Lecture 17: Quick review from previous lecture

e A a vector space V equipped with a specific inner product is called an inner
product space.

e (v, w) is an inner product on V if the following hold:
(1) Bilinearity:
(cu+dv, w) =c(u, w) +d(v, w),
(u, cv +dw) = c(u, v) +d{u, w),

(2) Symmetry: (v, w) = (W, V),

(3) Positivity: (v, v) > 0 whenever v # 0. Moreover, (v,v) = 0 if and only if
v = 0.

e Every inner product gives a norm: [|x|| = /(x, x), that is, ||x||* = (x,x)

Today we will discuss

e Sec. 3.2 inequalities

- Lecture will be recorded -
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3.2 Inequalities

§ The Cauchy-Schwarz Inequality

Let’s first recall the result in R". fE"
Tn R", we have seen from Calculus that the dot product between two vectors
v,w € R" can be geometrically characterized by
A
v-w = [[v][lw]| cos®, w

where 6 is the angle between the two vectors. Thus, © 4¢ ws@ < |

v-wl| < flv]l[[wl].

In fact, this inequality also holds in an inner product space.

'Fact 1: Let V be an inner product space. Then the following Cauchy—\
Schwarz inequality holds:

<
(v, w)| < ||v]|||w] forall v,w € V. _r

v ( i VW_P‘D@'DIWC'(
v 7

(Thus, given any inner product, we can use the quotient
fo
w

030 = _ vw)

arme IV

to “define” the “angle” # between the two vectors v, w in the vector space V.

To see this, we know this ratio lies between —1 and 1, and defining the angle 6 in
this way makes sense.
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Example 1. Recall that C' = CY(I) denote the vector space of continuous
functions on an interval I. We consider the inner product

(F.9) / fo
Let f(x) = cos(x) and g(x) = sin(z)

(1) Consider C°[0, 7

, 7|, compute the inner product between f and g. Also compute
their angle 6.

<)C a> J -f'gdx =focosx§ih)¢ J)(: ﬂf)(/j-

= <Ff.4> 7
Cos O Wil 1l gl Il g

0= T

(2) Consider CY[0ar/2], compute the inner product between f and g. Also com-
pute their angle 6.

{t+,9> = _[Wcasx:.uxdxz_—% !

|
i
S

e 2 .
“‘F“ =< + f :f e x dx -’-'le‘“:“zx)c{x‘
(—)bl:'f'" = Ji R (M(n)/%
i 2 =
I 3’“3 - J\f{ shx dx :I?%&@JL@ R
- % = IlgII-JZ
wse - <+/ q9) = —"g: - 2 i 5
11+l g R, % . The. B=0s(Z)
*Note that theeot

crval (|0, ] versus |0, 7/2]) changes the inner product k4
between functions.
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Definition: Let V' be an inner product space. We call x,y € V' are orthogo-
nal (perpendicular) if In Clo7]

In Example 1(1), we saw that f(x) = cos(x) and g(x) = sin(x) satisfy 9

{f,9) / f(x)g(x)dr = /W cos(z) sin(z)dz = 0
» Ctlo.z)

Thus, we say f and g are orthogonal to each other on the interval [0, 7).
However, they are NOT orthogonal on the interval 0, /2], see Example 1(2).

(x,y) =0.

C(lo,%1)
Fact 2: A vector w in R” is orthogonal to vectors vy, ..., vy if and only if w is
in the cokernel of the matrix A = [vy,...,v;] (i.e. in the kernel of AL)
eve wa Gwadgy  wiwal Mgy ’w_o‘W't_fﬁR product ) Coksz
[To see this:] = ker AT
<\/|,W)= ) ,-“/(Vk,hl):o-
Vi w =0 yT o
| T =
<='-'—>l¥ <==>(v:' w=[0|E@A w=0
7 _ 3 N
Voo w S0 VAL S o J& we wlker A

Example 2. Suppose we want to find a vector w that is orthogonal to v; =
(1,1,0)T and v = (2,1, —2)T under usual inner product.

q
Vi, W> =20, < v, w» =0 let w= [:)

[:; ] w _-_(g] , (howmegaoeons L. giton )
CA -

e (= )M(w-z)

CD a: ._2:_: ac {—u) V¢ é//2
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[Proof of the Cauchy-Schwarz inequality:] ( | < x. 9> , < |l x( "‘3“)
{V\Pl;om d t0 we onsider
2 S Yy
6 —cyll's {x-cq, x-¢q)

2 = X, x> -c<K )

ATYECH ’%

2 Ixll” = 2 ¢ X, 4> + ¢* “‘:lllz
L) C = (x' '1)
Teking —m] | The-
2

O Ix—cgii” = ixi' = q €924 o+ _ 9",
“\5“2 “‘a“ a.

= i’ -2 <x9>° + < x f

Hy)i? Iy))?

N

Htz
= < .‘_'12z 2

g2 < Ixjy = (X, q)afuxu’uguz
= <k, | s wmi ugl|

4

ko

Q: In Cauchy-Schwarz inequality |[(v, w)| < ||v||||w]||, when does equality

hold?
’ V= Cc~v _  tw sab. ce R
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§ The Triangle Inequality

'Fact 3: Let V be an inner product space. Then the following Triangle In- |
equality holds:

v +w| <|v| +|w]| forall v,weV.

* We skip the proof and refer it to the textbook.
l_ pm'f' ligg  owm Canah/ - Shwa-z .u?«. al v, a~d
Remark: In the triangle inequality, Expan ""3 (v '(-WIIzJ

the equality holds  if and only if v=cwandc>0

(IV+w| w livi|
VW
Ve
il
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3.3 Norms

We have known that every inner product gives rise to a norm (||v|| = 1/(v,v))
that can be used to measure the magnitude or length of the elements on an inner
product space.

Let’s recall that some properties satisfied by this norm, ||v|| = 1/{(v,Vv), on an
inner product space: ) uc\,nz =<w,evd= fcvwy = & lh/u2
=) ﬁcvu = el Wwi

(D) llevll = lelllv

(2) [|[v]| > 0, and ||v|| =0 iff v = 0.
(3) The triangle inequality:

v+ wil < [lv] +[[wl

There are other natural measures of the “size” of a vector that satisty these same
three conditions, but thateeammet be defined in terms of an inner product.

For example,
(1) on R™ we can measure the size of a vector v.= (vy,...,v,) by the sum of
absolute values of its entries:

n

> Juil

1=1

(2) on C%([a, b]), we can measure the size of a continuous function f by the integral

/ ' fa)ld

Neither of these quantities can be defined in terms of an inner
product; but they are still useful notions of the “size of vectors”.

of its absolute value:
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'Definition: A norm on a vector space V assigns a non-negative real number |
|v|| to each vector v € V| such that for every v, w € V and ¢ € R, the following
axioms holds:

(1) Positivity: ||v|| > 0; ||v|| = 0 if and only if v = 0.

(2) Homogeneity: ||cv|| = |¢|||v]|.

(3) Triangle inequality: ||v + w| < ||v|| + ||w]|.

Remark: We checked that when “a norm is induced from an inner product,

these three conditions are satisfied automatically”. But in general, a norm need
NOT arise from an inner product on V.

1. p norm on R". We've already seen several on R" and C°([a, b]).

Example 1. We have seen that ||x||» = (31, l‘?)l/ * is the norm induced from
the dot product on R".

Example 2. ||x|1 = > |zi|. Let’s check the three conditions to make sure
this is a valid norm.

T’ AQ conTh v\ea{ /
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