
Lecture 34: Quick review from previous lecture

A is complete =) A = V DV �1

where D is diagonal and V is nonsingular.

A is a n⇥ n real, symmetric matrix

=) there exists orthonormal eigenvector basis u1, . . . ,un

to eigenvalues �1, . . . ,�n

=) A = QDQ�1 = QDQT, (spectral factorization)

where D = diag(�1, . . . ,�n) and Q = [u1 . . .un].

—————————————————————————————————
Today we will

Continue Section 8.5 Eigenvalues of Symmetric Matrices.

- Lecture will be recorded -

—————————————————————————————————
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Some Geometric Observation.

In R2, the spectral factorization of a symmetric matrix A has a natural geometric
interpretation.

Suppose that A is a symmetric 2⇥ 2 matrix. Let u,v be the orthonormal eigen-
vector basis in R2 with eigenvalues �, µ.

The matrix A maps the unit circle in R2 to the ellipse
⇢
au + bv :

a2

�2
+

b2

µ2
= 1

�

The principal directions of this ellipse are the eigenvectors u and v, and the
principal stretches are the eigenvalues � and µ.
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Example 5. Consider the quadratic form

q(x) = 3x21 + 2x1x2 + 3x22.

Using the spectral factorization to diagonalized this quadratic form.
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Optimization principles for eigenvalues of symmetric matrices

Recall: A n⇥ n symmetric matrix A has real eigenvalues

�1 � · · · � �n

and has an orthonormal eigenvector basis u1, . . . ,un. Its spectral factorization is

A = QDQT.

Consider the associated quadratic form: for any kxk2 =
p
x21 + . . . + x2n = 1 ,

q(x) = hAx,xi = x
TAx.

Thus, we have the result:

Fact 5: Suppose that a symmetric matrix A has real eigenvalues

�1 � · · · � �n.

Then

�1 = max{hAx,xi : kxk2 = 1}, �n = min{hAx,xi : kxk2 = 1}.

Themaximal value is achieved when x = ±u1, the unit eigenvector associated
with the largest eigenvalue �1.
The minimal value is achieved when x = ±un, the unit eigenvector associated
with the smallest eigenvalue �n.
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Example 6. Consider the matrix

A =


3 1
1 3

�
.

Find max{hAx,xi : kxk2 = 1} and min{hAx,xi : kxk2 = 1}.
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8.7 Singular Values

While we’ve seen that eigenvectors and eigenvalues are powerful tools for under-
standing matrices and operators, they have limitations.

1. Only square matrices can have eigenvectors.

2. Not every matrix has a basis of eigenvectors (only complete/diagonalizable
matrices do).

3. Even when a basis of eigenvectors exists, unless the matrix is symmetric, this
basis will not be orthogonal.

Singular value decomposition (SVD)

We study the factorization of a non-square matrix. The technique is widely used
in data analysis.

The key observation is that for any real matrix A = Am⇥n (not necessarily
square), the matrices

AAT, ATA

are both real, symmetric matrices (of sizes m-by-m and n-by-n, respectively).

Let’s start by reviewing some facts.

Fact 1: Let A 2 Mm⇥n (m⇥ n real matrices). Then the following are true.

1. ATA and AAT are symmetric.

2. ker(ATA) = ker(A).

3. rank(ATA) = rank(A).
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SVD decomposition.

Suppose that A 2 Mm⇥n (m⇥ n real matrices) with rank(A) = r.

Since ATA is symmetric, the Spectral theorem yields that there exist orthonor-
mal eigenvectors (v1, . . . ,vn) forming a basis ofRn with respect to eigenvalues

�1, . . . ,�r �r+1, . . .�n| {z }
zero eigenvalues

.

Then
ATAvj = �jvj, j = 1, . . . , r

and
ATAvk = 0, k = r + 1, . . . , n

Then we have

Fact 2: (We will show it later.)

(1) �1, . . . ,�r > 0.

(2) {v1, . . . ,vr} is orthonormal basis for coimgA and
{vr+1, . . . ,vn} is orthonormal basis for kerA.

(3) {Av1, . . . , Avr} are mutually orthogonal and, moreover,
⇢
Av1p
�1

, . . . ,
Avrp
�r

�
is orthonormal basis for imgA
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Definition: The square roots of the eigenvalues �j ofATA are called the singular
values �1, �2, · · · , �n of an m⇥ n matrix A. (that is, �j =

p
�j)

MATH 4242-Week 14-1 8 Spring 2021

Full SVD

Reduced SVD

Re = Ag÷i = uj , lejer . ⇒ Avj = 9- Us , / a- jenlAy- = 0 , rtiejen

A- [ V, - -- vrvr+ , - - - un ] = [qui - -- Truro - - - 0 ]
, I ,-

g-
-

= [ u, - -- Ur Ure, - - - Um ] (
°'

'
- -

Tr
o

-

w
-

- -÷)
L is

• V
,
Tt orthogonal math since {Ui / 1%-1 are QN.BY"
' '

n

• Uj : right singularity ;
g- =

"

left " s
.

> uj=A✓%j , 9- =F7j

'

mzn : rank (A)=r ./ V.V:(orthogonal matrices > into✓ Kernes-172)
I '

✓it
1

°'
'

I

RT1

'

'

or !
- - - -

- - -

Ui - - - urfu.mi.am
- - - - - -0

. HI , →
17=0

'
'

0 : Kev/ATA )
.

1 "×"
Remove

I silence
"

A
min

f- mxm
I

mxn VT columns of
✓Viv

-

I "'tf : Tr *
I

µ

U, - - - Ur rxr rxn

Same as the

^z f-T one in textbook
f- Mxr P - 455



Poll Question 1: If 5 is an eigenvalue of a square matrix A, then 1/5 is the
eigenvalue of A�1.

A) Yes
B) No
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