
Lecture 31: Quick review from previous lecture

Let A = (aij) be n⇥ n matrix.

If � is an eigenvalue of A, then there exists a vector v 6= 0 satisfying
Av = �v. We call v is an eigenvector.

� is an eigenvalue of the matrix A if and only if � is a solution to the charac-
teristic equation

det(A� �I) = 0.

A and AT has the same eigenvalues.

trA =
Pn

i=1 aii = �1 + · · · + �n.

detA = �1�2 · · ·�n.

—————————————————————————————————
Today we will discuss

Section 8.3 Eigenvector Bases.

- Lecture will be recorded -

—————————————————————————————————
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Example 3. Let A =

0

@
3 1 0
1 3 0
0 0 2

1

A . Check (1) trA =
Pn

i=1 �i.

(2) detA = �1�2 · · ·�n.

MATH 4242-Week 13-1 2 Spring 2021

-

Find eigenvalues : set up det IA -1721=0
.

-
- del ? :* ,= - n ) det

= ( z - A 743- n )
'

- I ]
= ( z - a ) ( th

'
- 6 A +⑧)

.

,
= (z- n ) (D -2) ( R-4)

Then D= , 4

IF 17=22 has multiplicity 2
.

s l U

ill TRA =3 t 3 t 2 = 8
.

the same

D. t Tht Mz = 2 t 2 t 4=8

" dee A = dee (Hd :o)
-

= 2 de-43, } ) =2.8=1617
,
← The . As = 2- 2 - 4=16

Then det A = Th Ards



t.ndeigen-etor.si Ker ( A -RI ) .

: A - 21=1 ! ! ! ).⇐%'
Ker CA - 22) =/ / y , e e IR )
" * i:S

"

.

' '

v, = (
'
'
o )

. #



Similar matrices

Definition: Let A and B be n⇥ n square matrices. We say that B is similar
to A if there exists an invertible matrix S so that

B = S�1AS.

We actually saw this before.

Recall that a linear operator L : Rn ! Rn, L[x] = Ax. The matrix repre-
sentation of L in the basis {v1, . . . ,vn} is

B = S�1AS, where S = [v1, . . . ,vn].

Fact 6: Let A and B be n⇥ n square matrices. If B is similar to A, then

(1) A and B share the same characteristic polynomial and eigenvalues.

(2) Moreover, if Bw = µw and µ is then eigenvalue of B, then Sw is an eigen-
vector of A with eigenvalue µ.
Similarly, if Av = �v and � is the eigenvalue of A, then S�1v is an eigen-
vector of B with eigenvalue �.

[To see this:]
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.

For example,
Example 4 . Let’s consider

✓
1 2

�1 4

◆

| {z }
B

= S�1AS, where A =

✓
3 2
0 2

◆
, S =

✓
1 0

�1 1

◆
.

It is clear that B is similar to A.

The matrix B has eigenvalues 3 and 2, with eigenvectors

w1 = (1, 1)T , w2 = (2, 1)T (check this!).

Then Fact 6 implies that A also has eigenvalues 3 and 2, but has eigenvectors

Sw1 =

✓
1 0

�1 1

◆✓
1
1

◆
=

✓
1
0

◆
, Sw2 =

✓
1 0

�1 1

◆✓
2
1

◆
=

✓
2

�1

◆
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8.3 Eigenvector Bases

Fact 1: Eigenvectors corresponding to di↵erent eigenvalues are linearly indepen-
dent.

More generally, if �1, . . . ,�k are pairwise distinct eigenvalues of A, then the
corresponding eigenvectors v1, . . . ,vk are linearly independent.

Thus, from the above Fact 1, we can derive that

Fact 2: If n⇥ n real matrix A has n distinct real eigenvalues �1, · · · ,�n, then
their corresponding real eigenvectors v1, · · · ,vn form a basis of Rn.

Definition: We say that an eigenvalue � of a matrix A is complete if the
number of linearly independent eigenvectors with eigenvalue � is equal to the
multiplicity of �.
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Definition: If A is a matrix with eigenvalue �, we define the eigenspace of � to
be

V� = ker(A� �I).

Then

dimV� (number of free variables)

= number of linearly indept. eigenvectors of A with eigenvalue �.

If dimV� = the multiplicity of � , then � is complete.

Example 1.

(1) A =

✓
c 1
0 c

◆

(2) On the other hand, we consider B =

✓
c 0
0 c

◆

Definition: If all eigenvalues of A are complete, we say the matrix A itself is a
complete matrix.
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Diagonalization.

Goal: A �!

0

BBB@

⇤ 0 . . . 0
0 ⇤ . . . 0
... . . . ...
0 · · · 0 ⇤

1

CCCA

Consider the linear operator L[v] = Av. Suppose matrix A is complete. Then
A has eigenvalues �1, . . . ,�n and their corresponding eigenvectors v1, . . . ,vn forms
a basis of Rn.

From above, we have shown that we can factor any complete matrixA:

Fact 3: Suppose matrix A is complete. Then

A = V DV �1

where V = [v1, . . . ,vn] is the matrix of eigenvectors, and

D = diag(�1, . . . ,�n) =

0

BBB@

�1 0 · · · 0
0 �2 · · · 0
... . . . ...
0 · · · 0 �n

1

CCCA
.

X In other words, matrix representation of the operator L[v] = Av in the basis
of A’s eigenvectors gives a diagonal matrix D. (that is, D = V �1AV .)

Definition: We say that the matrix A is diagonalizable, meaning it can be
factored in the form

A = V DV �1, where D is diagonal and V is nonsingular.
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