Lecture 10: Quick review from previous lecture

e Definition: A vector space is a set V' equipped with two operations:

(1) (Addition) If v,w € V then v+w € V.

(2) (Scalar Multiplication) Multiplying a vector v € V by a scalar ¢ € R
produces a vector cv € V.

For all u,v,w € V and all scalars ¢, d € R:

(a) Commutativity of Addition: v+ w = w + V.

(b) Associativity of Addition: u+ (v+w) = (u+v) +w.

(c) Additive Identity: There is agzerorelement 0 € V satisfying v+0=v =0+ v.

(d) Additive Inverse: For each v € V thereis an element) — v € V' such that
v+(—v)=0=(—Vv)+ V.

(e) Distributivity: (c+d)v = (cv)+ (dv), and c(v+w) = (cv) + (cw).

(f) Associativity of Scalar Multiplication: c(dv) = (cd)v.

(g) Unit for Scalar Multiplication: the scalar 1 € R satisfies 1v = v.

Today we will discuss

e Sec. 2.2 Subspace and Sec. 2.3 Span and Linear Independence.

- Lecture will be recorded -
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2.2 Subspaces Vecfw
vedy spa ‘D SPaes

Definition: If W CL_ V(that is, W is a “subset” of V') and W Trvertor space

under the same addition and scalar multiplication deﬁned on a vector space V.

then W is called a subspace of V.
() W< -'\'l"

]
I ¥

© s
v’ “Subspaces” are vector spaces that areu’em‘bed({za in lag’ger vector spaces.

If we want to check if W C V is a subspace of 1/, it is enough to check the |
following 3 conditions:

1. W must contain zero element of
2. If vand win W, then v+w € W.
3. IfvelWandce R, then cv € W.

Example 1:
(1) W = {0} is the trivial subspace of the vector space R".

A o0e W
@ O+0= 0D eW
® ¢c0 = 0 e W
(2) S = {(x,y,0)T} is a subspace of the vector space R3.
O (0,0,00T € S.
€] (x4.9)T+ (a,b,0)T = (X+a, y+b, O)Té S

G cix u0T = Cen, <y, 0) e S
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Example 2:
(1) S = {(x,y,1)'} is NOT a subspace of the vector space R3.

O (s.v,0) ¢ S
Q) (241 tC,d,)= (atc, bid ,2) 4 S
@ 9(1) =779 45

2) IsS={x >0, y>0, z=0} asubspaces of R3?

@ (0, 0,0) €35,
@ ok

—————

u

@ -7( ),1,0) -1, '7/0) %g

(3) Another interesting example is the space of solutions to a linear homogeneous
differential equation on [a, b], for example, /‘Mwa eneon;

S ={u € F([a,b]) : u is the solution to u"(x) + Ju(x) @

O/es)s S a subspace of F(|a,b])? Recall F([a,b]) is the collection of all functions
f defined on an interval [a, b] Ve(Tdr spak

@ o + ?T:D. 0 €5S.

@ U, . wes "+ Fu =D

{u
w’ + 9w = 0.
< e N 4 ’ A

The. Wtw € S . =0 +0 =0,

@ WeS, Ouck cuesS: (cuy + §(ca) = CV*?"‘)

Remark: 0 is essential for Example 2 (3) above. = O,
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Recall: We denote the set of all m X n matrices with entries from R by

M (R) := {A: Ais m x n matrix}  (Recall that it is a vector space)

Example 3: The set of all 3 x 3 _upper triangular matrix is a@ubspace of

holB) ”;f] :a,»,-..,f-efﬁf,sMw,

- a+a b+y c+&
A+B - [° d+J e+e 65‘

° O f4F
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2.3 Span and Linear Independence

Definition: Suppose vy, ..., Vv, are vectors in a vector space V. If we take any
scalars cq, ..., c,, we can form a new vector in V' as follows:

n
civi+ -+ ¢, vy = E C;V;

ua'——J,eM.ea v Wb;ww

An expression of this kind is known as a linear combination of vi,...,v,.

Example 1. If we have vectors vi = (1,2)!, vo = (=1,0)! and v3 = (2,—1)" in
R?, we can form the linear combination

o vy = 2027 — (107 32— [

L ombmatn
df‘ \,| / dl/ V&,

(aw Q‘ew\enf)
Example 2. We observe that Ov = 0 for each v € V. Thus 0 vector is a dinear

combination of any nonempty subset of V.

' Definition: If we fix some vectors Vi,...,V, In a vector space V, we can |
consider the set of all of their linear combinations, This set is called the span of
Vi,...,V,, denoted

span{ vy, ..., vy}

In other words,

n
span{vy,...,v,} = {ZCM' D Cly ..., Cp € ]R}
i=1

Remark: In fact, span{vy,...,v,} is a’subspace of V.
= (3 S—Pam i\ln -y Ua i‘

-9 - —
Q 24;v; + X bv; = L.ﬁ(a: +b:) V; € Spown fv. '-s';,gng'é&l.
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Example 37 (1) Let vi = (1,2,3)!. What does span{v;} consist of in R3?

712357 span {v.]= [ cv, |c R ] /me
=

(2) What does span{(0,1,0),(0,0,1)T} consist of in R3?
Sfau [ (0,1, 07, (o, o,n"}

{a(o,a,oﬂ + b(o}o),)’ / G, Lé@]
= [ (e.a )7 | o l,,cfzf -/oé'w.&.

Example 4. If vi = cvy in R?, then what is span{v;, vo}?
()Mmu.cl) { }‘ SPaw fu/ ] =

7 V,
/ S,)av\f\/», I/z|~={dt/|-+ bV;,a, b(—l?}
=fa(w) -rbv,[ abeR]

- S'Pay\ fl/) !

e fu, ]

'Remark:
o If vi # 0 in R?, then span{vi} is the line {cvy : ¢ € R}.

e If v; and v5 are two non-zero vectors in R? that ararallel to each other
(i.e. vi # cvy for any scalar ¢), then span{vy, vo} defines a plane.

Example 5. Determine the span of fi(z) =1, fo(x) =z, f3(x) =
span f1, x, x’] = f a4 t+ bX+ cx‘l A, b.cc-f[?’

f(l)

Pw)(pol)/. 4_" 417110 SV\) = grav\{l,)(, .--,xuj.
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Az,

I
: 10 01 00 00
Example 6. The span of the matrices (O O)’ (O O)’ (1 O)’ (0 1)

is Moyo(R).
Sram[A-. o P f IO‘A‘ + bt Ao O(AZ'/C 46,74
I c ) [o b cd e//?/_

= M... (R)
Note that span{(1,0,0)%, (0,1,0)%, (0,0,1)'} = R?.
Example 7. Let vi = (1,0,0)7, vy = (0,1, 1), v3 = (1,0, 1)
Show span{vy, vo, v3} = R, spon [ v, ": /\/;I fk’

span [ V. ,v,, v;|] 2 |R3
Toka an, vectdr (X% ¢, ?)Tef?’ To check

T‘f (X, g,z) 3 L combnatia~ of Vi, b,V

7f 5o, (x) = aV, +bv.+cayy,

:
(§) - B o]l
= (s 7))

Ind o bc.
H A 3 wmvesmble thew (2 - Aﬁ/gx).

dtA = | 30 s AWWMF‘:(_;’

7‘1'4 M‘P‘Q) b) etﬂ‘t} GMJ 1“0\.5
(,X ‘41?)" 3 a % WW\L‘\»QT"W a+ ‘/,/y g202}
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Poll Question 1: With the usual matrix addition and scalar multiplication

Myys5(R) :={A: Ais 4 x 5 matrix}

Is a vector space.

B) No

Poll Question 2: With the usual matrix addition and scalar multiplication

Moyo(R) ;= {A: Ais 2 X 2 matrix with the form A = < 11) Cf )}

Is a vector space.

A) Yes

By o

*You should be able to see the pop up Zoom question. Answer the question by
clicking the corresponding answer and then submit.

Caution: after clicking submit, you will not be able to resubmit your answer!
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