
Lecture 38: Quick review from previous lecture

Let A 2 Mm⇥n (m ⇥ n real matrices) of rank r with positive singular values

�1 � . . . � �r. Then

kAkF =

q
�2
1 + . . . + �2

r

and

kAk2 = �1 (largest singular value).

The condition number of a nonsingular n⇥ n matrix is the ratio between

its largest and smallest singular values, namely,

(A) =
�1
�n

.

—————————————————————————————————

Today we will

review some concepts

- Lecture will be recorded -

—————————————————————————————————

Exam 3: 5/3 (Monday) in lecture.

Practice Exam is on Canvas now.

This Friday’s o�ce hour is canceled. If you have questions on Friday, we can

discuss after the lecture. So HW 13 is extended to Saturday by 6pm.

Additional o�ce hours will be held this Saturday from 10 am-11 am.
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Problem 1: Let A =

0

@
1 1 0

1 1 1

2 1 0

1

A . Find A�1
.

Problem 2: Solve the system Ax = b, where A is the same matrix from

Problem 1, and b =

0

@
1

0

1

1

A .
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(A1 -1-1--1 I :÷;)
I 0 0

③→① ( ! É ? / -1 to )0 -1 0 -2 0 I

•¥1 : : :| : :)0 -1 o -2 0 I

⇒ I :*:| : : :¥% : :|:¥2 0 - 1
U 0 I 0 O l t I 0

✗ = A-
'

b = ( %)
. #

TAI b) → to solve ×)

1- Normal Equation = ATA ✗ = Atb
.

If ATA is non singular , then

the least squares solution E- (ATA )
-'
A'
-

b.)



Problem 3: Find all solutions to the linear system Ax = b, where A =0

@
1 1 0 1

0 1 0 �1

1 1 2 1

1

A and b =

0

@
0

0

0

1

A .

Problem 4: Suppose A and B are n-by-n matrices and B is orthogonal. If

det(A) = �2, what is det(AB)?
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I = ( X , y , Z, W )T
Fee variable

.

(Alb ) (
' ' ° '

/ ;)071 0 -1

0T€

, 2- = u

y = w

✗ = -y - W = - 2W .

General solutions are ( Tg ) = ( ?) w ,
WEIR

① def ( CA ) = cndeett,Ann .
② det AB ) = detAde-113

.det IAB ) = deiAdeeb ③ Q is orthogonal
= -2 ( Il ) QTQ = QQT = I

.

= ± 2
- #

④ Q = [v, --- vilaxn
{ Vil is orthonormal basis

of IR"
.



Problem 5:

a) Find the symmetric 3-by-3 matrix K satisfying quadratic form

q(x) = xTKx = x21 + 4x1x2 + x22 + 2x23, for all vectors x = (x1, x2, x3)T .

b) Find the spectral factorization of K.

c) Diagonalize this quadratic form in (a).

c) Find all eigenvalues of K and use that to determine if K is positive definite.
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146=2 ~ ayi + byitcy}
K = [2 ? :)0 0 2

3×3
-

[ K = QDQT
,
Q is orthogonal

0 = det (K -AI ) = dee (
' - ^ 2 °

2 1- A 0 )0 0 2-17
= (2-17) deff 1-

" z

z i- n ) = ( z- n ) ( ( 1-a) ' - 4) ⇒A=3,
-3=FmdYEkerlk-3#: K- 3 I = f-

2 2 °

2 -2 O

o o -1 )
.[ if

20

• ° ] v. =/f) girl:o)O o -1
.

= K - 21=1? ÷ F) ,

V2 = ( ?) . qz= ( F)
.

' '

;] .

↳ = ( j ).→%=ÉH)1= K + I =/ 2 2 0

Spectral factorization is
0 0

14=[9%9,713191%93]? D= / ! ! ;]
.#

2 0

-

qcx ) = XTK ✗ = xt QDQT✗
2y=Qt×= yt ☐ y

= 3 Yi + zyi - Yi . #d
-

NO
.

TK > 0 it all eigenvalues
are posted



Problem 6: Prove that if A is any matrix, then AAT
and ATA are both

symmetric matrices.

Problem 7:

a) Compute kxk2, where x = (1, 2, 3)T .

b) Find the natural matrix norm of A =

0

@
�4 0 0

0 �1 0

0 0 7

1

A, with respect to the

standard Euclidean norm kyk2 =
p

y21 + y22 + y23 on R3
.
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-

THAT)T = (At) -1 AT = AAT. So AAT is symmetric
similarly,

(ATA )
-1
= AT A

. #

= rÉ+=T
eigenvalues -4, -1,7;

µ singular values .

4
,
1,7

.

-

11 All
,

= Max { 1-41 , I -11,171 } = 7
.

RI : HAH,==Ñ+ÉÑ .



Problem 8: Find all vectors in R3
orthogonal to both (1, 2, 0)T and (0, 1, 2)T

with respect to usual inner product.

Problem 9: Define the operator L : R2 ! R2
by L[v] = Av, where A =✓

2 1

�1 1

◆
. Find the matrix representation for L in the basis (1, 0)T , (2, 1)T for

both domain and codomain.
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( i ? E) (E) =L :)
.

(F) 2-
,
it 2- c- IR

. #
.

- %

{ e , , e.)
A-> { e. e. 1

.

{ vi. is } B- 14,4

g. g.gg
,
um, ,,,µ[
¥É-11111%71

.

= [ I, 't ]



Problem 10: Write down the 2-by-2 matrix A satisfying Av1 = w1 and Av2 =

2w2, where v1 = (1, 1)T , v2 = (�1, 1)T , w1 = (1, 1)T , and w2 = (�2,�2)
T
.

Problem 11: Find the eigenvalues and eigenvectors of the matrixA =

✓
�1 1

2 0

◆
.

Clearly indicate which eigenvector belongs to each eigenvalue. Then diagonalize the

matrix.
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A [ v , v2 ] = [ Wi 2Wz ]

A = [ w, 2W, ] [ Y V25
'

= f- ( 5 -3s -3 ]
. #

To be continued !



Problem 12: Find a 2-by-2 matrix A with eigenvalues 2 and �3 and corre-

sponding eigenvectors (1,�1)
T
and (1, 0)T .

Problem 13: Find a 2-by-3 matrix having rank 1 whose singular value is 2, left

singular vector is (1, 2)T/
p
5, and right singular vector is (1, 0, 1)T/

p
2.
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"
v, %

A [v, v. ] = [ 24 -34 ] = [v, v. ] /? ;)
⇒ A = [ v. v.If} ;) [v.v. ] -1

.

= [ -3 -5
☒
VD

.

#
0 2)

. #

To be continued !


