
Lecture 30: Quick review from previous lecture

• Let A = An⇥n be a square matrix, we say that a scalar � is an eigenvalue of
A if there is a non-zero vector v 6= 0 satisfying

Av = �v,

where v is called the corresponding eigenvector.

• A scalar � is an eigenvalue of n⇥ n matrix A
, A� �I is singular (rankA < n)
, characteristic equation det(A� �I) = 0.

—————————————————————————————————
Today we will discuss eigenvalues and eigenfunctions.

- Lecture will be recorded -

—————————————————————————————————
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.- rankCA-AI)c€



Example. Let

A =

0

@
2 0 0
0 5 �1
0 �1 5

1

A .

Find its eigenvalues and eigenvectors.
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I) det CA - A -4=0 .

A- it. -- l !
"

a I
.

o⇒l÷÷i÷⇒l
O= det (A-AZ ) = Cz- n ) H- a ) ( 5- a- ¥n )

= ( 2- a ) (4- a ) ( 6- a )
.

We gene eigenvalues D= 2
, 4

,

6
.

2) Find eigenvectors : (Ker CA - az ) )

① 17=2
.

A- 22 = ( { II)
(Az 2) r, = 0

.

⇒ r, = ( I )
.

② A- 4
. A- 42 =/? IT)

.

( A - 42) r. = O
.

⇒ ra = ( Y)
.

③ a -- 6
.
A-62=4

.

"

÷ ) . A =/ ! )
.



Not every matrix needs to have real eigenvalues. For example, consider the
rotation matrix:

Example. Q✓ =

✓
cos ✓ � sin ✓
sin ✓ cos ✓

◆
, if ✓ 6= k⇡ where k is an integer. Find its

eigenvalues and eigenvectors.

MATH 4242-Week 13-1 3 Spring 2020

i = FI
,
iZ= Fi

'
= - I

.

-11o -- dee ( Ao- RI ) .=detf!! Iii! )
= ( cos O-aft sink .

= I - & WSO ) htt AZ '

using siiotcoiot

so
,
a = ""¥ cosOtis .no .

Fett ⇒
- ( Otkz)

since Ot ka . A are complex number
.

2) Indto . Kerl Oo- AI )
.

Do - e±iOI = (
Cosi - (cosOtis.no ) - and

Eino aso- Kostis.no/
= ( F

is.no - siree

Guo =, is.no )
.

= .s÷ot ± 'd .

Since since to
,

to find Ker ( Io - e II)
it is sufficient to solve ( Ii ) (5/481

.



[Example Continue:]

Fact: If A is a real matrix with a complex eigenvalue � = a + ib and corre-
sponding complex eigenvector v = x+iy, then its complex conjugate � = a�ib
is also an eigenvalue with complex conjugate eigenvector v = x� iy.
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④ eio :

I. '

ill :L =

C : :L
T
- c-① = - i ( i i ) = ( - iz - i) =/ ! - i !

( : 'll :/ -
- I :L

.

⇒ (xyl==
② e-ice .

Ill :L - Col
.

as ( ios )
.

Thus
. (f) = (



Fact: Matrix A is singular if and only if A has a zero eigenvalue.

Fact: A and AT have the same eigenvalues.
*However, the eigenvectors do not need to be the same.

[To see this:]
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F-To see this ]

If A is singular , then there

exists ¥ c- Kera , that is , Av
-

- O v

eigenvalue
Thus

,

O is eigenvalue .

Recall : find eigenvalues of A is to

solve
O -- det ( A -RI )

z fee B -- dee BT
= det CA-AIT

= dee ( AT - RI )
-

Thus
,

0= det ( At - AI ) = dee CA- AZ)
.

So
. A .

AT have the same eigenvalues
,



§ Basic Properties of Eigenvalues.
Let A is an n⇥ n matrix. Recall that its characteristic polynomial

pA(�) = det(A� �I) = cn�
n + · · · + c1� + c0

is a degree n polynomial, whose roots are the eigenvalues of A.
We can in principle factor pA in the form

pA(�) = (�1 � �) · · · (�n � �)

We say that the eigenvalue �j has multiplicity k if it appears k times in the
factorization of pA(�).

Fact: The sum of all the eigenvalues of a matrix with multiplicity (i.e.
repeating each eigenvalue the number of times it appears in the factorization of
pA(�)) equals the trace of A.

In other words, if A = (aij) and pA(�) = (�1 � �) · · · (�n � �), then

tr(A) =
nX

i=1

aii =
nX

i=1

�i.

Furthermore, the product of all the eigenvalues with multiplicity equals
the determinant of A:

detA =
nY

i=1

�i = �1�2 · · ·�n.

Let’s check these formulas for the 3-by-3 matrix:

Example. Let A =

0

@
3 1 0
1 3 0
0 0 2

1

A . Check (1) tr(A) =
Pn

i=1 aii =
Pn

i=1 �i. (2)

detA = �1�2 · · ·�n.
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det IA-AI ) = 0 .

÷
"

=

(2)

= =

Eigenvalues : det ( A - 172 ) = O
.

A-as = fig
"

÷ ÷
. )



[Example Continue]
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.

*mum
.

O=det (A- 723 ) = (3-a) Ctn-¥ ) (2- a )
-

-

so
,
a = 2

,
2
,
4 (eigenvalue 2g

has '

t.in/tip-ci-yy!}( eigenvalue
" I 17 , t Dat 173 = 2 t 2-14 = f .

tr(A ) = a , , t ant as , = 3 t 3+2=8
.

Then Tr CA ) = Dit Dat 173
121 17 , Az 173 = 2 - 2 - 4 =#

dee A- = deal ! ! ! )
.

s ;)
detA= 3 (s -f) - 2=-16.

O

-

FMde.ge#orsi . Finding kerlAzI )
A-21=1 ! ! :o) . l ! K¥1411

.

General solutions for Ker (A-22) = ( ( Iff) )
Its basis / ( Ig! , ( I! ) .

( vi. ur eigenvectors ?

are . A-ar -- ( III ) . 4=1 ! )
.



8.3 Eigenvector Bases

Fact: Eigenvectors corresponding to di↵erent eigenvalues are linearly indepen-
dent.

More generally, if �1, . . . ,�k are pairwise distinct eigenvalues of A, then the
corresponding eigenvectors v1, . . . ,vk are linearly independent.

Thus, from the above Fact, we can derive that

Fact: If n ⇥ n real matrix A has n distinct real eigenvalues �1, · · · ,�n, then
their corresponding real eigenvectors v1, · · · ,vn form a basis of Rn.

If n⇥n matrix A (real or complex matrix) has n distinct complex eigenvalues
�1, · · · ,�n, then their corresponding eigenvectors v1, · · · ,vn form a basis of Cn.

Definition: We say that an eigenvalue � of a matrix A is complete if the
number of linearly independent eigenvectors with eigenvalue � is equal to the
multiplicity of �.
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1-To see this Suppose 17 , Fdr are eigenvalues
of A

,

with eigenvectors r. , Oz

[ Av, = 17
, V, , Avs = Dah ]

A
, Vi t Azra = O

,
a , ,

a
,
: scalars

CA -RI) ( a. Vit aah) = ( A- 17,21 O

mais -ayiaiiiisiiiiiai
'

o

auf Az - A , ) v, = O
.

⇒ 92=0
.

¥ ¥ sanitary we can also get
a, -_ O . #

-

-


