
Lecture 23: Quick review from previous lecture

• The basis {1, x, x2} for P (2) do NOT form an orthogonal basis.

• (Gram-Schmidt Process)
Suppose that a1, · · · , an are linearly independent.

Turn a1, · · · , an to orthogonal vectors v1, · · · ,vn:

v1 = a1

v2 = a2 �
ha2,v1i
kv1k2

v1

v3 = a3 �
ha3,v1i
kv1k2

v1 �
ha3,v2i
kv2k2

v2

...

vn = an �
han,v1i
kv1k2

v1 � · · ·� han,vn�1i
kvn�1k2

vn�1

—————————————————————————————————
Today we will discuss examples for the Gram-Schmidt process and introduce the

Orthogonal Matrices.

- Lecture will be recorded -

—————————————————————————————————
Lecture video can be found in Canvas ”Media Gallery”
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Example. We know that 1, x, and x2 form a basis for P (2)([0, 1]), the space of
polynomials of degree  2 on [0, 1]. Let’s turn them into an orthonormal basis,
with respect to the usual L2 inner product.
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I
-

FNB)
By Gram- Schmidt process, we will turn { I , x , X

' ) into

orthogonal basis .
P, = I
-

I × - 'Tien -¥1
i - c;÷;÷:p. - 4ii÷÷÷÷=xY= I- x + to

① ex
, p, > = f! x. i dx = Yz L.

③ 1113112 = L pi , P, > = fo
"
I dx = I

.

⑦ exit, P , > = fo' x' . I dx = IT
.

-

④ 1113112 = fo' Ix - IT dx = 42
.

⑦ ex? is > = fo' x' Cx - El dx = 4,2
.

Thus
,

we have orthogonal basis ( Pi, Pa, 131 .
To get ONB , we do

{ i÷ . YET . III. I
= ( I ,
x-

,

x'- xt 't
ti l
" ↳ EX

. compute
of (x - I ) 1113,11 -



Example. Let the subspace W ⇢ R4 consist of all vectors orthogonal to a =
[1 1 1 1]T . Find an orthonormal basis for W .
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,

put ath
, :D/) X= ( x , , xz , Xs ,x¢) "

④ ' ' 'YI!)
x. a = 0

.

⇒ X. +It Is -114=0 .

fables.⇒ X ,
= -Xz - Xz - Xc,

w -

- lxc.ir#-- " ) )
.

X 2=1
,

X
, =X4 to j X 3=1 , Xz = 44=0 Xz

" i it
.

" : :
.

Thus
,

{ wi
,
wa
,
Wz ) B a basis for W .

( W = span ( Wi , uh, Wes } )
.

2) To find ONB basis for W
.

Fine
,
we use Gram- Schmidt to find

orthogonal basis
.

u -- wi -- til
y :÷)Vz = Wz - (Wz, Vi) q

Us = Ws - cwy.fi?-r.-cYiIi?.r.
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Next
,
ONB for W is

{ writ , IIT, . Tufa, I .§f= To find explicit vectors
. #



4.3 Orthogonal Matrices

Definition: A square matrix A is called an orthogonal matrix if it satisfies

ATA = AAT = I.

Some Properties about an orthogonal matrix A:

• The inverse of A is
AT = A�1.

• It is easy to solve the system Ax = v.

[Since ATA = I , we immediately have the solution x = A�1
v = AT

v.

Thus there is no need to apply Gaussian elimination to solve the system.]

• If A is orthogonal, then det(A) = ±1.

Moreover, we have

Fact 1: A square matrixA is an orthogonal matrix if and only if its columns
form an orthonormal basis on Rn with respect to the Euclidean dot product.

[To see this:]
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Recoil = The inverse
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EA = A# = I
.
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T ATA = I ⇒ det IATA) = dee I

⇒ fee AT)#A) = I
⇒ detA docA = I ⇒ deed ¥

⇐
e-

( O NB )
A = ( r, K - - - rn )

mu .

⇐ l A is orthogonal ,

sis -- I. ⇒ I air. - - m - (
'

o

'
.;)
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• If A is orthogonal, so is AT (since (AT )T = A). This implies that the column
vectors of AT (they are row vectors of A) also from an orthonormal basis of
Rn.

Example. The matrix ✓
cos ✓ � sin ✓
sin ✓ cos ✓

◆

is orthogonal.

[To see this:]

Similarly, ✓
cos ✓ sin ✓
sin ✓ � cos ✓

◆

is also orthogonal.

[*** One can easily see that the rows (columns) of the matrix form an orthonor-
mal basis for R2. ]
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Fact 2: If A and B are orthogonal matrices, then AB is orthogonal too.

[To see this:]

• If A is orthogonal, then the matrix A preserve length in the sense that

kAxk = kxk for all x 2 Rn (Homework problem)
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