Lecture 39: Quick review from previous lecture

o Let A € M,,x, (mxn real matrices) of rank r. Suppose A has positive singular

values o1 > ... > o, and corresponding right singular vectors vi,..., v, and
left singular vectors uy,...,u,. Then
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e Exam 3: 5/3 (Monday) in lecture.

e Practice Exam is on Canvas now.

e This Friday’s office hour is moved to the time slot after today’s lecture.
So HW 13 is extended to Saturday by 6pm.

e Additional office hours will be held this Saturday from 10 am-11 am.
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Problem 10: Write down the 2-by-2 matrix A satisfying Avy = wy; and Avy =
2wy, where vi = (1, 1)1, vo = (=1, 1), wy = (1, 1)1, and wy = (=2, —2)T.

[We have discussed in Lecture 38|

Problem 11: Find the eigenvalues and eigenvectors of the matrix A = ( -1 ) :

2 0
Clearly indicate which eigenvector belongs to each eigenvalue. Then diagonalize the
matrix. A= Vv DV"I
0= det(A-n1) A=1,-2 D dmgams|
- [
A= = A-1-= (2 ').Vo"(z/) Ve novsmguler.
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Q: Let L|v] = Av. Find the matrix representation-of L in a basis consisting of

cigenvectors {vy, va}. | o
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Problem 12: Find a 2-by-2 matrix A with eigenvalues 2 and —3 and corre-
sponding eigenvectors (1, —1)1 and (1,0)*,

[We have discussed in Lecture 38|

Problem 13: Find a 2-by-3 matrix having rank 1 whose singular value is 2, left
singular vector is (1, 2)%/ \/5\, and right singular vector i/s (1,0, 1)T/v/2.
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Problem 14: Write out the full and reduced SVD of the matrix A = ( bl ) .
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O=det (A"A -a1) . A= 4, O
=22, T =0.

@ N=4 . ATA-4T . ww=2([) (e
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cv = 7/ % = 3, 0-3:,.
Problem 15: Suppose A is a 3-by-3 symmetric matrix with eigenvalues 1, 3, —7.

Find the operator norm of A and the Frobenius norm of A.

Al 7 O Al = o,
Al =

@ 14l = [+ - s}
v Ay = 7%y = [
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Problem 16: Suppose A has characteristic polvnomial pa(A\) = A\* — 2\ + 7.
Find the determinant of A and the trace of A. (A has 2 egewivalues 7.,7,)

B(n) = det (A-N1I)

tyR=T N
= (A =2)(2-7n) det A= 7, = Ta,

2

n '(7'."’7'2)7‘1'7"7'2
ﬂ ) 7‘& < ’7. = dzfA .

Problem 17: Suppose A = A” is asymmetsic 2-by-2 matrix, and det A = 6.
Suppose that Av , where v = (1,1)%. Write the spectral factorization of _;_4

b=det A = 7. 2 A:g e,

J \' = Mkaym’

Vz(,') <V, vi» =0 (sma A=A47)
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Problem 18: Let P be the space of polynomials of degree < n.

a) Let Llp fo t)dt denote the mtegratlon operator Find the matrix

representatlon of L in the monomlal bases of PN and P,
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Lot =[5 R3]
ax ¢px+C

b) Let Tlp[(x) = p'(z). Find the matrix representa{{ovn of T': W — V in the

. 2) (1) . ) ")
monomial bases of P¥) and P'V. T ’[’ il P f£x,1)

Tix] = 2ax - (o

T[x] = ] - (Io)
T0Oi)] = o - (9]
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LOx1 = [ tdt
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Problem 19: Suppose A is a 3-by-3 matrix with singular values 1,2, and 3.

What is the condition number of A? What are the singular values of A='? What
are the singular values of A”? What is the determinant of A?

) KA = - 2
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Problem 20: Suppose A is a 3-by-3 symmetric matrix of the form
2
A=2uul —3uwul + 6u3u3T7 = QDbQT= a[ ’?‘]QT

where uy, uy, u3 € R" are nonzero column vector and are orthonormal. What is
the condition number of A? What are the singular values of A=!'? What are the
singular values of A’? What is the determinant of A?

A= AT . G =1nl. 0.:=6, ®=3 6=2

) k@) = 3
) /Cl" . '/ l )/

T 'S /3’/ 2l dnt&-r:du@-l
3). A 6, 3, 2. J; = I

“) doth = b\& dot D AT = oot O
(\ = 1 (‘3)(
det (D 6") -
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Problem 21: Suppose A is a matrix with singular values 2, 3 and 8. Suppose

u and v are the left and right singular vectors of A with singular value 8, and let
B =8uv!. Find ||A — B||s and ||A — B||Fr.

A= 8 uv’ + 3 U vy + 2uVy

B = gm\/T ( Yank | oppre. st A)

A - B = 3 U, Vz7 -+ 2 U l/}T ./las 5’“7“"1/‘
wslvt 3,2
WA-RI, = 3

“A/B”p = J 32_*22*. \l-,_{
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Problem 22: Suppose A = 2uv’, whereu = (1, —1)" /v/2and v = (1, )T /v/2.
Let b= (1,0)". (1) Find the unique vector x that minimizes ||Ax — b||s and has

the smallest Euclidean norm. (2) Find all least squares solutions to Ax = b. That
is, find all vectors x that minimize ||Ax — bl|s.

Q/\ = 9 uv' = [ew] [=]vT) (Redunced SvD )
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