Lecture 23: Quick review from previous lecture

e (Gram-Schmidt Process)

Suppose that aj, --- ,a, are linearly independent. ;b'_
\
Turn a;,--- ,a, to orthogonal vectors vy, - Lurn
X 4
v = aj 7, : &= %=,
(az, v1)
Vo = ag — a,=Vv
<a37 V1> <a37 V2>
V3 =az — - 2
[v1][? [v2]]?
v a <an7 V1> <an7 Vn—1>
n n - 1= - n—1
[vf? [Vn-1]?
\ (¢ Lli \l‘l > = 0 I * 1.
/ 7 ‘
Today we will discuss
e Scc. 4.2 The Gram-Schmidt process.
e Sec. 4.3 The Orthogonal Matrices
- Lecture will be recorded -
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Example 2. We know that {1, z, 22} forms a basis for P)(]0, 1]), the space of
polynomials of degree < 2 on [0,1]. Let’s turn them into an orthonormal basis,

with respect to the usual L? inner product.
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= Xx'= X + 4
Mow we get u(ﬂﬂoga\»w‘ basis [P'/F&/ijl
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Example 3. Let the subspace W e@-R% consisting of all vectors orthogonal to
a=1(Iy1;1;0)! . Find an orthonormal basis for W under the standard dot product.

() Fmd szw( )él? <x,a7=oj

d
O:()-Z/a): a+b+C,='—[Dp00 ([M.eov
1 x4 d 5(‘,(.’“)
Free ariables: b ¢, d
= -b-C,
-b-C
W= [ ( b 6’ C, J € R ]
d .
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Ve
4.3 Orthogonal Matrices xereile Fl ”VJ(

Definition: A square matrix A is called an orthogonal matrix if it satisfies

ATA = AAT =T.
2204“ : We  call X s the Nveyse a-f— 47—[’

XA’A)("I Densta X:A"

Some Properties about an orthogonal matrix A:

'Fact 1: Let A be an orthogonal matrix.
(1) The inverse of A is
Al = A1
(2) The solution to the linear system Ax = v is x = Alv.9

(3) det(A) = +1.

®Thus there is NO need to apply Gaussian elimination to solve this system

(2). Ax: v AT(A$)= AT\/
13 "™ A%: 1

/y

X

) ATA = I Ddet I=dlet (ATA) = det A" dletA
¥ = (clet A ) .;.
Moreover, we have det A= |, -lI. F

Fact 2: A square matrix A is an orthogonal matrix if and only if its columns
form an orthonormal basis on R" with respect to the Euclidean dot product.

[To see this:] A =Lv, - ‘/"‘] nxw - Sma A 7““"
I = AT A — V'T fvl - \’h] = V;TVI ‘/'-rv). T \/\-r'/v'
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Fact 3: If A is orthogonal, so is AT (since (AT)! = A). ]

* This implies that the column vectors of AT (they arewowsvectorsiof#)also from
an orthonormal basis of R".

Example 1. Permutation matrix P =

S = O

01
0 O | is orthogonal.
10
Meathod ! * PTP=pPp - I,

M.cf‘\n‘ 2 ¢ CLU,‘,L,pa (WV)) colamns o d/l/B

One can easily see that the _rows (columns) of the above matrix form an[orthonormal basis|for R3.

Example
@O) orthogonal? NO swa JQ-'(B * ‘

(2) How to turn B in (1) into an orthogonal matrix?

Vi, V32 =0 . Thew f{fv, Vo] 7 M"‘”J""“'
Im‘t 2 Tum them mlo ﬂfhonm“l basis b ‘ / 4"’""1.70\0‘ walep)
: = Vo - _WU
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[Fact 4: IWnd B are orthogonal matrices, then AB is orthogonal too.]
v AT grthogonel

[Toseethis:]cAB )TAB — BTAT AB ¥ BT 18
= BTBZ‘M“ BBdV""“'j““I
1

CAP’)(AB)T = I ( #mewne)

‘Fact 5: If A is orthogonal, then the matrix A preserve length in the sense that |
|Ax|| = ||x|]  forallz € R"  (Homework problem),
where || - || denotes the 2-norm.

§ The QR Factorization

11
Q: How do we turn the matrix A = (

21
Answer: This can be achieved by applying the Gram-Schmidt equa-

tion.

) to an orthogonal matrix?

Let’s revisit the Gram-Schmidt process:
Let
A = |a;---a,] be n X n nonsingular matrix

where a; is the i column vector of A. Thus, aj, - - - , a, are linearly independent.

MATH 4242-Week 9-1 6 Spring 2021



(Step 1: Turn ay,---,a, to orthogonal vectors vy, - ,vy:

/ Vi = ap

Gram Vo = ag — <|727 "]3‘71
1< chmi Vi
midt Vs = ag — <a3,V1>V1 _ (a3, v2) ,
process [val? [va]]*

= ap — 1 - —1
ol lva-tl> "
Then
ap|ay|---|a, 7, Vi| Vol |V,
GramSchmidt
A v
(Step 2: Normalize vy, ---,v, to get orthonormal vectors qi,--- ,q,;: |
That is,
q; = M
Tl

Then a nonsingular matrix A is turned to an orthogonal matrix @):

ap |2 | | ay N’ qi1 |92 | | 4dn
GramSchmidt+Normalization
A (nonsingular) Q (orthogonal)
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To answer the earlier question: 4, ¢

1Y1
Example 3. Now let’s turn the matrix A = o[ 1 ) to an orthogonal matrix.
\/‘ - a|
Vy = Gy = €6, vid>

he @ (COVHL;V\IAQ
fl - V:Nv:“. /\/eXt tw)

A — &: [20 ia]

( Q: From above example, we have seen that A — (). Indeed, we will be able to |
decompose

A=0Oml

What is this matrix B that encodes all processes turning A to Q7 This matrix
B is actually upper triangular.

Let’s figure this out.

Rewrite Step 1 above as follows:
Vi = ay
Vo = ag — <a27 V;> 1
[V
<a37 V1> <a37 V2>
V3 = ag — —
Ul T vl
<an7 V1> <an7 Vn—1>
v, = a, — — = _
T e (e
MATH }242-Week 9-1 8

Spring 2021



Poll Question 1: Then Gram-Schmidt process can turn every linearly
independent vectors into mutually orthogonal vectors?

‘\Qﬁ/Yes
B) No
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