Lecture 38: Quick review from previous lecture

o Let A € M,,«, (m X n real matrices) of rank r with positive singular values
o1 > ...> 0, Then

|Allp =1/0%+ ...+ 02

and
| All2 = o1 (largest singular value).

e The condition number of a nonsingular n X n matrix is the ratio between
its largest and smallest singular values, namely,

01

Today we will

e review some concepts

- Lecture will be recorded -

e Exam 3: 5/3 (Monday) in lecture.
e Practice Exam is on Canvas now.

e This Friday’s office hour is canceled. If you have questions on Friday, we can
discuss after the lecture. So HW 13 is extended toSaturday by Gpm:

e Additional office hours will be held this Saturday fromgl0-am=11 amn:
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Problem 2: Solve the system Ax = b, where A is the same matrix from
1

Pmblem1,andb(0)- X = A"b - {?).#

1 e

'—(Z”D) —> to solwe x-__,

™ Novwmal Ezm-rran . A"A x =A"b.
I‘f ATA 'S IlDY‘(a\AJu‘Uf/ thew

the  least Sgusils solutina  xF = (ATA )4/\15. ‘
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Problem 3: Find all solutions to the linear system Ax = b, where A =

110 1 0 B -
(OlOl)amdb(O). X = (X 4,2 W)
112 1 0 B Car
@-O [ L o 1] o Froa carrable
(Al '9) — (o[_/___o-—// o
() (2 O J
Z =v
g =

o
w/

Gevee| SHlutions  aw ('i:") _ (-'z) w o we@_
&

Problem 4: Suppose A and B are n-by-n matrices and B is grthogonal. If
det(A) = —2, what is det(AB)? 0) dzf( cA ) = dotA A

@ det (4B) = det & detB
bt (AR) = decA det B © Q i thogonsl
= -2 (1) aT&z&QT__'I’
= t 7 o @ Q=4
@ &=[V. ---v..]mm

fV.-I s drﬂwnw' bas’s
o IR"

@ d.e.tQ: 1-)'

.
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Problem 5:

a) Find the symmetric 3-by-3 matrix K satisfying quadratic form

q(x) = x! Kx =@ +4z155 +@>+2x5y  for all vectors x = (1, T2, x3)T .
1 2 3

l‘f/,:z Iz 2 )
b 2 o IR R0
K = o R o]
O o QA 3x3
b) Find the spectral factorization of K. K = Q DQT, QR is avt'lw]du-.l
o-dzr(H—nr) m(z".i. ;’)
> 2-7)

= (2-7) dec( .,,) = (>-n) (0-2)'-4) 2N=32-
A=3: Fud v ekmk—m: K-3I=[7 ]

2-2'0

2[5 us () =iy

=l

]

nens Kool -'f] “e(7) - we (3)
M= K+tI -—[zz :3:} %= (;:)——;ff";Q
O ) '

{lz¢d,”‘ Foch?OfW 1

K =364 D[a5.0]  0-[1 23]

c) Diagonalize this quadratic form in (

gix) = XTKx = X QPQ"x
= T
4 Dg
e o L
d) Find all eigenvalues of K and use that to determme itk is posftive definite.

/\/0 {—-K >0 f all eaehw‘uu
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Problem 6: Prove that if A is any matrix, then AA” and AT A are both
symmetric matrices.

(AAT)T

gﬂm? 'a v‘)/
s

(A"4)"

(AT)T AT - AAT % AA Srmei

\\

ATA

Problem 7:
a) Compute ||x||2, where x = (1,2, 3)% J 154 2° + 3 = ,‘ 14
-
ergemwlmzs -4, H,1,
/V {)\ajula\/ vaulvas ' 4,1, 7,
—4 0 0
b) Find the natural matrix norm of A = 0 —1 0 |, with respect to the
0 0 7

standard Euclidean norm ||y|lo = \/y7 + y3 + y3 on R,

1A, = wex | 141, —071 | = /

KK - /IA"F = J(—4)‘+ i)+ 9
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Problem 8:

Find all vectors in R? orthogonal to both (1,2,0)" and (0, 1,2)
with respect to usual inner product.

(20 2)(3)=(%)

/

(fi) 2 ¥ Zz€R %

Problem 9: Define the operator L : R* — R* by L[v] = Av, where A =

g ? }l Find the matrix representation for L in the basis (1,0)%, (2,1)? for
_ .

both domain and codomain.

4

V) Vz

ie,/ez}"’é__) 5Qu€zj'

B

zV\, \/,S/ﬂ (V'/VL]

B = {"A S/ whave §: [V. I/;]’

B=5"45 =[] C))[s1]
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Problem 10: Write down the 2-by-2 matrix A satisfying Avy = wy; and Avy =
2wy, where vi = (1, 1)1, vo = (=1, 1), wy = (1, 1)1, and wy = (=2, —2)T.

Alvi ] = (W, 2us]
A= [ w 2w, ][y \/2]-'

=

Problem 11: Find the eigenvalues and eigenvectors of the matrix A = _é (1) ) :

Clearly indicate which eigenvector belongs to each eigenvalue. Then diagonalize the
matrix.

7; AZ onTin vt.Qal /
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Problem 12: Find a 2-by-2 matrix A with eigenvalues 2 and —3 and corre-
sponding eigenvectors (1, 71)T and (1, O)
Y

V

Alv w] =[v -] =]y v,][ N
=7 A = [wv vt][za][vvz
= [-03 -2&-].

Problem 13: Find a 2-by-3 matrix having rank 1 whose singular value is 2, left
singular vector is (1,2)7 /4/5, and right singular vector is (1,0,1)7 /1/2.

g Yo s

#

s ba Cﬂ'r\’(“ﬂ/ll/tﬁé( /
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