MATH 4512. Differential Equations with Applications.
Final Exam. May 11, 2016. Problems and Solutions

Problem 1. Let p(t) be a continuous function such that 0 < p(t) < 1 for all real ¢, and let y(¢) be
a solution of the equation

y' +p(t)y =0.
Suppose that y(t1) = y(t2) = 0 at some points t; < t3. Show that to —¢; >, unless y(¢) = 0.

Proof. Suppose otherwise, i.e. y(t1) = y(t2) = 0 at some points t; < to with 0 <ty —t; < .
In a simple case y = 0 on (¢1,t2), we also have y' = 0 on (¢1, t2), and by uniqueness of solutions, y(t) =0
for all real t.

In the remaining case, when y(¢) is not identically 0, we can assume that y(t) > 0 at some point
t € (t1,t2), because otherwise we just replace y by —y. Pick a point a such that [t1, t2] lies strictly inside
of (a,a + 7), so that the function sin(¢ — a) is strictly positive on [t1,t2]. Then the function

f(t) = sinz(/t(?a) satisfies f(t1) = f(t2) =0, and 0< M = [?ﬁ?]f = f(to)

at some point ty € (t1,t2). Further, the function
g(t) =y(t) — Msin(t —a) <0 on [ti,t2], and g(ty) =0.

Geometrically, this simply means that we choose an arc of the graph of M sin(x — a), which touches the
graph of y(t) from above at a point tg € (¢1,t2). Note that

y(to) = g(to) + M sin(tg — a) = M sin(ty — a) > 0.
Since g(t) attains its maximum at an interior point ¢y, we get
0> g"(to) = y"(to) + M sin(to — a) = (1 — p)y(to) > 0.

This contradiction proves that to —t; > 7. 0O

Problem 2. Find the general solution of the equation
(y—1)y" =2(y)% where y=y(t).
Solution. Using substitution y/(¢) = z(y), we get

dz(y) dz dy 9
2 _ e _ /., __
y'(t) = L dy t_zz. (y—1)z'z = 22",

A simple case (a) z = 0 corresponds to solutions y = C' = const. In the remaining case (b) z # 0, we
can cancel both sides by z, which implies

dz dz 2dy
— 1 - _— = _— = — = 1 — 1
=15, =% [ =.—p WhE=2hy-1+C
d _ _
S —z=0y-1%  -D7=Cd,  y-) =i+



In the last equality, we've changed the sign of C. Finally, we get y = 1+ (C1t+Co)~!. This is “almost”
the final answer, because the case (a) is contained here for C; = 0, with an exception of y = 1, which
formally corresponds to Co = oo.

Problem 3. Find the general solution of the differential equation

2tgint.

y//+4y/+5y:67
Solution. The characteristic equation x(r) = 72 +4r +5 = 0 = (r +2)2 + 1 = 0 has zeros
r12 = —2 4. Note that "% = ¢~ 2*(cosz + isinz), hence e **sinx = Im (e””’). Therefore, one can
find a particular solution of the given equation in the form Y = Im Z, where Z is a particular solution
of
Lz=(D?+4D +5)z = 2" + 42/ 4 52 = "7,

Since r1 = —2 414 is a root of multiplicity 1, one can find Z in the form Z = Aze™”. Using the general
formula

X(D) (e f) =ex(D +r)f with x(D)=(D—r)(D—r2),

we get

LZ = x(D)(Aze™®) =e"*x(D +r1)(Az) = e"*D(D +r1 — ro)(Az) = "% - 244,
A = 1,:—1, Z:—£~xe zl'xef
2% 2 2 2

. . r
sinx —icosz), Y:ImZ:—§~xe 2 cos .

23:(
Finally, general solution

2

1
y(z) = e 2(Cycosz + Cysinz) — 5 xe “% cos .

Problem 4. Use Laplace transforms to solve the equation
t
y" +y=sint + (sint) xy(t), where (sint)xy(t) = /Sin(t —71)y(r) dr,
0

with the initial conditions y(0) =0, /(0) = 1.
Solution. Denote Y (s) = L{y} — the Laplace transform of y(¢). Using the equalities

L{frg} = LU} Llg), Llint) = 5oge L} = sE{y) — s9(0) ~ /(0),
we derive ) 1 1
(s +1)Y(s)—1=82+1+82+1-Y(s).

This equality can be simplified as follows:
[(s*+1)? =1]Y(s) = s* + 2, (s +25M)Y (s) = s> + 2, Y(s) =52,

which corresponds to y(t) = t.



Problem 5. Find the general solution of the system

dxy 9 dxo
—Z —xy+tan’t—1,  —> = —z; +tant.
g %2 ttan 7 x1 + tan

Solution. Differentiate the second equality and substitute 2 from the first equality:

o (—my —i—tant)' =g/ + L = —I9 — tan’t + 1+
2 Y cos? t

= —x9+ 2.

The general solution of xf + x9 =2 is x9 = Cjcost + Cysint + 2.
Finally, 21 = —2f +tant = Cysint — Cy cost + tant.

Problem 6. If A = < ; 2 >, find

(a) the inverse matrix A1,
(b) the eigenvalues and eigenvectors of A;
(c) the matrix function e*4.

Solution. (a). We have

- 1 5 -8 5/9 —8/9
_ _ — 1_ =
det A=25—-16=9, and A dot A ( _9 5 ) < —2/9  5/9 > :

(b). The eigenvalues of A are roots of the characteristic equation

X()\):det()\l—A):det< A__g A__g ) AT 10A+9=(A—1)(A—9),

ie. A1 =1, Ao = 9. The corresponding eigenvectors are nonzero solutions of systems (A — A)v = 0:

A1 =1 corresponds to vy = ( _f ) ) A2 =9 corresponds to wy = < ? > )

(c). A fundamental matrix ¥ with columns e*?v; and e*?!v;, satisfies the matrix equation ¥/ = AW,

The exponential matrix
2¢! 2e% 1 -2
—et e 1 2



