Lecture 21: Quick review from previous lecture

e Let V be any inner product space. The Gram matrix for vectors vq,...,v,
is given by
(Vvi,vi) (vi,va) ... (V1,Vy)
K — (va,vi) (va,va) ... (va,vy)
(Vi, Vi) Vi, Vo) .. (v, V)

— Gram matrices are always positive semidefinite

— they are positive definite precisely when the vectors vy, ..., v, are lin-
carly independent.

Today we will discuss

e Continue Sec. 4.1 Orthogonal(Orthonormal) bases.

- Lecture will be recorded -

e The University provides free peer tutor service, which can be found in
https://www.lib.umn.edu/smart (SMART Learning Commons)
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5 Crem matux  with ¢x = X n
. ~ 'Mﬂ—cﬁ/ [
Fact 9: Let@"=1A"CA where A is an m x n matrix and C' is an m x 7

positive definite matrix. Then

(1) ker K =ker A

and, moreover, (2) rank(K') = rankA.
) Show K@iA = ker K

O kew A ¢ kevK
Xckev A, Ax =0. Then Kx.:—ATCsz 0.)/-‘¢/0(J
Kekev K

@) ker K ¢ ker A
X € kew K | K x =0 Mplees ATC A x =0

Then xTATCAx = O

cA;')’C(Ax)
Swnee C > O (pos def:.) M?"’ szo.

So x € ker A .
B @ ®, 6 we get kev K = lev 4

Q) We have learn that Amxn .
YG\AL(A) + dw (ke A) = N
Yank (k) + dm (ke /<) = I

g, (1), dwe (bov A) = diw(ky k) andd
thws, vav k(A)= m..l:(k)_&{
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4 Orthogonality
4.1 Orthogonal and Orthonormal Bases

We've already seen that in an inner product space V', two vectors x and y are said
to be orthogonal if (x,y) =0 .

'Definition: Let V be an inner product space. We say that nonzero vectors
V1,..., Vv, are (mutually) orthogonal if any two vectors are orthogonal, that
1S,

<VZ',V]'>=O lf’l,#]

If additionallyd|¥g|[f=1; we say vi, ..., v, are orthonormal.

'Definition: Let V be an inner product space with dimV = n.

o If vi,..., v, are 1) mutually orthogonal vectors; 2) also a basis® for V,
then we say they are an orthogonal basis.

o If vi,..., v, are 1) orthonormal; 2) a basis for V,
then we say they are an orthonormal basis.

”A(basis!‘for a vector space V is a ;mearly independent set of vectors tha@pan V.
c ]

Example 1. (1) In R" equipped with the standard dot product, an orthonormal
basts is the standard basis:

et =(1,0,...,0,00, e=(0,1,...,0,07, e,=(0,0,...,0, 1)"
fe ... e.,.l i a basis,

<e;,ej>:fo t*,j:

’ he;|l = J<e.,e.> = | ;
‘ () ‘) , “‘5“
(2) The set ;

| , ¢S
{(1,7 2)T7 (27,_1)T}

: ) 7
is an(orthogonal basis for R? with the stangérd dot Qroduoﬂ. Use this basis to get

an orthonoymal balusis for R2.

<(2)/ (-4)> = 0.

A'v\ oVﬂ\onww| ba¢s [TT‘-:(;) / ‘dlf—(-'z)[ .
B T R ey S oy yzr S
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Fact 1: Suppose that vq,...,v, is an orthogonal basis. Then

Vi Vn

lvall™ vl

form an orthonormal basis.

, ,aSL,_VJ)LO_,j#_
Fact 2: Iectors Vi, . '

., v, are mutually orthogonal,
then vy, ..., v, are linearly independent.

[To see this] Cownstoler ApviEEEraave =0 SW QA= --=4.70
Juve. Pwdu‘t w‘"l’l" V.

(sme Vi, ypd=e
<o/ v, D < a Vv +...+ G V.. , tl} O ‘*J J
o”
= acv, v, N AN )
= Q. “ V| “
Swez v, + 0O, ome 3,@1": a =0 .
S i lon/‘\ wdact with V;  we get G: =0
Fact 2 dlrectly 1mphes the following result. 2€CS .
Fact 3: Suppose that vq,..

., Vv, are nonzero, mutually orthogonal (resp. or-

thonormal) vectors. Then vy,...,v, form an erthogomal (resp. orthonormal)
basisyfor their span W = span{vy, ..., v,}.

Example 2. v; = (1,1,0)7 and vo = (0,0,1)" are vectors in R under the
standard(df product JT'he space W = span{vy, vy} is the plane 2 — = 0 in R3.
Then {v{,V5} is anl?rthogonal basis for W,

Cvov>={(4),(5)) = 0

o Vi Vi ae athogamal

M_'ij,» W = Fauf v, ,u.,/ hag
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Example 3. Explain why vectors x = (1, 1, 0)', y = (1, =1, )T, and z =
(1, =1, —=2)! form an orthogonal basis in R® under the » standard dot product?
Turn them into an orthonormal basis. 1% lz

d) <X, y> = ( (3:)/ (-})) = 0 i(xix>
<vo2> = (), ()> = o L= /7

<'1, > = <(—:;), (—’,)) = |+l <) = 9]

=2

<o fX, Y, ?f '3 urdaogm‘ R/ F(ut.z,
(% 9, 2] o L mdep C?n-lﬂ\w"‘:’ dim (R7)=3

{ £ y 2] ™ an ort «Jﬁm( bad‘s,gg

(2) Z, g‘t orrl\ondrma/ basss .

(& & &1 (=0) #6) 2(3)

§ Computations in Orthogonal Bases
Q: What are the advantages of orthogonal (orthonormal) bases?

It is simple to find the coordinates of a vector in the orthogonal (orthonormal)
basis. However, in general this is not so easy if it is not in such basis.

Fact 4: If Vi,...,V, is an orthogonal basis in any inner product space V/, |
then for any vector v € V| we have
vV, Vi Vv,V
v L
il vl
Moreover, we have )
n
(v, vi)
=3
ZZ:; vl
Let a; = <H‘;‘|’|g> fori=1,...,n. We call (ay,...,a,)" the coordinates of v in the

basis {v1,...,v,}.
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[To see this]

CNTNne et +we

' Fact 5: If Vi,...,V, is an orthonormal basis in any inner product space V', |
then for any vector v € V', we have hvill =1

Wwills3l Ftd = v = (V,v)Vi+ ...+ (V,V,)V,.

Moreover, we have
n

VP = ((vovi))"

1=1

Example 4. Consider the same orthogonal basis as in Example 3:
x=(1,1,0" y=(,-1,10" z=(1, -1, -2)".

Write v = (1, 0, 3)T as the linear combination of x, y and z in R? under the
standard dot product. (that is, find the Coordinates of v in this orthogonal basis.)

V= G4, X+ a:‘j + a,
MATIH 4242-Weck 8-2 < \I' X Z _ <( ) ( )> - ( Spring 2021
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a-<v. > _ L6 G _ 4
gl <(4) (9> 3

v, 2
212

=3
i

S
w
[

%
1]) (the set of polyno-
fo x)dx

Example 5. We consider the inner product space P2([0,
mials of degree < 2) equipped with the L? inner product (p, ¢

in the following problems.

(1) The basis 1, z, 2% do orm an orthogonal basis in P 5 ])
' (O o S
ClLxy = [ aox de = § X7 =

o

*0

2 x4 %} is an orthogonal basis of

2) {zg%(i) :])17 pa() = & — 3, p3(a) = @
P[0, 1]). |
L' I(K—J;)alx= 1 % -,'—)(Ib =

<F)/ P2> =
<P, P2 s Jl' | (%% xe P k= F X g :;Lx,.,
= 0

(Pz P2 = i = 0
Smee e, P. ) aw drrhogm/, Fact 2

(r', Pz, P;] G2 ./Q l‘hd?. Z?T‘t‘r waTh

(Li\m ( F"z([",ﬂ)) = 3/ fP,, /7; ,/’3} 5 awn M%M
bas»)’?c{
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Poll Question 1: Are {(1,0,1)7, (1,0, —1)T} orthogonal with respect to
the standard dot product

W Yes

B) No
Poll Question 2: Are {(1,0,1)’, (1,0, —=1)’} orthogonal with respect to
the inner product (X ¥ )= ,1\ 9 4
Z
% ( 20
A) Yes Z o 3) j

O

* The University provides free peer tutor service, which can be found in
https://www.lib.umn.edu/smart (SMART Learning Commons)
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