, z)

2 . . . . .
% Find the rate of change of temperature that the bird is experiencing

.ot (xy,2).

at any ggven time t = 0.

_ﬂw_ T@L,\Ioeygr(;m,,e at  tihae T the én/a/ 3 7[-&0. /ﬂﬂgu

(foc)+) = JC(S)

TS

Chav rule

D(Fec)(t) DF (cew) D et
[y ’,]

(1<

(\

(x,y.2) = C(t)

3
| 4t +
2 2 7 JgXI
= ("’WJ{ 21 tout J 2+
Sedt
“t749

D(nLac)(O):[O 0 |] T

























































v' Orienting curves

For example, given a curve C' (parabola) from point p = (—=1,1) to ¢ = (2,4).

Let C' be parametrized by the function

c(t) = (t,°)
for —1 <t < 2. It has unit tangent vector
c(t) (1,2t)

TS leol  vize

We could also parametrize the curve C' “backward”, that is, going from ¢ to p.

Thus,
c(s) = (1—s,(1—5)")
for —1 < s < 2.
[ts unit tangent vector is

cr)= ¢, 1)
, <1,2>
c )= /\);5’— | MUTE -
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2.6 Gradients and Directional Derivatives

Motivation:
Let the function f(x,y) be the height of a mountain at each point x = (x,y).

Suppose you are standing at point x = a. Then the slope of the ground in front
of you will depend on the direction you are facing.
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Recall that the partial derivatives of f will give:

e the slope % in the positive x direction;

X

e the slope % in the positive y direction.

To generalize the partial derivatives to calculate the slope in any direction. This
is called the Directional Derivatives.

We formalize this concept as follows:
If f:R" — R! the directional derivative of f at the point a in the direction

Vv is flat ) fla) 77@\/«[ A positun
: a+hv)—jla
va(a) o lllg% h
if this limit exists. Note that we usually let v to be a@@nitwector!
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v’ Note that D,f(a) is a number, not a matriz. D,f(a) is the slope of
f(x,y) when standing at the point a and facing the direction v.
We denote

D, f(z) = Vf(z) - v

Recall that Gradients in R?
If f:R3>— R! the gradient of f,

Jof of of
vf<8x’ dy’ 6’z>'

We also denote it by gradf.




Example 1. f(z,y,2) = 2> + 2y + 32. Find the rate of change for f in the
direction w = (1,2, 1) at point (1,0,0).

Note that it s the same as asking the directional derivative of f at point
(1,0,0) along the vector w.

DW]E (%, 4,2) = Vf (x.4,2) - l_t_:iuﬂ’
OF = Caxvy, x, 3> = of(90)=(2 1,30

LA)’“ = ( l/ 2’ 1> = /l/ 2/ Q
e J o+ 4 +] J &
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Dwﬂ:(l)O, O) = < 2/ I/ 5> ’5’_%—

A
_
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< . %
Fact. If Vf(x) # 0, then V f(x) points in the direction of the fastest increase
of f.
Lo +the |ote cha 7C o
Explanation: We Df ?L a7£
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Fact. If f : R? — R! has continuous partial derivatives. Suppose that (xq,vo, 20)
lie on the level surface f(x,y,z) = c for some constant c. Then V f(xq, Yo, 20)
1s normal to the level surface.

— z Z
EX- fuwy 2) = I+ Xy

s £
) Considov  leve|  suface (set)
qz[’(ﬂ(a,'ﬁo,z"
f,yz) =/0. Then
lw,‘ﬁo,’fu] Z _ /0 B Kz— ‘jz

gTangent planes to level surfaces

The tangent plane of the level surface f(z,y,z) = ¢ (c is constant) at point
(%0, Yo, 20) 18

V f(xo, Yo, 20) - (T — 20,y — Yo, 2 — 20) = 0
it V f(zo, v0, 20) # 0.

v’ Note that Vf(zg,yo,2)) is the “normal vector” to the tangent
plane of the surface “f = constant” at (%, y,,2,).
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Example 2. Find the equation of the plane tangent to the surface
3ry + 107 = —2y+ ¥ /o

at the point (2,0,1).

Z 2
Coneide, _jt (e, y,2) = ng + joe ™V +ZZL.

U[ (X,4,2) = [0

GF = 3y, oy e, 22y D
Vo) =( 0. -0, 0>

'ng/z«’( //M\-Q (s
vf (L,o/}) (x-2, 4 -0, Z-1) =0

0, 7/, O) . ( x-=2, g) 2-/}) =0

= g/ — O ]#
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Example 3. Let A(x,y,z 1 — x* — €Yz 1is the atmospheric pressure at
position (x,y, z). If you were at position (2,0,1), find the direction that you

would need to move in order to\decreaselthe atmospheric pressure asap. Write
the answer in the form of a unit vector.

VA = <’2X/ _eﬂ%/ -€j7.
VA(Q'J/ ') = <’q/"/ ">.
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