Lecture 29: Quick review from previous lecture

¢ In R" for vector X, change coordinates from vy,...,v, to wy,..., W,:
X = X\t oo XV
T T T )
— : is = [wi...w,| vi...v,)]
In l’;ﬂb l’;z New old Ly
ViV Wi Wi Mo

e Consider a linear operator L : R" — R", L[x| = Ax.

R" with basis {vmmemvit o R"™ with basis dvgseeeyvit
\i_i;, (‘.tﬂi'l,...,a?n>T L[)—()],(yl,...,yn)T

Then oulpat

Y1 X1

=S 'AS | |,

Yn B Ln
where S = [vq,...,Vv,]. The matrix representation of L in these bases is
B=S"1AS.

Today we will discuss

e Section 7.2 linear transformations.

- Lecture will be recorded -

e Exam 2 (This Wednesday) will cover 2.5, 3.1-3.5, and 4.1-4.4.
Instruction and practice exam have been announced on Canvas.

e Exam time is 50 mins with additional 10 mins for scanning and submission

to Canvas. This is a closed book exam and everyone needs to Open
Camera.
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//‘
3. A linear operator L : R" — R", Jjv] .

Consider the vector X in R" with the coordinate (1, ..., x,)! inabasis vi,..., vy
X =TVl +...+T,Vp in a basis vi,...,v,
R"™ with basis {v1,...,v,} L, R™ with basis {wigmmmywinf
tput
S il g,
X (z1,...,25)" L(X] 7 ( :
I

Q: How do we find the coordinate (yi,...,ymn)’ of the vector L[X] to the basis
Wi, ..., W,,7

X=x1vi+...+x,v, — y = LX| =yp1wi + ... + YWy,

@ L [ ;(] = I_[X.v,+._- +x.,.v,:|=x.L[w]-+ ----rx..L[w.]'
= X‘AV\ *eeot 30 Avaz A[v. -—-vm][’;’]

©) g-&L[i] = Yt ey W,

= Wi - W ?'
e[l

@:@ )(.‘eld} y
TIR1- AS[L]

Thee [ ]= 3AS|[] ]

B = T AS is the matrix representation of L in bases vy, . .., v, and Wy, ..., Wy,
where T' = [w1, ..., wy] and S = [vy,...,Vv,].
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v" One reason for changing basis is that some coordinate systems are better-
adapted for a particular operator L than others. L : ﬁz * —) 'R 2
Example 5. Consider the operator

J]-C DG -5

Consider a new basis vi = (1, —=1)7, vo = (1, 1) for both domain and codomain.
The matrix representation of L in the basis vq, vy is

B b (]

-0 ) ) )G

L[V] Av‘ = rl-—l][']=[_‘6]:5vo y LIV J=4y,
1 A [ (20

T Va
ODWA 9] f\/!/\lzl ——E-—-) CDOTJ. I‘\ﬂf\‘ ,VI.I. /

lv+ov, | (;) ,E-) B(;):@;GW+DV, k
\ N
OVt vy ) (C") ,_B\, B(7) :(2)).ov,+4u, N

e In other words, if x = avy + bvy, then L[x] = 6avy + 4bv,. So L scales along
the direction of v; by 6, and scales along the direction of vy by 4.

e The simple geometry of L is only revealed by the new basis; it is not apparent

from the matrix in the standard basis, ( _? _é ) :
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Example 6. Suppose we have the operator L : R — R? given by
& z 4y R
L Y B y+z —lo | 4
2z gJ)

The matrix A = ( (1) 1 (1) ) represents L in the standard basis. e, 6. 6 H’wﬂ?s

Q: Consider the basis R (e, e| +»~ R*

vi=(10,D)", wvo=(1,-1,0", v3=(0,1,-1)" of R?

and
wi = (1,17, wa=(=1,1)" of R

What would be the matrix representation of L in these bases?

1723,{V5J L R™ fwi]

7

MaTiX PQF;RCO«TC‘TNM J‘f L
B= T2 AS | whwe T=lww]
= [ V]A[::1] S=[v, vu)
= [ L30]) &
Obsepminec] (g ) o Tu] —E  ond. m Twi]
eowes; (3) B Bl3)(s); e
) B () sy

oV+| "r"c)\/})(

So applying B to the coefficients of a vector v in the basis vq, vy, v3 returns the
coefficients of L|v] in the basis wy, wy.
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Example 6. Recall that P is the vector space of polynomials of degree < 2:
PW is the vector space of polynomials of degree < 1.
Let the linear operator L : P2 — 711) satisfy

Lipl@) @)

(1) Consider the basis {x?, z, 1} for P and the basis for {, 1} for PW. Find
the matrix representation of L in these bases.!

(?J
74L,\,\d ay P“): axa‘-l- bx + C W P .

L{ax*+bx+ c¢] = Qoxutsb,
lview ‘/v;ew

’;;}:(E) (2:).
SO = =[] 8)
Sl A : .

(2) We instead use the basis@x, x — 1,1 Yor P® and the basis {2z, 1} for

P, Find the matrix representation of L in these bases.

PP — pn
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§ Canonical form of the operator L.
We take any matrix A = A,,«, with rankA = r. Let L[x| = Ax.
Consider ”a suitable choice of bases” for domain and codomain:

S L00=Ax o
R"™ with basis — R™ with basis
Vi, Ve, Vi, Vb WL W W, W )
co?n{qA k’;rrA i?’;gA CO];;”A
Then the matrix representation of L in bases vq,...,v, and Wy, ..., W,, iS
_ I Oy (n— .
B=T"1AS = ' rx(n=r) (Canonical Form),

O(m—r) XT O(m—r) X (n—r)

mXxn

where T' = [wy, ..., wy| and S = vy, ..., Vv,] with@sgesag for j =1,...,r

[To see this:] Take vy,...,v, a basis for coimg A, and v,,1,...,Vv, a basis for
ker A. So vq,...,v, are a basis for R".
As we've known, {wi=Avigmmmywia=#Av;p will be a basis for img A.
conng%
1mgA coker A
: ker A A
- vy
wl Wy
Take w, 1, ..., w,, to be any basis for coker A. Then
_
{Wl, e W, W, s W is a basis for R™.
A vV = w; < i< Y

AV“ e D p r-fISJPS.V' ' 417X 4 VjékeVA

d
— S ~
ALV = by = - iy o]
= o
MA_TfM%Q- eek.ll-l ~ - [b& W, g °-W:’] Y 2}1
3 B= T AS=[342] N ol



Remark: In other words, the top r-by-r block is the identity, and everywhere
else it has 0. This is the canonical form of the operator L, that depends “only”
on its rank.

2 3
Example 7. Let the operator L[x] = Ax, where L= ’R -9 ﬂ?

1 2
A= 2 4
-1 =2
Find the canonical form of the operator L{x] = Ax.
( 2
A —_——— O O , )’avk )4 — I
o 0O

Cononreal  fovn s [

_’1/—7
M

L\«A o bas? fau cm..jA ":(2 |
g Wh? A fWAV. = (zo)}

G /‘WA:f "(l”
-l Lo (), ()]
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