Lecture 21: Quick review from previous lecture

K >0, pan‘h\l detrote

e The Gram matrix is

O K-kT
(vi,vi) (vi,ve) oo (v, V) @ xTKx >0 ,fw.llx:w.
K — <V2’V1> <V2>V2> <V23Vn>
<Vn’v1> <Vn’v2> <Vn7vn>'|xy‘ ‘s Vv—,>- l J / C>o.

— In R”, Gram matrices are always positive semidefinite

— they are positive definite precisely when the vectors vy, ..., v, are linearly
independent.

Today we will discuss ”Orthogonal(Orthonormal) bases”

Lecture video can be found in Canvas ”Media Gallery”

MATH 4242-Week 9-2 1 Spring 2020



3.6 ector Spaces

To finish Chapter 3: let’s briefly discuss complex vector spaces and complex inner
products.
Recall that a complex number as an expression of the form

i= 71, it (@)

-—
— -
.

]]

z=1x+1y, x, y €R.
The complex conjugate of z = x + 1y is
zZ=x —1y.

Thus,

2> = 2z

~

e Fverything we have done in Chapter 1 with R" and real-valued scalars works

—
—_—

in C" with complex-valued scalars.
—_—
\
e In particular, Gaussian elimination works exactly the same way if the numbers

are in C instead of R.

Z - H"i,(""\r:'),

z = l—‘L m

iz)>= 22 = (Hi) L)
‘/ 'Z"l‘-’—i' = JZ~

1‘4 Wa'/ 4

lzlz.-, )(1+|11/ 12| = Ja('-uj‘ .
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§ Inner product on C":

e This way, (z,2z) = > . | 2Z = Y. |2|% which is positive if z # 0.

—

e Note that (w,z) issymmetric; rather it is conjugate-symmetric:

e Forc, d € C,
(cu+ dv, w) = c{u, w) + d{v, w)
(u, cv + dw) = ¢(u, v) +d(u, w)

Wil = ¢v.v) 20 . v =0 <> V=0

EX: \/':_ (/4,,_\/ 2:/ —3)7_ F)\/\J ”\f“

y 2 .2 2 2 2
il = ).’.‘j._".,' #1435 ey =Xy
'2: | = 02+'Zz

:f2+4+? -4
= J/f,#
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4 Orthogonality
4.1 Orthogonal and Orthonormal Bases

We've already seen that in an inner product space V', two vectors x and y are said
to be orthogonal if (x,y) = 0.

Fact: If vq,..., v, are nonzero vectors that are “mutually orthogonal”, mean-
ing (v;,v;) = 0if i # j, then vy,..., v, are linearly independent.
f'r.; ae this]: (owcider ¢, V, +..4 CuVi =0,

we wauwt To shaw (=0 ,---, Cn=0.

e T
Vit -+ iV, > = <0, V).

0 2
Gl )+l dﬁ.) R XA o= 0.

Cy ¢V\,V, > =0 v v'Q con aat
cnv® =0 = ¢=0. i “/ ) o

=0, ., Cq =0
Definition: Suppose vy, ..., Vv, are nonzero vectors that are mutuahy ofthog-
onal. If additionally ||v;|| = 1, we say vi,...,V, are orthonormal.
Definition:

@
o Ifvy,...,v, are mutuall}gD g@%()’nal.vectors that are also a basis for V' (so
dim V' = n), we say they are an orthogonal basis.

o lfvy,....v, are(?rthonormal and aé%asis for V', we say they are an or-
thonormal basis. (IWVill= - .= NVl = 1)

Example. Ing equipped with the standard dot product, an@basis
is the standard basis:
(1) [0) (0)
0 1 0

0 o 0

0 0
0 \1/ H
O e ey =0, &, 45520, "
@ nhejll= 1 , 1« ] n.
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Fact: Suppose that vq,...

thonormal) vectors. Then vy, ...,
basis for their span W = span{vy, ...

, 'V, are nonzero, mutually orthogonal (resp. or-

v,, form an orthogonal (resp. orthonormal)

,Vat.

)

v | art{/nojawul (2vThonovsl)
o W .

{\f\ 7"y

basis
4

Fact: Suppose that vy, ...

form an orthonormal basis.

, V;, 18 orthogonal basis. Then

e e
V1 Vi
[vall™ vl
N\

—_

Example.
(1 —1
basis.

g
<, 2> (A
(‘jlz> - 0

Thus,

X M
x|

<‘(,r]> =
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Explain why vectors x =
— 2)1 form an orthogonal basis in R3? Turn them into an orthonormal

7/ 1yl ,

v
il =

1
v "

v'( =

110 y=(00 -1 1 and z =

X. v, 7 ar Mm'[ua&/ (lYﬁ‘Dg"V‘“’ —) f" v,7] ﬂm//L

), ()

0. elopond

()>:0.

(

3
fx' v, ?} 'S an ad’hoﬂaws/ bacs ™ 1K .

ET-1%0), &#(7) )

s au oMho novuwal  bars —7[.»‘?}
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§ Computations in Orthogonal Bases
What are the advantages of orthogonal (orthonormal) bases?

It is simple to find the_coordinates of a vector in the orthogonal (orthonormal)

basis. However, in general this is not so easy.
/\ﬁ

Fact: If vq,...,v, is an orthogonal basis in any inner product space V', then
for any vector v € V' we have

=

() V=a1Vy+ -+ a,Vp,

where

(v,v;)

a; = 5
L val?

Moreover, we have

n 2
V,V;
(2) IVIF=ailvillP +-adlval® = i(<,,V.HZ>) -
7

1=1

[Toseethis:T‘)de avy \ft'U', wa Cow wwile
l/: al \n + GV “+ ...~ au\r:\ )

e o~
<\f, \rl <a\ +d1 / "'-fa"‘\r\" , \f-/>
(9] 0
A<D + a;<\p,/\f.7 +ot GG

(f

T vy = G hll®
=) a, = <Lr/ \rl>

) T L AR
4‘\#"01}, , we Cown ?"‘t az— W r=>=)
<V, U
aw —‘:‘/T"‘ . H# » (a.,a,',“/ q.‘) s covvdmate
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Example. Consider the orthogonal basis x = (1 1 0)/, y = (1 —1 1)T, and
z=(1—-1 —2)T of R} Write v= (1 2 3) as the linear combination of x, y

andz.v_: <\f’ XD  + <\l/;".]2 g + (U,Z) =

% 12 Iyl taznt
= / ! = (+2= 3

<v, xy = (3) (;) )

vt = < (4, () > = 2
<, = < (3), (3)> = 1m2H3n

= () (h)y = 3

<wE, = -1,

2 - 6 Thes, W:;Xf-ij-g—#

Example.

(1) The basis 1, 2, 2> do NOT form an orthogonal basis.for P o, )

\ | _ al l _ )
<Ix> = [ ixdx = 2 = K %0
A 2 (
¥ Xty = Hb‘xx dx = ﬂxsolkzz"-'-l;o
2) § omthue  Mert Monday
p 1 5 1
/pl(x)zl’ p2($):$—§7 p3(x) = 2" —x + —.
is an orthogonal basis of P (o, )
T%ﬂWrite p(x) = 2° + x + 1 in terms of the basis py, p2, p3 in (2).
(.17
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