Lecture 20: Quick review from previous lecture

e An n X n matrix K is called positive definite if

— it is symmetric, K7 = K

— satisfies the positivity condition

x'Kx > 0 for all 0 # x € R".

We write| K > (J to mean that K is positive definite matrix.

e Identify any n x n positive definite matrix:
An n-by-n matrix A is positive definite if and only if it is:
(a) symmetric; A 5 | 5
(b) regular, hence A = LDL'; and T w
(¢c) D has all positive diagonal entries, i.e. A has positive pivots.
|

u;; 20

4

e In particular, we have another way to identify 2 x 2 positive definite matrix:

A; %-, b’) is positive definite if and only if

a>0 and ac—b*>0

/7
et A

Today we will discuss

e Scc. 3.4 - 3.5 Positive definite matrix.

- Lecture will be recorded -
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Definition: If a matrix A satisfies x7 Ax

>
positive semidefinite. Do,.ste A 2

0 for all vectors x, it is called
0 wuamhq A’ s posit,
wi defrsze

' Remark: Every positive definite matrix is also positive semidefinite; but the |
converse 1s not true: \

positive definite = positive semidefinite
AKX >0 Wx#0 x'Ar20 ¥x
since a positive semidefinite matrix A might have x? Ax = 0 for x # 0.

1 —1

Example 5. The matrix A = (_ L1

) is positive semidefinite, but not

positive definite.

L‘)A =
2) iM“dWT\l '{WW'
7;,) = )("'A X =[x, x )(‘ ")(,‘l) - 2K TR,
2
= (X =-%)
20

T

When X, = X2 4 (*x) = 0
7hzu A 20 (Pan. 2w detwte )/ but ast ,no‘n“
Definitions: ‘I"’n\ﬂtc ‘

e a matrix A is negative definite if x’ Ax < 0 for all x # 0.
e Similarly, a matrix A is negative semidefinite if x’ Ax < 0 for all x.

e [f a matrix is neither positive or negative semidefinite, it is called indefinite.
This means that there are vectors x and y with x’ Ax > 0 and y’ Ay < 0.

*Only “positive definite” matrices define inner products, via (x,y) = x! Ay.
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§ Constructing positive definite or positive semidefinite matrices

 Definition: Let V be an inner product space. The Gram matrix for vectors |
Vi,...,V, is the matrix K given by
<V1, V1> <V1, V2> R <V1, Vn>
K — (va,vi) (va,va) ... (va,vy)
<Vn7 V1> <Vn7 V2> S <Vn7 Vn> NXN

Clearly K isgymmetries W & mmaty pw pests- o the mner /bw"duq‘,
SV, Vip =<, %>

Fact 5: (1) All Gram matrices are positive semidefinite;

(2) Gram matrices are positive definite precisely when the vectors vy,... v,
are linearly independent. Dst product <X y) = ij ='VT)<,
1 i\ V, v."v, T
Example 6. vi=1[ 2 |, vo=| 1 - (Vv [v v]
= A
";T"| ',;rvl VT
é:)voo‘v\d’ ) :
(1) For the usual innér product #fe Gram matrix for vectors vy, v is is: AT A
<V, 0> &V, VsD § 2
K = = whewe A=[vuv.]
<‘/l vi> C\’; V]? 2 [ —

2X2

B Fax T(R2) sma (v, v ae L .halz’)/ K >0.
lov 650 det K= 6-1-2"=2>0  Then K>o

(2) Find the Gram matrix for vectors v, vy with respect to (x,y) = x! Dy, where
——————

KZ‘? <d1v%gv' 1> 2\" ’V‘>] ["uTD v, vDwv _ [ /12 4

<\,l, v|> (Va’ VL)

WwDv, Dy, 4 2
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'r*:z >0, detk »o . S K >0 _|.
T}W\K = ATDA _ whes A= [v Vz]_

*We write A = [vy,...,v,]. The entry (i, j) of ATAis v]'v;

= (v;,V;). Then
AT A is Gram matrix. By Fact 5, we have

{Fact 6: Suppose A is any m xn matrix. Then K = A’ A is positive semidefinite }

We can also gprove it directly 7
O K'=(ATAT = AT@)" = ATA =K

K [E] (}« mmn.wﬁl )

@ qur XTKx = XA A = el Ay

=MA;<M (Ilg"—lﬂ

7

\_,

ObS'Orw.t.\)ﬂ S £ haw K>0 we m..cd Aex =0

XKx =0 & Ax =0.
<—q-) X c-keyA_.
W Kerh= fof , thea X = O

X
Thus we have
Fact 7: K =

<240

AT A is positive definite if and only if

) the rank of A,,«, is n (in particular, we must have n < m);
2) the columns of A are linearly independent;

3) ker A = {0}.
K ”2 — IZE )
' 4 uk(A = N.
kev A= [o]. ’ ‘
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Recall that from Fact 1: Every inner product on R is given by

(x,y) =x'Cy for all x,y € R™, (1)
where C' is a positive definite m x m matrix.
Then the Gram matrix of vy, --- | v,, with respect this inner product (1) is
T
(vivi) e viva) [ - v,
K = : : = :
<Vn7 V1> e <Vn7 Vn> V:‘V. U(v:r(\h\

Therefore, in this case, if A = [vy,...,v,]is any m-by-n matrix, then

K = ATCA. =AT C A_

Similar to Fact 7, we have whet A= [ vi o= va]

' Fact 8: Let C be a positive definite matrix.
(1) K = ATC A is always positive semidefinite,

(2) K = ATCA is positive definite if v,..., v, are linearly independent (i.e.
ker A = {0}).

TU) 1ts deer thet K = K.
gor= XK x = XTATCAx =(Ax) C(Ax)
> 0 it #:Ax30
= 0 it 2=
Sv, 4x) 20 VX, Mmglies KTlimn C>0.

@) IJ[ ker A - fo!/ thow AX~D ;ves X = 0.

Thas XK & =0 = X= 0

¥
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Fact 9: Let & = A’ CAy where A is an m x n matrix and C' is an m x m

positive definite matrix. Then
ker K = ker A

and moreover rank(K) = rankA.

/s be wontiued [

Example 7. Consider the vector space C°([0,1]) with inner product (f,g) =
fo z)dz. Construct the Gram matrix K corresponding to 1,2,z Is K
posmve deﬁmte. ] | -
<) 1Y <Lx> < | = 3
K= [¢x.1> c<xo <] =2 3 &
4 4 L
3 & U

<, 1> Y B ol I3,

CUM’M"CQ- | |
- _ | oo " )+l
- fa x' ' dx z'rox Ve “"—J“"—‘XJ Io

(xb, Kip =
- -,

(t)T

B)/ Rd‘ (_(2)) SM R fl, X, x‘{

ﬂ-’“‘-‘f, we hae K >0
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§ To find the symmetric matrix A from the quadratic form

The quadratic form x’ Ax defined by the symmetric matrix A = (a;;), a;; = aj;
(square, of size n-by-n) is

n n
XTAX: E E Qi iy

i=1 j=1

Q: How do we go “backwards” to find the symmetric A from the quadratic form
x! Ax?

Example 8. Determine if the following quadratic form is positive definite (that
xT'Ax > 0 for all x # 0).

1. In 2 dimensions, suppose

Q _3 ~
Then A= [ -3 ] Luide by, 2
-3 3

1 >0, det A= 2-3-(-3) <O.

AR nst  pos.. ole fnte Zuac(n-m Fom 3
ostar  olafmite .

2.In 3 dlmensmns suppl)se

x!' Kx = x% ‘@2__ 22123+ 637% + 73:%.

Then
2 . 2 -
[ & — 9 2 2
0, o 0 &
K >0. s° s rts iuadw"l e +dlvl~. )
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1
Poll Question 1: Is the matrix B = M positive definite?

Yes

MO

-2 0

Poll Question 2: Is the matrix B = ( 0 1

) positive definite?

Yes

L%/No

Recall: to identify 2 X 2 positive definite matrix:

( (Z i ) is positive definite if and only if

a>0 and ac—b >0

* The University provides peer tutor service, which can be found in
https://www.lib.umn.edu/smart (SMART Learning Commons)
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