Math 8602: REAL ANALYSIS. Spring 2016
Some problems for Midterm Exam #2 on Wednesday, April 6.

You will have 50 minutes (10:10 am-11:00 am) to work on 4 problems, 2 of which will be selected
from the following list.

No books and electronic devices. You can use class notes, including Appendices and Solutions to
Homeworks.

#1. Show that for any two Borel measurable sets FEq, E, C R! with finite Borel measure, the
convolution (see Sec. 8.2, p.239 in the textbook)

1 if yekE,

f(x) = (Ig, * I,)(x), where Ip(y)= {0 i oy¢E

is continuous on R,

#2. Show that the function

/ In|z -y dy
|z — y[M/2(1 +y?)

is finite a.e. with respect to the Lebesgue measure.
#3. Let f, f1, fo, -+ be real measurable functions on R, such that f,, — f almost everywhere as
n — oo,

/f<33) dr =1, /fn(x) dr=1, and f, >0 forall n.
R R

(a) Show that f, — f in L'(R) as n — oo.
(b) Show that (a) may fail if the assumption [ f(z)dz =1 is dropped.
R

(c) Show that (a) may fail if the assumption f,, > 0 is dropped.
Hint. Consider the functions g, = min{f, f,}.

#4. Let f(x) € Lj,.(R) and

f(:r+y) < fl@) + f(y)

> 5 forall z,y € R.

Show that f is convex on R.

#5. Let pi,ue and v be measures on the same o-algebra Y of subsets of E, such that all
w1 (E), po(E), v(E) > 0. Suppose pu1 < v, pe L v, i.e up is absolutely continuous with respect to v,
and po is singular with respect to v. For each of 3 statements (a) u1 < po; (b) pe < p1; (¢) p1 L po,
prove one of three: (1) always true; (2) always false; (3) true for some pi,pus and v satisfying the
above conditions, and false for others.



