Lecture 25: Quick review from previous lecture
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where 7, = ||vi|| = (ax, Qi) and r;; = (a;,q;). This is called the QR fac-
torization.

e Theorthogonal projection of v onto the subspace W of V' is the element
w € W such that the difference z = v — w orthogonal to WW.

Moreover, let vy, -« , v, is an orthogonal basis of W. Then
<V7 V1> <V7 Vn>
w R .
[v1l]? Ivall "

w : orthogonal projection of v onto space W

Today we will discuss

e Sec. 4.4 Orthogonal Projections

- Lecture will be recorded -

e HWS due today at Gpm.
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'Definition: If TV is a subspace of an inner product space V', its orthogonal\

complement W (pronounced “W perp”) is the set of all vectors orthogonal
to W, that is,

={weV: ww)=0 forallwe W},

e W+ is also a subspace of V. W

o If W = span{w}, we will also denote
W+ by wt.

e Note that the “enlywector’ contained
in bothd# and W4" is@:

Example 2. Let w; = (1,2,1)7 and wy = (0, -1, 1),
(1) Suppose W = span{wl, wy } in R? under the usual dot product. Find W+.

For %= (1) » WY,
<W',;(7:o = (%)(g) =P G+ 2brcz

— o
<\l\/§, 2720 I(gg)(f, =0 >{ -b+¢20)
humuJeMMs L S 8w ' ’

=) (3 (0) = 122 S e W

(2) Suppose W = span{wy, wa} in R? under the inner product (x,y) = x! Dy,

Waw' =fo]

where D = diag(1,2,2). Find W+.
EM )_Z :(ﬁ =

-y = (:zo)[!,;: (f): o A +4 b+2C =0
<w,,x 2=0 = oV ¢ < + -

=
w, ,L 2?30 -2 b tac =0

[:9 j:”;J'[fJ = [ as 4b3c = -6c.
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'Fact 4: If W is a subspace of an inner product space V' with dim W = n and |
dim V = m, then every vector v € V can be uniquely decomposed into

V=W + z, where w € W and z € W+,

Moreover, we have
dim W+ =m —n

and thus,
\ dim V = dim W + dim W+,
I
dwW w .
~=m-N V (dimV=m)
W (dimW=n)
v Ve
1\ /2] 3
Example 3. Let W =img A, where A= [[0]]|1] 1
1 2

(1) Find VVL that is, mﬁ + with respect {0 thpdotproduct:

O Tnd W= m
A 00 (1) 22 (@)
Thow o bost fo angA 5 [ v, v |
W = spnf vi. v ],

@ Fimd W=: %= [{) e W

(amem) (£) < (3) :sra_':[/?')f
(7)== (s7 -f). = 8 WG] ]
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NOTE: dm W + dwm W= 2 +( =3 (= dwmIR®)
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(2) For v = (1,2,3)". Decompose v into v =w + z, where w € W and z € W
with respect to therdot product: W

de € (Wﬂncqw' ijedm o v amto

T/V
= <V, (:)’ ) = X
z <(7), (})> ‘ /’)

w=\/o2={’7) = V= zZ2 +w_
iy

*We, 6‘0»\‘(' alb ur'ﬂnom ?wJetﬂOw 6‘{’ vV Mo w hﬁl—ﬂ

Fact 5: [f W is a subspace of an mner product«pace V éfﬁf dim W =n < oo,
then

(W =w.

Example 4. Let V = PW([—1, 1]) with L? inner product (p,q) = [ oz ) (z)dz.
Let@ERth={ a X +b hos <« bacy dmmmx } (dni LT )

(1) Find W+, Fyy P=a, x4+a;s(3+ a, ¢+ ax+6, = W )

i
=< p. 12 = 1'04 x4+a;s(3+ a, 0 + 6. x+a, ol x

[
Gq 2 2 2
- = X5 + ‘26{,,-3)(44' %X‘/‘ 3‘-7/)( +a.XI

-
D la, + 22 + 28 =0
2 .

0=<p. x> = J: x+a,s(+ax+ax+a)xo(x
f

x5 + aix¥ + a,x’ + ax*ra,x dx

G, X
3
Gy 7% a;x+}/+3ﬁx+/
2
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J,\,wb:} xevele .
(2) Find dimension _of W+, an ’ -
@ [ | C A, + U, + 3 Ay —
SA, + 3 43 = 0 :

/s o § o j Q4 [O]
a, = ()
’ a
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Recall that: Q, ,

Suppose A = A,,x, is any matrix with rankA = r. We've seen that G«

dim(coimg A) =r and dim(ker A) =n —r. %2, % Qg ciR }

Fact 6: Let A be any real m x n matrix. Then

ker A = (coimg A)*  (and coimg A = (ker A)*).

[To see this:]

7 bo comtmued
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Poll Question 1: Which vector is the orthogonal projection of v onto
the space W7

wrw

B) z
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