Lecture 23: Quick review from previous lecture

e The basis {1, z, 2?} for 73(/2)\ do NOT form an orthogonal basis.

e (Gram-Schmidt Process) (Co)

Suppose that a;, - - - , a, are linearly independent.

Turn a;,--- ,a, to@on@ectors Vi, , Ve
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Today we will discuss examples for the Gram-Schmidt process and introduce the

Orthogonal Matrices.

- Lecture will be recorded -

Lecture video can be found in Canvas ”"Media Gallery”
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Example. We know that 1,! :[;Eand a‘:g form a basis for P?)([0,1]), the space of
polynomials of degree < 2 on [0,1]. Let’s turn them into an orthonormal basis,
with respect to the usual L? inner product. o (owB)

B/ Gram— Schuwsdt procs, we will um [, %, x*] wto

oy‘Hnog lMa‘ bM‘is .

= |
P, = X— <X P P, :,x——‘,—l
1P, 12 ]
Pe= X' — <P¥50 _ OLPBYIR_ AL (L
3 m’z—l?l ——"'m’t—' Pz x 3 k 2)

g -=[><‘->< + ¢

® <« p>= [, xide = Y
@ nrir = <roros L ide - I,
@ ¢y ) xde = 3
@ et = [ - £07dx = )
(3 <x* h> = Moo= ) dx = Yo
Thus, we hae w-zaad.wl bass [P, P, 2]

7o get O/\/B, we ol
{ fo b P ;

et 2 el 7 nean

= X == 2 d
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Example. Let the subspace W C R* consist of all vectors orthogonal to a =
(1 1 1 1]'. Find an orthonormal hasis for W.

(OMB) pat y =(l1
/) X = (xy, A, WMy ’)(4) ’/@ 1 '-II.E'] Vd ( ))
=0 !
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fee vavublog
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X - 0 =0. = X+ Xt X4 X
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Xazl, %=%4 =0 ;o ¥3=l, Xz Az

~l - 0
W': J . VY (o . wh = o

o P ' s 3 °
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Thus, fwi, wa wy) B a basd fa w.
( W= span [ W, W, uk)] )
2) e fud OMB basn - W
Frvac w2 e G orow— Schwidt 2o Frof
cJYﬂ«oa/M’ basd y
Vi = W) = [é) ’
= wy — <Wa VD u‘jz(:;:)

”Vll',' )

o

= W, — W3 ;> = _ W, 6D
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4.3 Orthogonal Matrices

Definition: A square matrix A is called an orthogonal matrix if it satisfies

ATA=AAT =T

Recnll = The muersie
Some Properties about an orthogonal matrix A: o A :

e The inverse of A is Z.A AX : :E'
AT = A7 bt ey
l¢‘f‘t hverie ‘t4 J'fA

e [t is easy to solve the system Ax = v.

[Since AT A = I, we immediately have the solution x = A~ v :@.

Thus there is no need to apply Gaussian elimination to solve the system.]

o If A is orthogonal, then det(A) = +1.
~ ATA= I o det(A7A)=

> (&iAT)azfA) = |
Moreover, we have =) do;fA— d.o(A = ‘ =) a‘c(’A =,‘L',

= ¥
Fact 1: A square matrix A is an orthogonal matrix if and(onlgg if its columns
form an orthonormal basis on R" with respect to the Euclidean dot product.
(o 3) )
To see this: = [V, V5 .-\
[ ] A [ | 2 (7. ] L
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o If A is orthogonal, so is AT (since (A7) = A). This implies that the column
Vectors of AT (they are row vectors of A) also from an orthonormal basis of
T ;:a‘t/ onviks
is 24"
A ! Urd\l)ﬂm‘ A < M““ﬂM&‘ GJ'UM“; 8"' A T

Example. The matrix K OB
A ___—(0989 —Sm¢9> = \ows "‘4780/4?

sinf cos6

is orthogonal.

[To see this:] C{’\ch( ATA = A AT =

s8  sf 05O [— sm8 J O
A ( (
—m9 Coi0

s \cosg o | [,
sha o0 tswm®e = |

Similarly, O O
0089 sin 6

is also orthogonal. (EK@ rene  : 875 -8 87; I, )

[ One can easily see that the rows (columns) of the matrix form an orthonor-

mal basis for R?. ] (<(059 / S MQ)T, ( Cin Q/ _‘ose)'7f >
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Fact 2: If(é,}nd B are ortho‘g/onal matrices, then AB is orthogonal too.

[To see this:] @—B)T(A'B) =BTA‘T@B = BT T B:ﬁ =I.
{'w’,,nv/lx,

e If A is orthogonal, then the matrix A preservn the sense that

| Ax|| = ||x|| for all z € R"  (Homework problem)

— —
— pa—
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