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Abstract

We study standing layers in systems where a reaction-diffusion equation couples to a
scalar conservation law. Our results give spectral stability and instability results depending
only on relative monotonicity of the two components of the system. We also prove the
robustness of layers and their stability properties. Our results classify stability properties
of layers in most such systems. Our method is based on tracking the point spectrum during
a homotopy to a simple, decoupled system. Main difficulty is the possibility of eigenvalues
disappearing in a branch point of the essential spectrum. This phenomenon is investigated
using a Lyapunov-Schmidt reduction method on exponentially weighted spaces combined
with a matching procedure for the far-field.!

1 Introduction

In this paper we study the stability of heteroclinic steady states (layers) in systems where a
scalar conservation law is coupled to a scalar reaction—diffusion equation. More precisely, we
consider
{ up = [a(u)uy — b(u)vgy, (1.1)
Ut:Uxm+5u+g(U)v .

on the real line € R. Here a,b,g € C3(R), § € R. Moreover, a is uniformly elliptic, that is,
a(u) > agp > 0 for all w € R. Note that this system conserves mass [« with suitable decay

conditions at z = +oo.

Such systems arise in a number of physical, biological, and chemical applications; [1, 3, 4, 10, 11,
15, 16, 27]. A fairly simple model arises in the theory of chemical conversion equations C' «— E
in a closed reactor. Assuming a conversion rate f(c,e) = dc+g(e) for the concentrations ¢ = [C]
and e = [E], with linear decay of C' and nonlinear (autocatalytic) production of E, we find a

system

Ct = Cyp — 0c — g(e),
1.2
{ et = degy + 0c+ g(e). (1.2)

Here, the diffusion rate of the species C' has been normalized to one and d is the diffusion rate
of the chemical species E. Making the change of variables u = ¢ + e, v = e, and rescaling z,
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one can rewrite (1.2) in the form (1.1) with constant a(u) = 1 and b(u) = 1 — d. Systems of
this type arise frequently in biology, chemistry, and combustion; see [3, 10, 16, 14] for some
examples.

More directly, systems of the form (1.1) appear in the theory of thermodynamic phase transi-
tions, such as the phase-field system

TgOt = d‘PSDCEI + %(SD - 903) + 2'[0, (1 3)
wy + %&pt = dypWeg-
Here w denotes the temperature, ¢ is an order parameter which is defined such that ¢ = —1

corresponds to the solid phase and ¢ = 1 corresponds to the liquid phase. In addition, d
characterizes heat flux, the constant d,, accounts for interfacial energy, and / is the latent heat;
see for instance [1, 4] and references therein. One readily converts (1.3) into the form (1.1)
by first rescaling ¢, so that 7 = d, = 1, and then employing the linear change of variables
u=w+ ggo and v = ¢, which gives a(u) = dy, b(u) = —%dw, and g(v) = 3(v —v?) — lv.
More general forms of the functions a and b appear in models for chemotactic phenomena. We
let © measure the concentration of a cell population, and v the concentration of a chemical
produced by the bacteria. Following [12], the system

{ w = [(Q(U) - ch’(U))Uz - XU(I(U)%L’ (1.4)

VUt = Vg + 6u — Po.

describes chemotactic behavior with chemotactic sensitivity x and a density-dependent proba-
bility factor ¢(-) that measures the probability of a cell to find space at a neighboring location.
The parameter  and 8 measure linear rates of production and decay for the chemical.

From a point of view of pattern formation, systems of the form (1.1) are richer than scalar
reaction-diffusion equations, but much simpler than systems of, say, two reaction-diffusion
equations. Roughly speaking, precisely the monotone solutions are stable in scalar reaction-
diffusion equations [7], while systems allow for a variety of stable spatia-temporal oscillations.
In previous work [22, 23], we showed that spikes are always unstable in systems of the form
(1.1), similar to the scalar reaction-diffusion setting. On the other hand, spatially periodic
patterns can be stable in systems of the form (1.1) when considered with periodic boundary
conditions [5, 18, 19], although they are always unstable in scalar equations.

Our present paper is concerned with the stability of layer solutions to (1.1). We will see
below that in our case the existence problem is essentially equivalent to the scalar case after
integrating the u-equation. As a consequence, (1.1) exhibits the same types of patterns as scalar
equations, in particular it may possess heteroclinic solutions. Stability properties are somewhat
more subtle: while layers are always stable in scalar reaction-diffusion equations, we will see
that layers can destabilize in a drift-bifurcation similar to the one observed in reaction-diffusion
systems; see [2, 8, 13, 25].

In order to prepare for the statements of our main results, we give a short outline of the
construction of layers. More details will be provided in Section 2. To find a layer solution we



first look at the steady state system:

{ [a(w)tg — b(w)vele

-0,
Vg + 0u+ g(v) = 0.

(1.5)

One can integrate the first equation and recast it as a differential equation for u in terms of
v. We write u = ®(v) for solutions of that ordinary differential equation. One inserts this
expression into the second equation of (1.5) and obtains a non-linear second-order pendulum
equation in v. This equation can have homoclinic, periodic or heteroclinic (layers) solutions.

We will focus on the case when this equation possess a heteroclinic solution v*. We note
that v* is necessarily monotone and write v* = lim,_,+o v*(z) € R. Moreover, since ® is the
solution of an autonomous differential equation, we infer that ® is monotone or constant, which
implies that the u-component of the layer, u* = ®(v*) is strictly monotone or constant. Also,
ut = limg_ 400 u*(z) = ®(vF) € R.

We will next formulate the main result of this paper. It characterizes stability of layers in a
large subclass of (1.1). Stability here is referred to as spectral stability. Our notion of stability
refers to the spectrum of the linearization of (1.1) at a layer (u*,v*),

d (u U
£0)-+6)

Oz (a(u*)@x +a'(u*)uk — b’(u*)vé) —0y (b(u*)ax)

6 Rtgw) |
We can view the differential expression £ as a densely defined, closed operator on various
function spaces like BUC (R, C?), L*(R, C?) or L%(R, C?) with respective domain BUC?(R, C?),
H?(R,C?) or Hg(R, C?); see the end of this section for definitions of spaces. Since £ is a lower-

order perturbation of a diffusion operator, it generates an analytic semigroup with maximal

where

L= (1.7)

regularity properties so that the nonlinear evolution problem is in fact well-posed; see for
instance [17] for the relevant semigroup machinery. We say that a layer is spectrally stable if
the spectrum of £ is contained in the closed left half plane, {\ € C : Re A < 0}. It turns out
that spectral stability in L? is equivalent to spectral stability in BUC. On the other hand,
spectral instability implies nonlinear instability; see [9].

We will see in Section 3 that the essential spectrum is contained in the closed left half plane if
and only if ¢’(vF) < 0; see Lemma 3.4. We therefore assume in the following that ¢/(v*) < 0.

Theorem 1.1. Assume (u*,v*) is an exponentially localized layer of (1.1) for 6 = dy, that is
[(u* —ut,v* —ot) (@) < Ce™ . for all z e Ry, (1.8)

for some constants C,n* > 0. Also, suppose that ¢’'(vF) < 0. Then, the following assertions
hold true:

(i) If o > 0, and (u™ —u™) (v —v™) > 0, then the layer (u*,v*) is spectrally stable in L?
or BUC;



(i) If (u™ —u™) (vt —v7)8 <0, then the layer (u*,v*) is unstable in L? or BUC.

(iii) If 5o = 0 or u™ = u~, then the layer (u*,v*) is spectrally stable in L? or BUC.

Related to the temporal stability question is the robustness question, that is, the question
whether layers persist as solutions of (1.5) when parameters in the system are varied. We say
that a layer is robust if for nearby values of parameters the system possesses a layer that is close
to the original layer in BC!(R,R?). If a layer is robust, we say that the stability properties of
a layer are robust if the layer is spectrally stable (or unstable) for all perturbations.

Theorem 1.2. Assume (u*,v*) is an exponentially localized, stable layer of (1.1) for é = dy.
Then, the following assertions hold true:

(i) If 5o # 0, the layer is robust under e—perturbations of a,b,g € C3;
(ii) If 6o = 0, the layer is robust under d—perturbations if and only if/Ru*v; =0;

(iii) Suppose dg > 0. Then stability properties of layers are robust under e—perturbations of
a,b, g if and only if u™ #u~;

(iv) Suppose uy # u_. Then the stability properties of layers are not robust under -
perturbations from dg = 0.

Remark 1.3. Both theorems apply to the ezamples (1.2)—(1.4). Choosing for instance g(e) =
e(l—e€?) and c+e=p =0 in (1.2), one finds layers e(r) = —e(—x) as solutions to dey, —
de + gle) = 0. Similarly, (1.3) possesses layers with w = 0, ¢(z) = tanh(z/\/d,). The
chemotaxis system possesses layers for certain functions q. To see this, note that we can scale
B =0=1 and set q(u) = uexp(—u+e®), with some function ® to be determined. We then find,
similarly to the discussion above, g—z = (u —e®(u;e))’, so that v(u) = u — e®(u;e). Choosing
O appropriately allows us to realize, for instance, u(v) = v + esinv, which in turn gives layers
for the v-equation, vy, + u(v) —v =0, connecting v =0 to v = 2.

In all those cases, Theorem 1.1 ensures spectral stability of the layer.

We will see in Section 2 that the proof of Theorem 1.2 is fairly standard, given Theorem 1.1.

The main difficulty in proving the results in Theorem 1.1 is the presence of essential spectrum
on the imaginary axis. Essential spectrum is caused by the fact that we are considering an
unbounded domain x € R. Since the first equation is in conservation form, A = 0 automatically
contributes to the essential spectrum through a constant adjoint eigenmode. On the other hand,
essential spectrum on the imaginary axis prevents us from immediately concluding nonlinear
stability.

Our results give in fact a more precise characterization of spectral properties of the linearization
at layers. We calculate expansions of an Evans function so that we can describe poles of the
resolvent. Moreover, our method gives algebraic and geometric multiplicities of eigenvalues in
the essential spectrum in a natural fashion.



We next outline the key steps in our proof. First, we compute the essential spectrum of the
linearization £ and restrict to the case ¢/(v¥) < 0, which implies stability of the essential
spectrum. In this case, we use a homotopy to a triangular system to track the eigenvalues
with positive real part. The homotopy is chosen such that the layer (u*,v*) and the stability
of the essential spectrum do not depend on the homotopy parameter. In the last and crucial
step, we track eigenvalues as they cross the imaginary axis, in particular as they emerge from or
disappear into the essential spectrum at A\ = 0. For this, we follow eigenvalues into the essential
spectrum using a Lyapunov-Schmidt reduction method on exponentially weighted spaces. In
these spaces, the linearization turns out to possess a negative Fredholm index. We compensate
for this negative index by augmenting the system with parametrized asymptotic expansions.
This yields a generalized eigenvalue problem that is Fredholm index zero in a neighborhood of
the origin, so that eigenvalues of this problem correspond to eigenvalues of our linearization for

Re A > 0. Similar approaches have been used before in [22, 23, 24, 26].

Outline: The paper is organized as follows. In Section 2 we study the problem of layer robust-
ness in two situations: under e-perturbations of a, b and g, and second, under d—perturbations
from §yp = 0. Next, in Section 3 we compute the essential spectrum of £. In the next four
sections we construct the homotopy, prove the existence and the analyticity of a bifurcation
function that detects the eigenvalues of £, and finally compute its expansions. Theorem 1.1
and Theorem 1.2 are proven in Section 8 and Section 9, respectively.

Notations: For an operator T on a Hilbert space X we use T%, dom(T), ker T, im T, o(T),
p(T) and T}y to denote the adjoint, domain, kernel, range, spectrum, resolvent set and the
restriction of 7" on a subspace Y of X. We divide the spectrum of 7" into two disjoint sets:
Opoint ('), the union of eigenvalues A for which 7' — A is Fredholm with index 0, and oess(7T) its
complement in o(7"). The Morse index of a hyperbolic matrix A, denoted i(A), is the dimension
of its unstable subspace, which is the generalized eigenspace associated with all eigenvalues
A of A that have Re A > 0. The usual Lebesgue spaces, the space of bounded uniformly
continuous functions and the weighted Lebesgue spaces of vector valued functions are denoted
by LP(R,CY), BUC(R,CV) and LP(R,CN;w(x)dz) respectively. If w(z) = e*!7l for all z € R
we denote the LP-weighted space by Lh(R,CN). If h = h(u) is a smooth function and u* is
the u—component of a layer (u*,v*), we use the notations h* := h(u*) and h* := h(u™), where

ut = limg 400 u* ().
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2 Robustness of Layers

In this section we explain how one can find layer solutions in the general model (1.1) and study
their robustness under perturbations of the ”parameters” a, b, g and 9.

We will work under the assumptions of Theorem 1.2. In particular, we assume that (1.5) has
an exponentially localized layer solution for § = §g, where §p is a fixed value. We remark that
since a layer solution is bounded, we can assume without loss of generality that b is bounded.



In what follows we will study the robustness problem for two separate cases: first, robustness
under e—perturbations of a, b and g and second, robustness under d—perturbations from dg = 0.

We start by rewriting (1.5) as a first order system by making the substitution w = v, and
¥ = a(u)u, — b(u)v,. We obtain the system

) P
Uz = a(u)w + a(u)’

Vo =, (2.1)

This system can be written in the form (u,v,w,v)} = F(u,v,w,), where F : R* — R* is

T
defined by F'(u,v,w,v) = (%w + %,w, —ou — g(v), O) . We note that if (u,v,w,v)T is an
equilibrium of F' then w = ¢ = 0, which allows us to restrict system (2.1) to the case ¥ = 0,
that is,

_ b(w)
Uz = LW

Uy = w, (2.2)
wy = —o0u — g(v).

The next step is to take advantage of the conserved quantities in (2.2) to make a change of
variables. We denote by ¢(-, ) the solution of the Cauchy problem

/b
{u s (2.3

) by taking the quotient of the first two

equations and thus obtaining an equation for v’ = %. We will make this relation rigorous in

I
—
=2

I
[N

Note that one can formally derive (2.3) from (2.

the following.

Lemma 2.1. The following assertions are true:

(i) Quplw, 1) = exp ( Ji (2) (plw, p)dw) for all v, € R;
(ii) Given u,v, the equation u = (v, p) has a unique solution p = p*(u,v));
(iii) If (u,v,w) satisfies (2.2) then p*(u,v) is a conserved quantity of (2.2).

Proof. (i) From the definition of (-, 1) in (2.3), by differentiating with respect to p, we infer
that for any fixed p € R the function 0,¢(-, 1) satisfies the Cauchy problem

{Z;E?wmmwu (2.4)

Solving this first order linear Cauchy problem, we immediately find the desired formula. Asser-
tion (ii) follows by noticing the flow property, p(—v, p(v,p)) = p, so that u.(u,v) = p(—v,u).

(iii) Assume that (u,v,w) satisfies (2.2). Differentiating the equation u = (v, u*(u,v)) with
respect to u and v respectively, we obtain that

1= Bip (v, 1" (1, 0)) Dttt 0);

6



0 = oo (v, " (u, 0)) + Ouip (v, " (4, 0)) Bup”™ (u, v). (2.5)
Solving for d,u* and 9,u* in (2.5) and using the definition of (-, 1) in (2.3) we obtain that

o el () M) ) L b,
Ol () = = o 0) — alg (o, (o)) () T Ty Qe () (26)
Next, using (2.6) we compute
L[ ula). of@))] = dup* (ula). o(@) () + Do (@), o) (@)

_ *(u(x), vz b(u(az))w ) — blu(z))
= Oup*(u(z), v( ))a(u(x)) (@) a(u(z))

Oy (u(x),v(z))w(z) = 0.

This lemma shows that we can make the substitution p = p*(u,v) in (2.2) to obtain the system

Vp = W,
Wy = _5()0(7}7 /*L) - g(”)? (27)

Since (1.5) has a layer solution (ug,v§) for 6 = &g, we have that (2.7) has a layer solution, v
at u = po and & = dg. We denote by v(jf = lirf vi(x). Note that the equation for v is a
T— =00

nonlinear pendulum equation of the form v, + H (v, i) = 0, where we define H : R — R by

H (v, pn) = dop(v, ) + g(v). (2.8)

Lemma 2.2. The existence of an exponentially localized layer solution implies the following
set of properties of the function H and the limits va—L

o cquilibria: H(va[,uo) =0;
e hyperbolicity: aUH(U(:)t,ILLo) <0y

+
e cqual-area: f:ﬁ’ H (v, po)dv = 0.
0

Proof. The first property follows readily from the convergence of v;. Exponential convergence
implies hyperbolicity of the equilibria v(j)[. Indeed, for non-hyperbolic equilibria, solutions near
v(j)[ either oscillate or decay algebraically, as an direct solution to the integrable Hamiltonian
equation shows. Lastly, the equal area condition is a consequence of conservation of energy

%’UzQ + /Y H(w, p)du along the layer solution vj. ]

First, we treat the case when dy # 0 and study the robustness of layers under e-perturbations
of a, b and g. Let gg > 0, and a,b,§ € C*(R x (—ep,&0), R) be families of functions such that
a(-,0) =a, b(-,0) = b and g(-,0) = g and consider the system

o

(u.2)

Uz = &(u,a)w’
Uy =W, (2.9)
wy = —dou — (v, ).

7



System (2.9) is a smooth perturbation of (2.2). We define ¢(-, u,e) as the solution of the
Cauchy problem

o

N

1 bue)
U= Gue) (2.10)
U(O) - 9

Using Lemma 2.1 we can construct i*(u,v,e) that solves the equation u = (v, pu,e). Fur-
thermore, making the substitution u = *(u,v,e) we can transform (2.9) in the equivalent

form

Uy = W,
wy = —00p(v, p,e) — g(v,€), (2.11)

Let H : R?* — R be the function defined by

H(’Ua Hy 5) = g(”) 5) + 5095(”’ L, 5)'
To show the e-robustness of the layer we need:

(1) e-robustness of the equilibria vy : There exist smooth functions p(¢) and v*(¢) such that

(a) 1(0) = po and v*(0) = vg;
(b) locally, the equation H (v, u(e),e) = 0 has the unique solution v = v¥(¢);

(2) e-robustness of the equal area condition: f:j ((;)) H(v, u(e),e)dv = 0.

To see that this indeed guarantees persistence of the layer, notice that the stable and unstable
manifolds of 213[ depend smoothly on the parameter €. Given the equal area condition, they
both lie in the same level set of the Hamiltonian %v% + H(v) for all small e. The intersection
therefore persists within this level set which is a smooth curve away from the equilibrium.

In the next lemma we prove one of the main results of this section.

Lemma 2.3. Assume (2.7) has a layer vy at pp = po and 6 = 69 # 0. Then the layer is robust
under e—perturbations of a, b and g.

Proof. First, we will show that we can locally solve the equation H (v, ,e) = 0 for v. Since
H(vg, 10, 0) = H (v, pro) = 0;
Oy H (v, p10,0) = 8, H (v, o) < 0,

=

we find from the Implicit Function Theorem that there are two C3-functions 9% (u, ) such that

(i) 7% (po0,0) = vg;

(ii) In a neighborhood of (v[jf, 1o), respectively, the equation H (v, p,€) = 0 has the unique
solution v = % (u, €).



Next, we define the area function A : R> — R by
ot (e)
Ap,e) = / H (v, p, e)dv. (2.12)
= (pse)

We will show that we can locally solve the equation A(u,e) = 0 for p. Using condition (i) above
we compute

17+(N070) ~ Uar
A(po,0) = / H (v, pp,0)dv = / H (v, po)dv = 0. (2.13)
ﬁ_(/*’/()vo) UJ
Similarly, using condition (ii) we compute
Tt (e)

0,A(me) = [ O (o )+ G 12, 0,5 1)
o (e

- f{(ﬁ_ (Mv 5)7 My 5)8#77_(:“7 8)

ot (pe)
= / 800,90 (v, p, €)dw. (2.14)
TN

From (2.14) and Lemma 2.1(i) we have that

vy
O0uA(po,0) = dg /_ Oup(v, pr,e)dv # 0. (2.15)
Yo

Using the Implicit Function Theorem again, we infer that there exists a smooth function pu(e)
such that

(iil) p(0) = po ;

(iv) locally, the equation A(p,e) = 0 has the unique solution pu = p(e).

Next, we define v* () = 5% (u(e), €). From (ii) we have that locally the equation H (v, u(e), &) =
0 has the unique solution v = v*(e). From (iv) we obtain that

vt(e) _
[, e = A, 2) <o

proving the lemma. n

Next, we will compute the leading order term in the difference u*(¢) — u™(¢), where u*(g) =
P (e), ), €)-
Lemma 2.4. The following assertions are true:
A~ Y Oup(v, o) b
i) 0-0(v, g, 0) = / “735<t
(%) 61 ) 0 Oup(w,po) ~\a

+
0

)(gp(w,uo)7 0)dw for all v eR;

v,

(ii) 0 A(po, 0) = / )

Yo

[0-5(0,0) + 00- (v, 10, 0) | o



!

(i) (Y (0) — (w)'(0) = (2) w0 — (2) () ) (0

’ H I
“[:UUO (v7 /"LO) v UO 1 (U7I’L0> .

+
Yo

+ 0ue(vg 5 o) O (w, Mo)dw] dv —

(2

awP(USL,Mo) Oue(vy , o)
do j‘;;_o usp (v, p1o)dv Yo

659110

Proof. (i) Differentiating in (2.10) with respect to € we obtain

0:5(0,110,0)]' = 2u((2) (3(0:120,0),0)[0:5(0, 110, 0] + 0 (2) (o0 110, 0)

= (2) (o0, 10) [2:5(0, 10, 0)] + 2 (2) (ol o), 0) (2.16)

a

In addition, since @(0, g, ) = po for all € € R, we infer that 9-p(0, po, 0) = 0. Using this initial
condition, the fact that 0-4(-, o, 0) satisfies the first order equation (2.16) and Lemma 2.1(i),
we obtain that

.50, m.0) = [ [ (Z)I(SO(S’MO))dS}@a(g)(@(w,ﬂo),o)dw

(i) Since H (0% (u,€), u,€) = 0 we obtain that

ot (we) -
0.4(ne) = [ L OB )+ A2, 0 1)
7 (e

- (me)
— H(0 (,€), 1,)0:0 (p,€) = / 0-H (v, po, 0)dv,
™ (,e)

which implies that
+

'U+ ~ v,
0. A(j10, 0) = / " O.H (v, o, 0)dv = / " [0:(0,0) + 500 5(0, 0, 0)] v (2.17)
'UO U

0

(iii) First, we note that since A(u(e),e) = 0 for all € in a neighborhood of 0, we obtain that

aEA(MOa 0)
aMA(IU’Ov 0) .

Differentiating in the definition of u® (&) and using (i), (i), (2.15) and (2.17), we obtain that

W (0) = - (2.18)

(wF)'(0) = 0u(vg s 110, 0)(v™)(0) + up(vyy , o, 0)p'(0) + 8= (v, o, 0)

b 0:A(po,0
2 (a4 (0) — Byt o) )

+ 0:3(vE, o, 0

10



v(:]t ’Ui 7
= (2)(¢(v§aﬂo))(vi)’(0)+/o W@(g)(@(”’%)md“

’U+
/ * [0:0(0,0) + 800200, o, 0)] o

0

- 8#90(’03:71“0) ’UE)L
do /_ a,u@(vnuﬂ)dv
Yo

+
= (D) oto mop ey (0) + — 2l o) [/ 0.5(0.0)d

Yo

o 8#‘/7(7) po)dv

Yo

) /U‘Ta o / 0-(2) (p(v: 0),0)
+ v, pro)dv v
O MR T 8,00 o)

A v O b w, to),
A /UO 8Hcp(v,,u0)</0 0 <a)(go( o) O)dw>dv]. (2.19)

(9Mcp(w, MO)

Integrating by parts, we have that for any f,h

/%dv [ o= [ s o= [ o
/ s [ AT / s [ fitaw)a / o / Fydu)a

Using these identities for f = d,¢(-, o) and h = (“)5(%> (¢(+, o), 0) we obtain that

o
g
I

D‘&h
~—

e S L =t

Yo

60 8#90(1}’ MO)d’U

/ Opp(w ,uo)dw>d

— [ 00,0000 ] + (2) (elog o) (0 O) (2.20)

., uolvr o) | véaa(é)( (v, o),
(Y (0) = — st f b

Yo

o au‘P(UaHO)dU -

’U+
—/ ’ 0-9(v,0)dv
Yo

To finish the proof of lemma, we subtract (2.21) from (2.20). n

/ Oup(w uo)dw>d

+ (D) totg mo)w Y (0). (221)

In the lemma below we compute the leading order term in the expansion of u™(g) — u™(g).

11



Lemma 2.5. The following assertions are true:

(i) If u§ # ug then
ut(e) —u”(e) = (ug —ug) + O(e);

(ii) If uf = ug = u™ and ¢ = Z((Z::)) then

ut(e) —u(e) = Ke + O(e?),

where .
coov+ v 7 o Vo
e 0-(2) (=, 0) - 050/_ 09(v,0)dv if ¢ # 0

Yo
+
(0]

W 85(%) (u™,0) if = = 0.

K= (2.22)

Proof. Assertion (i) follows from the smoothness of u*(-). To prove (ii), we note that since
b(u)
a

i
©(+, o) is the solution of the autonomous differential equation v = %, it is monotone or
constant. Using that u = uy = u® we conclude that b(u>) = 0 and (v, uy) = u> for all
v € R. From Lemma 2.1(i) we obtain that

Oup(v, o) = eV forall veR.

The formula for K follows shortly from Lemma 2.4(iii). "

In the second part of this section we study the robustness of layers under J—perturbations from
do = 0. In this case the properties of H, Lemma 2.2, are equivalent to

+ = v0+
g(vy) =0, g¢(vy) <0, / g(v)dv = 0. (2.23)
Yo
We define H : R? — R by
(0, 1,6) = (v, 1) + 9(0). (2.24)

To prove the d—robustness of layers we need to show that there exist smooth functions u(d) and
vt (0) such that we have

(1) J-robustness of the equilibria vi:

(2) v=(0) = v5;
(b) locally, the equation H (v, u(8),d) = 0 has the unique solution v = v*(4) ;

(2) d-robustness of the equal area condition: f:j((;)) H(v, 1(5),0)dv = 0.

In the next lemma we give a condition that is necessary and sufficient for the d—robustness of
layers.

Lemma 2.6. Assume that (2.7) has a layer for 69 = 0. Then, the layer is 6—robust if and only

Zf/ u*vy = 0.
R
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Proof. First, we remark that by making the change of variables v = v*, we have that
+

Yo
/u*v; :/ (v, pp)dv. Assume that /u*v;f, = 0. Since
R vy R

0
HwE, 1,0) = g(v) =0, 9,H(vE,pu,0) =g (v) <0, forall pucR,

we conclude from the Implicit Functions Theorem that there exist two smooth functions o (i, §)

(i) %(u,0) = vy;
(i) For § in a neighborhood of 0, the equation H (v, u,d) = 0 has the unique solution v =
ot (u,0) -

To prove the area preserving condition we have to show that the equation A(u,d) = 0 can be
solved for p for any ¢ in a neighborhood of 0. Here A is defined by

(0) __
A(p, 6) = / H (v, p,6)dv. (2.25)
v (1,0)

Next, we define the functions M and N through

(1,0) vt (p0)
M) = [ pwde. Mo = [ o). (2.26)
o (1,08) T (p,0)
We note that A(p,0) = 0M(u,d) + N(u, ). Moreover, from (i), (ii) and (2.23) we have that
+

0

(ks
AsN (11,0) = g(v™* (1, 0))050" (1, 0) — g(@~ (1, 0)) 950 (1, 0)
= g(vg)dsv™ (1, 0) — g(vg )Isv™ (1, 0) = 0, (2.27)

ot (11,0) vy
N(11,0) = / = / g(v)dv = 0;

for all 1 € R, which implies that there is a smooth function Ni(,-) such that
N(p,0) = 6Ny (i, ). (2.28)
It follows that the equation A(u,d) = 0 is equivalent to the equation
M(p,d) + 0N1(p, ) = 0. (2.29)

We denote by Aj(u,d) = M(u,0) + N1 (p, ) the left hand side of the above equation. We
compute

Tt (1,0) v
A1(p0,0) = M (po,0) = / o(v, pydv = / ¢ (v, pydv = 0;
v~ (po,0) vy
Tt (1,0) vy
0 A1(1,0) = 0, M (p,0) = / Opsp(v, pydv = /_ Ousp(v, pydv > 0.
v 'UO

~(1,0)

From the Implicit Function Theorem we have that there is a smooth function p(d) such that

13



(it}) (0) = pos

(iv) For ¢ in a neighborhood of 0, the equation A(u,d) = 0 has the unique solution pu = u(d) .

Define v*(8) = o5 (u(4),6). From (ii) and (iv) we have that for 6 in a neighborhood of 0 the
equation H (v, u(8), ) = 0 has a unique solution v = v*(§). Moreover,

vt () __
/ H (v, p(9),0)dv = 0A1(u(9),0) =0,
v (9)

proving the §—robustness of the layer.

To see that the condition fR u*v} = 0 is necessary, assume the d-robustness of the "equal area
condition”. That is, we have that there exists a smooth function fi(-) such that 7(0) = po and

M (7(6),0) + N (7(6),0) = 0

Yo
for all § in a neighborhood of 0. It follows that / urvy = /_ o(v, po)dv = M(2(0),0) = 0,

R 0
proving the lemma. [

3 Essential spectrum

In this section we compute the essential spectrum of the linearized operator £ defined in (1.7)
and study its stability. Throughout this section, we assume that (u*,v*) is a layer of (1.1) for
0 = do, satisfying (1.8). Since u* and v* converge exponentially as x — +00, we obtain that
vs — 0 exponentially as x — Fo0, by standard ODE arguments. Since u} = Z—:v;, it follows
that u), — 0 exponentially as z — £o0o. We start this section with the following observation.

Remark 3.1. The following formula holds true:
L = D(x)d? + M(x)0, + N(x), (3.1)

where the matriz—valued functions D, M and N are continuous and have limits at 00, denoted
D*, M* and N*. Moreover, D is invertible with bounded inverse and

at —bt 0 0
D — [0 . ] ., M*T =0, NT= [50 g’(vi)] ) (3.2)

We recall the definition of the essential spectrum: we say that A belongs to the essential
spectrum oegs (L) if L—\ is not a Fredholm operator with index zero. We refer to the complement
of the essential spectrum in the spectrum as the point spectrum, denoted opoint(L).

Lemma 3.2. The essential spectrum, the point spectrum of L and multiplicities are independent
of the choice of function space, X = L*(R,C?) and X = BUC(R,C?). Moreover, \ € 0ess(L)
if and only if there exists T € R and o € {+, —} such that det(D?7? + N* — \I3) = 0.

14



Proof. To see that the essential spectrum of the operator £ is independent of the choice of
the function space, one can use arguments similar to the ones given in [9, Chapter, Appendix].
On the other hand, the point spectrum and the multiplicities of the eigenvalues are independent
of the choice of function space, since the eigenvectors and the generalized eigenvectors decay
exponentially at +oo.

Since the matrix-valued function D(-) is continuous, bounded and D~!(-) is bounded, we have
that the operator of multiplication by D(-), denoted Mp, is invertible. It follows that £ — \ is
Fredholm with index 0 if and only if Mp-1(L£ — A) is Fredholm with index 0. Since M (z) — 0
exponentially as * — =+oo, we infer that Mp-1(L£ — ) is a relatively compact perturbation
of 32 + D71 (x)(N(z) — A). Thus, A € oess(£) if and only if 92 + D~(z)(N(x) — \) is not
Fredholm with index 0. The essential spectrum of the later can be computed using [9, Chapter,
Theorem A2]. We conclude that A € oess(L) if and only if there exists 7 € R such that
det(72I; + (DT)"Y(N*t — X)) =0 or det(7? + (D)"Y (N~ — \)) = 0, proving the lemma. m

As a consequence of this lemma we have

Remark 3.3. The essential spectrum consists of the image of four functions:

Oess(L) = {)\jE(T) TeR,j=1, 2}, where (3.3)

A(r) =

trf(r) = —(at + )72 + ¢ (vF), det® (1) = aF 7t — (60b™ + ¢’ (vF)aT) 72

¥ (r) = Vir(1)? — ddet™ (1) AE(r) = tr¥(r) + /tr (7)% — ddet™ (1)
2 P2 2

We conclude this section with:

Lemma 3.4. Under the assumptions of Theorem 1.1, the following assertions are true:

(i) 0 € 0ess(L);

(ii) supRe oess(L) < 0 if and only if g’ (vF) < 0;

Proof. To prove (i) we note that det™® (0) = 0, and thus, we have that 0 = )\iE (0) € 0ess(L).
From the properties of H, Lemma 2.2, it follows that deti(T) > 0 for all 7 € R. Thus,
sup Re 0ess(£) < 0 if and only if tr*(7) < 0 for all 7 € R, proving (ii). "

4 'Tracing the point spectrum: Preliminaries

In this section we collect a few results needed in the later sections, concerning the kernels of
L and its adjoint £*, the Fredholm properties of the operator £ on weighted spaces and other
related topics. Throughout this section we assume the hypotheses of Theorem 1.1, that is, we
assume that (1.5) has an exponentially localized layer solution (u*,v*) at 6 = dg and that the
essential spectrum of the operator L is stable. As shown in Section 2, the equation (2.7) has a
layer solution at § = 0 for some fixed u = pg and u* = p(v*, o).

15



4.1 Homotopy

In this subsection we construct a homotopy to an easier system, whose point spectrum can
be studied easily. As a bonus, this homotopy will preserve the structure of the layer and the
stability properties of the essential spectrum of £. In what follows we consider  between 0 and
do as a homotopy parameter and the system

up = [a(u)ug — b(u)vy)s,
{ U = Uxx+5u+§(v75)’ (41)

where g : R? — R is defined by g(v,d) = g(v) + (6o — 8)¢(v, o). Since g is a C?3 function and
©(+, o) is the solution of the Cauchy Problem (2.3), we infer that g is a C* function.
)

Remark 4.1. The homotopy described in (4.1) satisfies the properties:

(i) One of the endpoints of the homotopy is the original system (1.1), since g(v,dy) = g(v)
for all v € R.

(ii) (u*,v*) is a layer solution of (4.1) for all §, since g(v*,d) + du* = g(v*) + dou* is
independent of 0 during the homotopy.

The linearization of (4.1) along the layer (u*,v*) on X x X, where X is a function space, is

d (u U
T (v) = L(9) <U> , (4.2)

where L£(0) is defined by replacing in the definition (1.7) of L, ¢'(v*) by 9,g(v*,d) and dy by
6. In the next lemma we show that the stability properties of the essential spectrum do not

given by

change during the homotopy.

Lemma 4.2. Assume the hypothesis of Theorem 1.1. Choosing the function space X =
L?(R,C2%) or X = BUC(R,C?), the essential spectrum of L(5) is stable for all § between 0
and dg.

Proof. We note that to prove the lemma, it is enough to prove that 9,g(v™,§) < 0 for all §
between 0 and dg. Since (-, 110) is a solution of (2.3) we have that

9ug(v,6) = g'(v) + (b0 — 5)%7

which implies that
b:t
8,3(v%.0) = g () + (0 — ) .
We denote the right-hand side of this equation by p*(§) and we note that p*(-) is a mono-
tone function. Moreover, p*(dy) = ¢'(vF) < 0 by assumption and p*(0) = ¢/(vF) + (502?i =
Oy H (vE, pg) < 0 by the hyperbolicity property in Lemma 2.2. It follows that p*(§) < 0 for all
6 between 0 and dg, proving the lemma. [
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4.2 Layer stability at 6 =0

In this subsection we prove that for 6 = 0 (4.2) has no unstable eigenvalue. A key feature at
0 = 0 is the upper—triangular structure of the linearization £(0).

Lemma 4.3. Under the assumptions of Theorem 1.1, the layers in the system (4.1) for 6 =0
are stable, that is, L£(0) has no eigenvalue with positive real part.

Proof. First, we note that if § = 0 the operator £(0) has upper—triangular block structure

Lo - | —8x<b(u*)6x) ]

0 Ko

where 1 = 0, (a(u*)ax +a' (u*)uk — b’(u*)v;) and Ky = 02+ 9,g(v*,0). This upper—triangular
structure allows us to decouple the eigenvalue problem £ (%) = A (). Since the operator Ko
is Sturm-Liouvile and its kernel v} has no sign change because v* is monotone, we infer that
K2 has no eigenvalue with positive real part. It follows that ReA < O orv =0. If v =0
then the u—equation of the eigenvalue problem for £(0) is equivalent to the eigenvalue problem
Kiu = Au. Since the operator Kp is in divergence form, we have that K; has no eigenvalue
with positive real part. Indeed, any eigenvalue with positive real part would give rise to an
exponentially growing solution of u; = KCju that is also exponentially localized in space, so that
|lu(t)| 1 would be growing exponentially. On the other hand, the semigroup generated by Ky
is a contraction in L', as can readily be seen by using the fact that J w is conserved, splitting
initial conditions into positive and negative parts, and exploiting positivity of the solution.
This shows that there are no eigenvalues with positive real part and concludes the proof of the
lemma. ]

Using the same Sturm—Liouvile theory arguments one can show that the same result is true in
the case when b = 0.

Lemma 4.4. Under the assumptions of Theorem 1.1, the layers in the system (1.1) for b(u*) =
0 are stable, that is, L has no eigenvalue with positive real part.

4.3 The kernels of £ and L*

We note that the functions in the kernels of £ and L£* are smooth functions for any choice
of function space considered here. Thus, we begin by investigating the solutions of the ODE
system

a*uz + (o’ (u*)ul — b (u*)vi)u — b v, = 0; (4.3)

x

Vzz + Gou+ ¢’ (v*)v = 0. (4.4)

The kernel of £ can be described as follows.

Lemma 4.5. Under the assumptions of Theorem 1.1, the following assertions are true:
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(i) If 6o # O the kernel of L in BUC(R,C?) is spanned by (u},vi)T;

(ii) If 6o = O the kernel of L in BUC(R,C?) is spanned by (u®,v:)T and (0, (v*, uo),0)T.

T v

Proof. First, we note that for any v € BUCY(R), u = % v is a solution of (4.3). Thus, we

a
can solve (4.3) for u in terms of v as follows:

*

u=w+ i (4.5)

where w is a solution of the equation
a*wy + (a' (u*)ul — b (u*)vi)w = 0. (4.6)
Dividing this equation by a* > ap > 0 and using the fact that u} = Z—iv;, we conclude that w

satisfies the equation

Wy = [(é),(u*)v;]w (4.7)

a
Since u* = ¢(v*, o) and 9,¢(+, po) # 0 is a solution of the Cauchy Problem (2.4), we infer that
w = cOyp(v*, o) for some complex constant c. It follows that

u = cOup(v*, po) + a—iv. (4.8)
Substituting into (4.4) we obtain that v satisfies the equation
Vge + OuH (V" pio)v = —cdp0,0(v™, p10). (4.9)
Next, we note that the equation

Uz + O H (V™ o)v =0 (4.10)

is the variational equation of vz, + H (v, ug) = 0. Thus, all bounded solutions of (4.10) are of
the form v = fv} for some complex constant 3. Moreover, since v} is exponentially decaying
at oo we have that equation (4.9) has a bounded solution on R if and only if

/R (c&oaﬂga(v*,,uo))v; = 0. (4.11)

From Lemma 2.1(i) we know that 0,¢(v*, o) > 0 and since v} does not change sign, we
conclude that the existence condition given in (4.11) is equivalent to cdy = 0. It follows that
equation (4.9) is the same as equation (4.10) and thus v = fv}.

Case 1, §p # 0: In this case the solvability condition of equation (4.9) is equivalent to ¢ = 0.
From (4.8) it follows that u = ﬁs—iv; = Bu}, proving that the kernel of £ in BUC(R,C?) is

spanned by (uX,v:)T.

Case 2, §p = 0: From (4.8) it follows that u = cdup(v*, po) + BLvE = cOup(v*, po) + Bus,
proving the lemma. [
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We next address the kernel of the adjoint £*. Here and throughout, the adjoint is taken with
respect to the L2?-pairing. Elements in the kernel then solve the ODE system

(@ ug)s — (@' (u")ul — b (u*)vs)us + Sov = 0; (4.12)

—(b*ug)y + vz + g (v )v = 0. (4.13)

Next, we recall the definition of the Hilbert space L,%(R, C?) or, more generally L?(R,w(z)dz).
The weighted space L?(R, C?,w(x)dz), with weight function w(x) and norm

uwizéwwwwwm,

is the space of all measurable functions with finite || [|,, norm. Here L?(R, C?) is L*(R,w(x)dx)
with w(z) = e2"*|. Considering £ as a densely defined, closed unbounded operator on L%(R, C?),
its adjoint L£* is a closed, densely defined unbounded operator on the dual of L%(R, C?), which,
using the L2-pairing, can be identified with LEH(R, C2).

Lemma 4.6. Under the assumptions of Theorem 1.1, the kernel of L* in L%U(R,C2), n >0
sufficiently small, is spanned by (1,0)*, (U1,0)T and (Ua,v:)", where Ull = m, UIQ =
Wé\;ﬁ’w and M = 300,0(v*, po)v}.

Proof. Multiplying equation (4.12) by 2—1 and then adding it to equation (4.13), we obtain
the equation

Vg + Op H (0", p)v = 0,

that is, v satisfies equation (4.10). As shown in Lemma 4.5, it follows that v = v} for some
complex constant #. Using equation (4.12) it follows that

(@ ug)z — (a'(u*)ul — b (u*)v})uy + doBv) = 0.
Making the change of variables w = a*u, we obtain the equation

a

Next, we note that, for 3 = 0, the above equation is the adjoint equation of (4.7). Thus, we
conclude that the solution of (4.14) is given by

w = a(@up(v”, 10)) ™ — B(Oup(v”, o))~ I, (4.15)

where « is a complex constant and @, = 000, (v*, po)vy. We infer that v = ¢+ aU1 + BU,,

== -/
where Uj = ——L . Ty =

PR RE TR , proving the lemma. [
i 9

=M
a*aMSD(U* 7,“'0)

Remark 4.7. The functions Uy and Us have linear growth when &y # 0. Moreover, if 6o = 0,
we can choose M = 0 and Uy = 0. In particular, the kernel of L* in BUC(R,C?) is one-
dimensional whenever 69 # 0 and two-dimensional for 69 = 0, the same dimensions that we
computed for the kernel of L, even though L is not Fredholm in BUC(R,C?).
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4.4 The Fredholm properties on weighted spaces

As we saw earlier, 0 € gess(L) when L is considered in L?. This precludes a direct perturbation
approach via Lyapunov-Schmidt reduction to the eigenvalue problem. In this section we prove
that £ is Fredholm on exponentially weighted spaces. This result is crucial for the later sections
were we use Lyapunov-Schmidt reduction to construct a bifurcation function that tracks the
eigenvalues of L.

Lemma 4.8. There exists n* > 0 such that for alln € (0,n*), L is Fredholm on L%(R, C?) with
index ind(L) = —2.

Proof. The proof follows closely [22]. The main idea is to show that we can transform the
problem at hand to a Fredholm problem for a second order differential operator on L?(R, C?)
with no weight. Then, we construct a first order differential operator on L?(R,C*) whose
Fredholm properties coincide with those of £. Finally, we use Palmer’s results from [20, 21] to
compute the Fredholm index.

Let 7 > 0 and let » € C®(R) be a smooth function satisfying the conditions: t(x) = eIl

for all z € R with |z] > 1 and inf|,<;¢(z) > 0. One can easily check that L%(R, C?) =

L?(R,C2, [¢(x)]2dx) with equivalent norms || - HL% and || |72 .
. '(LJ7

2
Next, define the isomorphism Uy, : L*(R,C?) — L%(R, C) by Upw = Yw. One readily verifies
that Uy, is a bounded, invertible operator with bounded inverse. In consequence, the operator
L is Fredholm on L%(]R,(CQ) if and only if Ly = U, 'LU, is Fredholm on L?(R,C2) and their

indices coincide.

From (3.1) we know that £ = D(x)d? + M(z)d, + N(x), which implies that

V' (x) ¥'()
() b(z)

Next, we define the matrix-valued functions A4, A, : R — C**4 by

£y =D@) (0 + T 9) 4 M@)o, + L) + N,

0 I
Al = [—D(m)izv(x) —D<x>—21M<x>]

02 I
A = 'z ae _ (2 s
#(2) [—me(x) YO D) M) - L2 —D(a) M () + 2%3]

0 0 (1) . From [26, Theorem A2] it follows that L, is Fredholm on
L*(R,C?) if and only if 7 = 9, — Ay(x) is Fredholm on L?(R,C?) and their indices coincide.
Let Jy : R — C** be the matrix-valued function defined by

Y@
T = |2 (1-5)e]
0, b

1
where 0y = 8 0] and Iy = [

Since Jy, is continuous on R and det Jy(z) = 1 for all z € R, we infer that the operator of
multiplication by Jy is bounded, invertible with bounded inverse on L?*(R,C%). Using this
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transformation, one can see that 7y is conjugate to Ty, = 8, + ﬁ/(%) Iy — A(z). Hence, L is
Fredholm on L%(R, C?) if and only if 7y, is Fredholm on L?*(R,C*).
Using Remark 3.1, we obtain that

A(z) —— AF, where AT =

09 I
_(D:I:)—IN:I: 02 :

Using Palmer’s classical results, from [20, 21] we know that the operator @ is Fredholm if and

only if Ay, = lim, .40 (A(z) — Ig((j)) 1) are hyperbolic, and its Fredholm index is given by

the difference of the Morse indices,

ind(7) = i(A_,) — i(Aq.).

The eigenvalues of AT are i\/—%éo — ¢'(vt) = £/—0,H (v, pp) with multiplicity 1 and 0
with multiplicity 2. Since limg 40 % = Fn we obtain that A4, = A+ 4+ nly.

Define n* = %min {\/—8UH(U+, 10), /=0 H (v, ,uo)} > 0. We infer that A4 , are hyperbolic,
and the dimension of the unstable subspaces are the Morse indices i(A_ ;) =1 and i(A4 ;) =3

for all 7 € (0,7*). This shows that 7 is Fredholm with index ind(7y) = —2, proving the

lemma. ]

4.5 Asymptotics of eigenfunctions
Let £ = D92+ N* and consider the eigenvalue problems associated with £* on Ry, respec-
tively:

{ aTugy + bFvgy = Mu, © € Ry, (4.16)

Vez + Oou + ¢’ (vF)v = M, = € Ry.

We define the linear dispersion relations by

atr? — )\ b2

5 V4 g (t) — A and df(\,v) =det AT\, v).

AE(O\v) = [

Lemma 4.9. The following assertions are true:

(i) If Re X > 0 then equation d*(\,v) = 0 has two roots, v+ and px, with Revys > 0 and
Reps > 0;

(ii) Setting A =2, v+ and p+ are analytic in v on a neighborhood of 0 and

g'(v*) 2 V=0, H(vF, 10) 2
_ — /O, H(v", L (1
v+(7) \/aigf(vi) e H O pe() 0o H (v=, po) +O(v7). (4.17)
Proof. (i) From Lemma 3.2 we have that
Oess(L) ={AN€C: 3T €R, dT(\,it) =00r d (), it) = 0}.
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and since in this section we assumed that Re 0ess(L£) < 0, we obtain that
dE(\, i) #0 forall 7€RA€C with Rel>0. (4.18)

Moreover, since AT()\,v) depends only on v? it follows that the equation d*(\,v) = 0 has
exactly two roots vy and pi, with Revy > 0 and Reps > 0.

(ii) Equation d*(0,v) = 0 has 0 as a double root and 4+/—0,H (vE, j19) as simple roots.

Expanding the simple roots in 42 we conclude p+(y) = \/—0,H(vE, po) + O(+?). Expanding
d*(72,v) in 42 we obtain that

V2 (aig'@i) + 50bi> = ¢ (W52 + O(Y) + OY). (4.19)
At this point, the lemma follows shortly using Newton’s polygon. [

Lemma 4.10. Setting A\ = v2, the following assertions are true:

(i) If Re XA > 0 the solutions of (4.16) bounded at oo are of the form
(@), v(2))" = cras (1)e =0 4 ep(y (7)eT=0",
where c1,co € C and ax(7),(+(y) € C%;

(i) The function oy is analytic in v in a neighborhood of 0. Moreover, ax has the following
expansion

ax(7) = (—=¢'(v),80)" + O(v).

Proof. Assertion (i) follows directly from Lemma 4.9(i). Using the expansion for vy and the
ansatz o () = (—¢'(vF), )T + ai () in the eigenvalue equation we obtain that

a3 (7) = (v —v=(7)%, 0T = 0(+?),
proving the lemma. n

Remark 4.11. Lemmas 4.5—4.10 are valid for L£(0) for all § between 0 and oy and the functions
v+ and a+ above can be extended to smooth functions on d, denoted Dyand &4. Moreover,

!(v* 8o — 0) 2= -
am,&:\/ PRI 00, as:0) = (o (4 + (6 -0 2.8) +002)
(4.20)

This fact follows from the smoothness of eigenfunctions and eigenvectors of the asymptotic
problem.

5 Setting up the bifurcation problem

In this section we investigate the eigenvalue problem for £ in a neighborhood of 0. We recast
the eigenvalue problem on L?(R,C?) as a generalized eigenvalue problem on exponentially
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weighted spaces L%(R, C?) and show that the eigenvalue problem near A = 0 can be recast as
a bifurcation problem that is analytic in v/A and can be approached using Lyapunov—Schmidt
reduction. Throughout this section we assume the hypotheses of Theorem 1.1, that is, we
assume that (1.5) has an exponentially localized layer solution (u*,v*) at 6 = Jp. As shown
in Section 2, equation (2.7) then has a layer solution at 6 = dy for some fixed u = po and

ut = @(U*a MU)

To solve the eigenvalue problem

(E - ’yz> (Z‘) —0, (5.1)

we use the ansatz

(u(@), v(@))" = w(z) + Bras(y)x+(@)e O 4 fra_(v)x—(x)e’~ D7, (5.2)
where w € L%(R, C?), 1,32 € C, and v4(+), ax(-) are defined in Lemma 4.9 and Lemma 4.10,
respectively. Here y(x) = H%m, where p € C*°(R) is a smooth even function satisfying

plx)=—1forallx < —1, p(z) =1forallz > 1 and x_(z) =1 — x4+ ().

Let g9 > 0 be small enough such that vy and a4 are analytic on B(0,&p), the open complex
ball centered at 0 and of radius &g, as shown in Lemma 4.9 and Lemma 4.10, respectively. For
v € B(0,£9) and 1 € (0,7*), we define 7 (v) : H3(R,C?) x C* — L2(R,C?) by

T (y)(w, B, B2)T = (5 - ’72) [w+ Brag (V)b (v) + Bea—(v)h—(7)]- (5.3)

Here, [ht(7)](z) = x=(z)eT=)%, In the next few lemmas we will prove that 7 is well defined
and analytic on a neighborhood of 0. First, we will show that h4 are analytic in the following
sense:

Lemma 5.1. Under the assumptions of Theorem 1.1, there is €9 small enough such that the
functions hy : B(0,g9) — HEH(R, C) are analytic for 0 <n < n*.

Proof. Since the functions v4 and a4 are analytic on B(0,eq) and v4(0) = 0, it follows that
we can choose g9 > 0 sufficiently small such that

lve(y)] < g and |ax(y)| <M forall ~ € B(0,e). (5.4)
where M > max {\a+(0)] +1,]a—(0)| + 1}. From these estimates we obtain that

[he(M](@)] < Jas(y)| eRerEOll < pren/2i2l for all € B(0,e0), 2 € R. (5.5)

Using this last estimate, we infer that hy(y) € L2_77(R, C) for all v € B(0,e0). To prove the
lemma, we will prove first that hy : B(0,e9) — LQ_n(R, C) are analytic. Using again (5.5)
together with Lebesgue’s Dominated Convergence Theorem we have that hy : B(0,g9) —
L%W(R,C) are continuous. To show that hi are analytic it is enough to show that they are
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weakly analytic. To prove this last statement, for f € L%(R, C) let hi = (h+(-), f)r2 and let R
a rectangle contained in B(0,e¢). We integrate on the boundary of R using Fubini’s Theorem:

72)3 hi(y)dy = /R (7({%{ (e5=0) dv) e —o.

This concludes the proof of analyticity of the maps hy : B(0,g9) — LQ_77 (R,C). Furthermore,

we note that 9, (h+) and 92(hy) are linear combinations of products of X(f ), v1(7)? and h(v),
k,7 = 0,1,2, which concludes the proof of the lemma. [

Lemma 5.2. Under the assumptions of Theorem 1.1, the map 7 (-) is well-defined and analytic
on B(0,¢ep).

Proof. To prove the lemma it is enough to show that the maps 7 : B(0,e0) — L2(R,C?)
defined by

T (7) = (£ =) (s ()he (7)), (5.6)
are well-defined and analytic. We start by introducing functions D, N® : R — C?*? by

DTifz>0 Ntifz>0
D®(z) = = N®(z) = =
() { ~ifx <0 () { ~ifz <0

and L>® = D>®(x)0? + N*°(z). Also, we consider 1 € C*°(R), such that 0 < ¢ < 1, ¥(x) =
for all z € [-1,1] and ¢(z) = 0 for all z € R with |z| > 2. Since x4(z) = 0 for £z > 1 and

xT

since from Lemma 4.10 we know that a-(v)eT*+(")? is a solution of equation (4.16), we have

that
[(L‘,OO - 72)(ai(’y)hi(’y))] (r)=0 forall zeR with |z|> 1. (5.7)

Moreover, since ¢'(z) = 9" (z) = 0 for all z € [—1,1] we have that
-1 1]£ (@ZJU)) X[_Ll]ﬁoow forall w € HI%C(R, (C2), (58)

where x|y 1] is the characteristic function of the interval [-1,1]. From (5.7) and (5.8) we have
that

(L% =) (ax(Mhe(7) = X1, (L% = 7N (ax(Nhe (1) = X117 (£ = ) (Yo () h (7))
(5.9)
for all v € B(0,e0). Since £ — L is a second order differential operator with matrix—valued
coefficients that decay exponentially at oo, it follows that

L£—L£>® isbounded from H? (R,C*) to L2(R,C?). (5.10)

Next, we denote by My, the operator of multiplication by 1. Since ¢ € C*°(R) has compact
support, we infer that

M, is bounded from HEW(R,(CQ) to Hg(R,(Cz). (5.11)
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Using (5.9) we obtain that

T (7) = (£ = L2)(ax(Mhe (7)) + (£ = 7*) (Myax(y)hs (7). (5.12)

From (5.10), (5.11) and (5.12) it follows that Ti(y) € L2(R,C?) for all v € B(0,&p), which
proves that the maps 71 are well-defined. The analyticity of 71 follows from Lemma 5.1,
(5.10), (5.11) and (5.12). ]

Remark 5.3. The operator 7(0) : H,?(]R, CHxC? — L%(R, C?) is Fredholm with index 0. The
proof follows directly from Lemma 4.8 and a bordering lemma for Fredholm operators.

In the next lemma we prove the connection between the eigenvalue problem for £ and 7.

Lemma 5.4. Under the assumptions of Theorem 1.1, the following assertion is true: if v €
B(0,e0) and Re (v?) > 0 then

72 € Tpoint(L) if and only if 0 € opoint (T (7))

Proof. First, we note that if 0 € opoint(7 (7)) then ¥ € opoint (L) since the kernel of 7 (v)
readily yields eigenfunctions of £ using (5.2).

Next, we show that the eigenvectors are necessarily of the form described in the ansatz (5.2).
That is, we need to show that £ —~% : H?(R,C?) — L%*(R,C?) is invertible provided that
0 ¢ opoint(7 (7)) and Re (7?) > 0.

If Re (v?) > 0 we have that 42 ¢ 0ess(L£), which implies that £ —~+? : H*(R,C?) — L*(R,C?)
is Fredholm with index 0. Thus, to prove the lemma it is enough to show that the equation

(L—%) (ZL) - (g) , (5.13)

has solutions for every choice of (fi, f2)T in a dense subspace of L?(R,C?), for example
L??(R, C?). Since 7(0) is Fredholm index 0, by Remark 5.3, and since 7 (-) is analytic on
B(0,£0), by Lemma 5.2, we infer that we can choose €y > 0 small enough such that 7 (v) is
Fredholm with index 0 for all v € B(0, ). Since, in addition, 0 ¢ opoint(7 (7)), it follows that
equation (5.13) has a unique solution of the form (5.2) for any (fi, f2) € L2(R,C?), proving
the lemma. ]

The results proven so far in this section allow us to apply the Lyapunov—Schmidt reduction to
7 (-) and obtain a bifurcation function that tracks the eigenvalues of £ with positive real part.
To conclude this section, we compute the kernels of 7(0) and 7 (0)*.

Remark 5.5. Let u € C?(R,C?) be a smooth function such that Lu € L%(R, C?) and suppose
that u and (D(-)u', f) have finite limits at oo for all f € ker L*, where L* is considered on
LQ_W(R,CQ). Then, integrating twice by parts, and using Lemma 4.6 we obtain:

<£u7 f>L2 - <D()ulvf> - <D()u7f/>

oo [ee]
—00 —00
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Lemma 5.6. Under the assumptions of Theorem 1.1, the following assertions is true:

(i) If 6o # O then the kernel of T(0) on H%(R, C?) x C? is spanned by (u},v%,0,0)T, while
the kernel of T(0)* on L, (R,C?) is spanned (1,0)T;

(ii) If 5o = O then the kernel of 7(0) on Hg(R, C?) x C? is spanned by (u%,v:,0,0)T and

xy Yo

vt v T .
<8MQD(U*, IU’O) - aMQO(’U+, MO)X"’ - 8”@(1}77 MO)X—v 07 - BH‘;,((U+7§“))’ _8;1?/((1}77;10)) ) thle the

kernel of T(0)* on L2_77(R, C?) is spanned (1,0)T and (0,v%)7T.

Proof. We start the proof by computing 7 (0)*. Since

T(0)(w, 1, 52)" = £{(w+ B+ (014 (0) + fra— (0)h—(0) ).

we obtain that

TO) (1 12)" = (£ 2 A1, 1) £l (O 012 (. 1) L0 )R- (0)))2)
(5.14)
for all (f1, f2)T € L2, (R,C?). It follows that (f1, f2)" € ker T(0)* on L?, (R,C?) if and only if

(fi. f2)" €ker* on L2, (R,C*) and ((fi,f2)", L{ax(0)h+(0)))z2 = 0. (5.15)
From Lemma 4.6 we know that the elements of the kernel of £* on L2_77(]R, C?) are of the form
(f1, f2)" = c1(1,0)" + c2(U1,0)" + e3(U2, v3) ", (5.16)

for some complex constants, cj, j = 1,2,3. Using Remark 5.5 we compute

atg (vF) + 5obi_

<£(Oé:t(0)h:|:(0)), (1>O)T>L2 =0, (E(a:t(())h:t(o))7 (ﬁlv 0)T>L2 ==+ aiaﬂgo(vi ,UO) )

atg (vF) + dpbt — 1

(L@ (O)h0), (T2, e = +7 5 0

)

where M = 50/ (v, po)vs and M~ = 0.
R
From (5.15) it follows that (f1, f2)T belongs to the kernel of 7(0) if it satisfies (5.16) and

atyg'(vh) + dob™

0= (1 ) Lo O (02 = * 50

(Cz + 6350/IRBM<P(U*aMO)U;)

_a g'(v7) +dob”
a” Oup(v™, po)
From the properties of H, Lemma 2.2, it follows that ¢o = 0 and dgcg = 0, which implies that

0= ((f1, f2)", L(a=(0)h—(0))) 2 =

(i) If 8o # 0 then the kernel of 7(0)* is spanned by (1,0)T

(ii) If 69 = O then the kernel of 7 (0)* is spanned by (1,0)T and (Us,v:)T = (0,v%)T.
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Moreover, since (u%,v%)T € ker £ one can easily check that

(u,v%,0,0)T € ker T(0). (5.17)

xy Yo

In addition, from Remark 5.3 we know that 7 (0) is Fredholm with index 0, which implies that

1if g £ 0

1
2if 5y = 0 (5.18)

dim(ker 7(0)) = {

If 5o = 0, from Lemma 4.5 we know that (9,¢(v*, o), 0)" € ker £ in BUC(R, C?) which implies
that

- Oup(r po)  Oup(v, 1)\ T
* _ + _ _ 12 ) _ K I
(a0 10) = Dot o) = Dol po)e, 0, =, ~SEE ) € er T(0)

(5.19)
At this point, the lemma follows shortly from (5.17), (5.18) and (5.19). n

Lemma 5.7. The results of this section remain true if we replace £ with L(§), where § is the

homotopy parameter between O and §g. Moreover, the function T can be extended to a smooth
function on &, T(v,6) : Hg(R, C%) x C? — L%(R, C?) defined as follows:

T(7,0)(w, By, B2)" = (£(0) =7 [t + Brévs (3, 0) . (7,0) + B (7,0)h-(7,8) . (5.20)
Here [h+(7,0)](z) = x4 (2)eF= 0% and we recall the definition of &+ and b+ in (4.20).

Proof. By construction of the homotopy, properties of the layers are preserved from § = 1
to 0 = 0. This implies that £(J) possesses the same properties as £. To establish smoothness
(in fact analyticity) in 9§, first, note that £(0) has an affine dependence on 6. Thus, we infer
that the smooth dependence of T on § follows from the smooth dependence of &4+ and P4 on
6. The latter was settled in Remark 4.11. |

6 Lyapunov—Schmidt reduction and eigenvalue problems

In this section we move our attention to a general abstract result needed to solve the eigenvalue
problems for £ and £(d). We will show how to apply the Lyapunov-Schmidt reduction method
to solve generalized eigenvalue problems. Let X and Y be two complex Hilbert spaces, {2 C R™
a neighborhood of 0 and assume S : B(0,¢0) x Q — B(X,Y) is an analytic function such that

(S1) S(0,0) is Fredholm with index 0;
(S2) ker §(0,0) ={z;:j=1,...,d};

(S3) ker S(0,0)* ={y;:j=1,...,d}.
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Here, by B(0,g9) we denote the complex ball centered at 0 of radius g9 and by B(X,Y) the
space of all bounded linear operators from X to Y. The main purpose of this section is to
discuss the generalized eigenvalue problem in the eigenvalue parameter v € B(0,¢q) C C,

S(v,8)z =0, (7,0) € B(0,20) x Q (6.1)

and show how one can use the Lyapunov—Schmidt reduction method to construct an analytic
bifurcation function that detects the eigenvalues of (6.1). Let Z = ker S(0,0)* and let Qg be
the orthogonal projection onto im S(0,0). It follows that equation (6.1) is equivalent to the
generalized eigenvalue system

0x =
QOS(’% ).T 0, . (62)
(S(v,0)z,y;) =0, =1,....d.
In the system above we make the substitution z = z + Z?Zl a;xj, 2 € Z, ai,...,aq € C and

solve the first equation for z using the Implicit Function Theorem. Therefore, we introduce
first the function F : Z x C? x B(0,¢q) x Q — im S(0,0) by

d
F(z,a1,...,aq4,7,0) = QoS(7,9) <z + Z ajxj). (6.3)
j=1
Also, denote by ej, j = 1,...,d, the vectors of the canonical basis of R,

Lemma 6.1. Assume S : B(0,e0) x Q — B(X,Y) is an analytic function satisfying conditions
(S1) — (53).

(i) After eventually shrinking B(0, ) X ), there are analytic functions z1,...,zq : B(0,&0) X
Q — Z such that

(21) Zj(0,0) :0, j = 1,...,d,’
(z2) locally, the equation F(z,ej,7v,0) = 0 has the unique solution z = zj(v,0) for any
j=1,....d;

(i1) The partial derivatives of the functions z;, j =1,...,d can be computed by the formulas

0z
Iy

9%
09,

forallj=1,...,d, k=1,...,m. If%—?(0,0)zOthen

0.0 =~ (@50,0z) " QG 0.0,

(0,0) = — (QOS(O, 0)|z) _1Qogi(0, 0)x;

_ 2
0.0 =~ (@S0.0)2) Q5 0,01

622]'
0%y
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Proof. To prove (i) all we need to check is that we can apply the Implicit Functions Theorem.
From (S2) it follows that

F(O,ej,0,0) = QoS(0,0)x]’ =0 for all j = 1,. . .,d.

From the definition of the subspace Z and the projection Qg it follows that %—S(O,ej, 0,0)
Q05(0,0)|7 is an invertible operator with bounded inverse from Z to im S(0,0). To check (ii

~—

one only needs to differentiate in the equation F'(z;(v,d),e;,v,6) = 0.

Now we are ready to state the main result of this section:

Lemma 6.2. Assume S : B(0,g9) X Q — B(X,Y) is an analytic function satisfying conditions
(S1) — (S3). If (7,0) € B(0,e0) x Q2 then 0 € opoint(S(7,9)) if and only if

B, ) = det | {S(3,6)(w; + 2(7,0)), ve) = 0.

1<j,0<d

Proof. From Lemma 6.1 it follows that for each (v,0) € B(0,&9) x © the unique solution of
the first equation of (6.2) is z = 2?21 a;zj(7y,0). It follows that the eigenvalue problem (6.1)
is equivalent to the system

d
> a;(S(v,0)(x; + 2(7,6)),y0) =0, £=1,....d,
j=1

which has a non—zero solution if and only if E(vy,d) = 0, proving the lemma. ]

7 Expansions of the bifurcation function

In this section we compute the expansion of a bifurcation function F that determines the
solvability of the eigenvalue problem (5.1). We assume that (1.5) has an exponentially localized
layer solution (u*,v*) at 6 = Jp and that the essential spectrum of the operator L is stable.

In what follows we consider the eigenvalue problem

T(7)(w, 1, B2)" = 0. (7.1)

on the Hilbert space H% (R,C?) x C2. From Lemma 6.2 we know that there is an analytic
function E : B(0,e9) — C such that E(y) = 0 if and only if 0 € opoint(7(77)). In the next
lemmas we compute the leading order terms in the expansion of FE.

Lemma 7.1. Under the assumptions of Theorem 1.1, and if §o # 0, the bifurcation function
FE has the expansion
E(y) = e’ + 57’ + O(v"),

where cg = —(ut —u™) and
V;(O)CL—FaM(p(’U—F, MO) + VL (O)G_amo(”_u MO) * (|12 * 1 + — -2 || FT
c3 = vl + (uy — —(u™ —u")e MU
’ do [g Ousp(v*, po)v3 (H 12+ ¢ 77( ) 2>L2)

1 _
+ 1V (0)a" (v, po)(ut — =(ut —u)e 21 T e
1 x n
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Proof. Throughout the proof we are using the notations from Lemma 6.2. From Lemma 5.6
we have that ker 7 (0) is spanned by (u%, v, 0,0)T and ker 7(0)* is spanned by (1,0)T. Tt follows
that

T (0) = {(f1. )" € BA(R.C?): /Rfl(:c)dx ~o}.

Since

[ f@)de = (fre My forall fie L2(RCY),
R
we have that @, the projection onto im 7 (0) along ker 7 (0)*, is given by

((f1, f2)s (e721,0)T) 2 (e~ )T
{(e=21l1,0)T, (=21l O)T>L% '

= (f1. f2)" — 717<f17 €—2n\-|>L%(e—2nl-|70)T. (7.2)

Qo(f1, )" = (f1,f2)" -

From Lemma 6.2 we know that

B(7) = (T()|(w3.05,0.0)" + 21| (1,0)T) |
= (£ =)0, (1,0) ) g2 + (T(3)21(7), (1,0)T) 2
= _72<(u;?U;)T7 (1?0)T>L2 +{(T(7)21(7), (170)T>L2
= —(u" —u ) (T ()= (1), (1,0)7) o (7.3)

Next, we find the expansion for z; (), v € B(0,¢¢). From Lemma 6.1(i) we have that z;(0) = 0.

Moreover,
T'(0)(w, b1, B2) = L|Br(e+h4)'(0) + Ba(a-h-)(0)], (7.4)
which implies that 77(0)(u%, v%,0,0)" = 0. From Lemma 6.1(ii) it follows that 2} (0) = 0. Thus,
1
21(y) = 5zi’(())’y2 +0(v?), (7.5)

which implies that
(T()=1(1), (1,0)T) 2 = ((T(0) +7T'(0))21(7), (1,0) ") 12 + O(")
=(T(0)21(%), (1,0)") 2 + %VP’U’(O)ZY(O), (L,0)") 2 +0O(")
= (21(7), T(0)*(1,0)) 12 + %73@1'(0),7’(0)*(1, 0)%) 2 +O(v")
1 3

= 57} 1(0), 7'(0)"(1,0) ) 2 + O (7.6)

From (7.3) and (7.6) it follows that ¢ = —(ut —u™). Next, we compute 7'(0) and the
components of z{'(0). From (7.4) it follows that

TOF (i 20" = (0.4G 20 £l YO) 2, (s )T (0B Y O)g2) - (2.1

Moreover, from Remark 5.5 we have that
(L(axhe) (0),(1,0)7) 2 = —(dob" + a*g (vF)) (xxidw)’ _(F(0)
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= V4 (0)(a™ g/ (vF) + Gob™). (7.8)
Using Lemma 6.1(ii) again, we have that
T(0)2(0) = =QoT"(0)(uj, v, 0,0)". (7.9)

We know that 2{(0) = (w§, m1,m2)", where wf € H2(R,C?) and mi,mg € C. Using (7.6),
(7.7) and (7.8), we note that to finish the proof of the lemma it is enough to compute m; and
ma. Since T7"(0)(w,0,0)T = —2w for all w € H%(]R, C?) we obtain that

QT (013 15:0,0)" = =2Qu(u3, 1) = =2[( )" = —(ar* — ) (e, 0]

Plugging the above expression into (7.9), we obtain that

L 4 ma Loy () (0)) + ma Ll (O)h-(0)) = 2 (ut, 03)" — (" —u")(e 1, 0)7]. (7.10)

n
Since wy; € H,QI(R, C?) and (U1,0)T, (U, v:)T € ker L* on LQ_W(R, C?) we infer that

(Lwy, (Ul,O)T>L2 =0 and (Lwy, (ﬁg,v;)T>L2 =0.

Taking scalar products with (U1,0)T and (Us, v%)T, respectively, in (7.10) we obtain that

ma(L(a (0)h4(0)), (T1,0)") 2 + ma(L(a-(0)h-(0)), (T1,0)") 12 =

1 _
=2} — = (ut —u)e 2 T o (7.11)
n

ma(L(ay (0)h4(0)), (U2, v3) ") 2 + ma(L(a-(0)h-(0)), (U2, v3)") 12 =

* 1 -\ . — A TT *
=2u; =t —u)e LTk 2o (712)

Using Remark 5.5 we can now compute the coefficients of m;, j = 1,2, in the equations above

as follows:
atg (vh) + (5obi.

a:tau(p(viﬁi(]) ’
atg' (vE) + Sob* —+
a=0up(v*, o)

(L(ax(0)hx(0)), (U1,0) ") 2 = £

<‘C(ai(0)hi(0))v (U% U;)T>L2 =F

)

where M = 50/]1%8#@(@*,/10)@; and M = 0.

Solving the above system for m; and ms, we obtain the expression of the coefficient of v3 in
the expansion of F, proving the lemma. ]

Remark 7.2. Lemma 7.1 is also true if we replace L with L(5), and oy with 0, where here 0
belongs to a compact subinterval of the homotopy interval that stays away from 0.
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To track the behavior of eigenvalues in a neighborhood of 0, we use Lemma 5.7, in particular
the result from Lemma 5.4 for £(0) instead of £ and solve the eigenvalue problem

T(v,6)(w, B1,B2)" =0 (7.13)

on the Hilbert space H,? (R,C2) x C%, where T was defined in (5.20). To compute the expansion
of the bifurcation function E, corresponding to the eigenvalue problem (7.13), constructed by
using Lemma 6.2, we start by computing the expansion of F (7,0), which is equal to E(vy) in
the case when &g = 0.

Lemma 7.3. Under the assumptions of Theorem 1.1, and if §o = 0, the bifurcation function
E (and E(-,0)) has the expansion

E(7y) = - ((Cﬁ)l/zé’w(v*’ po) + (@) 200 (v™, uo))73 + 0.

Proof. Similar to the previous lemma, throughout this proof we will be using the notation
from Section 6. From Lemma 5.6 we have that

ker 7(0) = Sp{xl,wg} and ker7(0)" = Sp{yl,yg}, (7.14)

* — 8 ’U+7 a Ui, T
To = (au@(v  110) = Qup (v, o) X+ — (v, 1o)X, 0, — us;’((er)MO)’_ Wg)’((v_)u())) .

From Lemma 6.2 we know that E(vy) = det(a;x(7))1<j k<2, where

ajrp(v) = (T(V)(x; +2;(7)), yk) 2 forall j k=1,2. (7.15)

We start by computing

<T(7)x17 y1>L2 = <([’ - 72)('”;7 U;)T7 (17 O)T>L2 = _’72<(u;<m v;k:)Ta (17 O)T>L2
= —(ut —u" )y (7.16)

(T(V)z1,y2) 12 = (£ =) (wh,v3) T, (0,05) ") 2 = =v*((u, )T, (0,05) ") 12
577 (7.17)

= |l

: _ _ Oup(v*,po) :
Denoting by Wy = I and using Remark 5.5, we have that

<‘C<a:|:h:t>/(0)7 (17 0>T>L2 = (a:t)l/Qg/(v:l:)7
which implies that

(T(Y)w2,y1) 2 = V(T (0)22, (1,00 12 + O(7?)
= (L[Wilash) () + W-(a-h) ()], (1,0)T) 7 +0(?)

= [P (@) 29 (%) + Wo(a) 29 (07) |y + 037
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= =) 20,00 o) + () 20,0 (07 o) |y + O, (T.18)
Similarly, from Remark 5.5 we have that
(L(axhs)'(0), (0,v3) )2 =0,
and thus,
(T (7)z2,y2) 12 = YT (0)a2, (0,03)") 12 + O(7?)

c[m arhy) (0) + W (a-h) ()], (0.01)T) 7+ 0(?)
7). (7.19)

P

From (7.4) it follows that
T'(0)zy = T'(0)(ul,v:,0,0)T =0,

) Yo

which implies that 2{(0) = 0. Since, from Lemma 6.1 we have in addition that z1(0) = 0, we
infer that z1(7) = O(y?). Next, we estimate

(T(v)21(7)s yk)r2 = (T(0)z1(7), yr) 2 + (T () — T(0))21(7), yw) 12
= (21(7), T(0)"yk) 2 + (T (7) = 7(0))21(7), yk) 12
(T (y) = T(0)z1(7), yk) 12 = O(7?), k=1,2. (7.20)

Similarly, from Lemma 6.1(i) we have that z2(0) = 0, which implies that z2(v) = O(y). We
estimate

(T(V)22(7) yk) 2 = (T(0)z2(7), yx) 12 + (T () — 7(0))z2(7), yk) 12
= (22(7), T(0)"yw) 2 + (T (v) = 7(0))22(7), vk) >
(T(y) = T(0)z2(7), k)2 = O(7*), k =1,2. (7.21)

At this point, the lemma follows shortly from (7.15)—(7.21). "

In the next lemma we finish the computation of the expansion of E.

Lemma 7.4. Under the assumptions of Theorem 1.1, the bifurcation function E has the ex-
pansion
E(v,8) = c267* + e37° + O(4),

where
o=~ =) [ Oplospo)dv. ca == [(@) 20wt ) + (@) POyiplo” )] I

Proof. Like in the previous lemmas, throughout this proof we will use the notation from
Section 6. Using Lemma 5.6 again we infer that

ker 7(0,0) = ker 7(0) = Sp{ml,xz} and  ker7(0,0)* = ker 7(0)* = Sp{yl,yz}. (7.22)
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Here y; = (1,0)T, yo = (0,v)T, 21 = (u},v%,0,0)T and w9 = (U—~Uyxs —U_x—,0, W, W_)T,
where N
alt(p(v 7“0)

g (™)

Applying Lemma 6.2, we infer that E(’y, ) = det(a;x(v,0))1<jk<2, Where

U= 8,1190(7)*7,“0)7 U:l: = 8/190(vi7/140)7 W:t -

a1 (1,0) = (T(7,0)(wj + (), wa)2 forall jik = 1,2, (7.23)
We will split each of the entries above in two parts:

We will compute the expansions of Z;jk and ¢, j, k = 1,2, separately. First, we differentiate in
(5.20) to compute

05T (4,8) = £'(8) |10 + Fr6+ (7, 0)h1.(7,6) + o (7, 0)h—(7,)]

+ (L) =77 [B105(64h1) (3,0) + Bods(a-ho)(v,9) |, (7.25)
where
L£'(6) = [[1) %] (7.26)
In addition, from (4.20), it follows that
. . pt \T . pt \T
057:(0,0) = 0. 956:(0,0) = (5,1) 1, D5(axhe)(0,0) = (Z£.1) xe- (7.27)
Since u* = (v*, pg), from (2.3) and (7.26) we obtain that
L£'(0)(uz,v;)" = (0,0)". (7.28)

Using (7.16), (7.17), (7.25) and (7.28) we obtain that

bi1(7,8) = br1(7,0) + dsb11(,0)8 + O(5?)
= (T(y)x1,91) 12 + 6(05T (7, 0)a1,31) 2 + O(6?)
= —(ut —u7 )Y+ 5(L(0)(uy, v;) ", (1,0)T) 2 + O(6?)
= —(u" —u" )y’ + 0(6%);
bia(v,0) = bi2(7,0) + dsbra(v,0)8 + O(6?)
= (T (7)a1,y2) 12 + 60T (7,0)z1,92) 12 + O(6?)
= — (w3137 + 6L (0) (uy, )T, (0,03)T) L2 + O(6%)
= —|lv3l37* + O(6). (7.29)

Next, from Remark 5.5 and (7.27) it follows that

+
(£(0)05(a£h)(0,0),(1,0)T) 12 = <£(0)(Z? 1)T><i’ (1L0)7),, =0
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+
(£0)05(6h)(0,0), (0,031 = {(£O)(75,1) e (00 =0, (730)

From (7.25), (7.26) and (7.30) we obtain that
95b21(7,0) = 95b21(0,0) + O(7) = (957 (0,0)22, y1) 12 + O(7)
= (L)W 05017 )(0,0) + W-05(a-h-)(0,0)], (1,0)")
+{L(0)(U,0)T,(1,0)T) 12 + O(7)
= (0,17, (1,0)%) 12 + O()
= O0(7);
05b22(7,0) = 05b22(0,0) + O(7) = (957 (0,0)z2,y2) 12 + O(7)
= (£(0) | W 054 h1)(0,0) + W-05(a-h-)(0,0)], (0,0)" )
+{L£'(0)(U,0)", (0,03)") 2 + O(y)
= ((0,0)", (0,v3)T) 12 + O()

= /v Oup(v, po)dv + O(7). (7.31)

L2

L2

Using (7.18), (7.19) and (7.31) we conclude that
821 (7) 5) = 821 (7) O) + 851;21 (fy’ 0)5 + 0(62)
= (@) 20,0t ) + (a7 2000 )]y + O3 + O(38) + O
baa (7, 6) = b2z (7, 0) + Dsbaz(y,0)8 + O(6?)

= (/_ (v, uo)dv)cS +0(7?) + O(y8) + O(6%). (7.32)
Since £j(7,0) € H2(]R C?) x C? for all v, in a neighborhood of 0 and j = 1,2, we infer that
&k (7,8) = (7(0,0)2 ( 6),yk) 2 + (T (7,6) = 7(0,0))2;(7,6), yi) 2
<2J(% 8),7(0,0)*y) > + (T (7,8) — 7(0,0))2;(7, 8), yk) 12

= ((T(7,6) = 7(0,0))2;(~,6), y) 2 (7.33)

In addition, from Lemma 6.2 and since 21(0) = 0 we have that

21(7,6) = 21(7,0) + O(6
2(7,0) + O(9

) = 21(7) +0(0) = 0(v*) + O(0);

) = 22(7) +0(0) = O(7) + O(9). (7.34)

From (7.33) and (7.34)

e1k(7,0) = O(y%) + 0(18) + O(120) + O(6%),  ék(7,6) = O(¥*) + O(y6) + O(6%), k=1,2,
(7.35)

Next, we will show that the coefficient of v¢ in the expansion of é2(7,0) is 0. The latter

coeflicient, denoted cg, is given by

Co = <67,j-(07 0)8521 (07 0)7 (07 ’U;)T>L2 = <T/(0)8521 (07 0)7 (07 v;>T>L2
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= (9521(0,0), T (0)*(0,v:)T) f2. (7.36)

From Remark 5.5 we have that

<c(o> (ai(o)hi(0)>, (o,v;;)T>L2 —0. (7.37)
From (7.7) it follows that 77(0)(0,v%)T = 0, proving via (7.36) that cy = 0. We infer that
é11(7,0) = O(°) + O(v6) + O(8%)
é12(7,0) = O(7°) + O(%8) + O(6?)
éon(7,0) = O(2) + O(vd) + O(6%), k=1,2. (7.38)

Collecting the results from (7.29), (7.32) and (7.38) we conclude that

a11(7,0) = —(ut —u" )y’ + O(*) + O(y8) + O(5°)
a12(7,0) = —[[vi[37° + O(v*) + O(v*6) + O(5°)
5

21(7,0) = = | (@) 200", 10) + (@) 2Duiplv7 10) |5 + O(2) + O(36) + O(67)

i) = ([ Buplo po)do)s + 062) + 0) + 06,

proving the lemma. n

Lemma 7.5. Under the assumptions of Theorem 1.1, let v.(8) be a simple root of E(v,d) and
Re~. > 0. Then M\.(0) = v2(8) is an algebraically simple eigenvalue of L(6).

Proof. Let A(v,8) = (ajk('y, d))1<jk<2, be the matrix with entries a;(v,6) defined in
(7.23). Since det A(7.(8),8) = E(7.(0),8) = 0, we have that A(v,(0),4) possesses a kernel. In
other words, 7,(d) is a isolated, generalized eigenvalue of the generalized eigenvalue problem
associated with A(7,(8),8). From [6, Theorem XI.9.1] we know that the algebraic multiplicity
of this generalized eigenvalue is equal to

1 o
([ 040040 ), (7.39)
I.(5)

2mi

where I',(9) is a small circular contour centered at . (0), anti—clockwise oriented. On the other
hand, one can easily check that

d,E(v,9)
E(y,6)
Since 7,(9) is a simple root of E(-,), from (7.39) and (7.40) we conclude that the algebraic

multiplicity of 7.(d) as to A(y(8),0) is 1. Thus, the meromorphic function A(-,6)~" has a
1-dimensional pole of order 1 at 7,(d). From Lemma 6.1 and Lemma 6.2 we obtain that the

tr((%fl(’y, §)A(r, 6)*1> = (7.40)

meromorphic function 7(-,8)~! has a 1-dimensional pole of order 1 at ~,(d8). Moreover, we

have that
(L(8) =)~ (?) =V(,0)T(y,6)" Gl) (7.41)
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for all <§1> € L2(R,C?), where V(v,6) : H2(R,C?) x C? — H*(R,C?) is defined by
2

V(7,0)(w, Br, B2)T = w + 16y (v, 8)hp (v, 8) + Bac— (v, 6)h—(7, ). (7.42)

Since the functions @ (-,d) and h(-,d) are holomorphic, we infer that the function V (-, 4) is
holomorphic. This implies that (£(§) —~?)~! has a simple 1-dimensional pole at 7 = 7.(6)
when considered on L%(R, C?). Using again the fact that L%(R,(Cz) is dense in L?(R,C?), we
conclude that the same property holds for the resolvent on L?(R,C?). Since 7.(5) # 0, the
transformation from 7 to A = /7 is analytic in a neighborhood of 7,(d) and we conclude that
the resolvent (L£(8) — A\)~! also has a simple 1-dimensional pole in A, which proves the lemma.

"

Remark 7.6. Lemma 7.5 can readily be generalized to show that the order of roots of E
coincides with algebraic multiplicities of eigenvalues X in the point spectrum of L, that is, in
the region where £ — X is Fredholm with index 0.

8 Proof of Theorem 1.1

In this section we prove the main result of this paper on the stability of layers. We begin by
showing that (1.1) has a formal gradient structure in the case when § > 0, b(u*) > by > 0. We
will use this result to exclude Hopf bifurcations during the homotopy.

Remark 8.1. If§ > 0, b(u*) > by > 0, then (1.1) has the formal gradient structure

d
a(u, 0)T = = M(u)V 2E(u,v), (8.1)
where . .
E(u,v) = /R (257)33|2 - EG(U) + J(u) — uv) dz, G =g¢,j' = 7 J =7 (8.2)
M(u) : BA(R,C) x L2(R,C) — L2(R,C2), M(u) = [_8’”(1’0(“)6%) g] (8.3)
We note that
Mu)* = M(u), M(u) >0 forall ueR. (8.4)

Lemma 8.2. If o > 0, b(u*) > by > 0, there are no Hopf bifurcations during the homotopy,
that is, the eigenvalues of L(§) are real.

Proof. From (8.1) we have that £(J) = —MN, where M = M(u*) and N' = D2E(u*,v*).
From (8.4) it follows that
M* =M >0. (8.5)

In addition, one readily checks that
N* =N, kerM ={0}. (8.6)
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Next, we define ) := im M and the scalar product on Y:
(u,v)y = (M tu,v) 2 for wu,ve V.

Let A € C\ {0}, uy € H*(R,C?), uy # 0 such that Luy = Auy. From the decomposition of £
it follows that Auy = —MAMNuy, which shows that v € J. From (8.6) we infer that

Mually = (Cur,un)y = (M7 Luy, up) 2 = —(Nux,up) 2
= —(un, Nuy) g2 = — (MM uy, Nuy) g2 = (M uy, —MNuy) 2
= (M7 uy, Lup) 2 = (M7 uy, Auy) gz = Mfua 3.

Since uy # 0 it follows that A = X, which implies that A € R, proving the lemma. |

Proof of Theorem 1.1. First, we focus on the proof of (i). We note that from the hypothesis
we have that b(u*) > by > 0. Indeed, (ut — u™)(v" —v~) > 0 implies that u* is non-
constant. Moreover, u* = ¢(v*, 11p), and since ¢(-, o) is the solution of an autonomous first
order differential equation, we have that u* is different from any zero of b. Thus, b(u*) # 0 and
since b(u*) = a(u*)% > 0 we conclude that b(u*) > 0. Finally, since u* is bounded we have
that by = inf[b(u*)] > 0.

Given that ¢’(v¥) < 0, from Lemma 3.4 we have that the essential spectrum of L is stable.
Next, we look at the homotopy defined in (4.1) and from Lemma 4.2 we know that the essential
spectrum of £(9) is stable for all 6 € [0,dp]. In addition, from Lemma 4.3 we know that the
layer is stable at the end of the homotopy, for § = 0. We now define i(§) to be the number
of eigenvalues in ReA > 0, counted with algebraic multiplicity. We have i(0) = 0. Next,
notice that the expansions in Lemma 7.1 and Remark 7.2 guarantee that E(~y) # 0 for v small,
nonzero, and d # 0, so that there is a neighborhood of the origin {|A| < £(d), ReX > 0} \ {0}
that does not contain any eigenvalues for any § € (0, dp|. Lemma 5.7 ensures that we can choose
£(d) > e« > 0, uniformly in § > §, > 0 for any J, > 0. For § > 0, small, we use the expansion
from Lemma 7.3. Since b(u*) > by > 0 we have that co < 0. Since c¢3 < 0 and § > 0, we find
that (0) > e, can be chosen uniformly positive for all § € [0, do].

Lemma 8.2 guarantees that the spectrum does not intersect the imaginary axis iR\ {0} for any
0 € [0,00]. We can therefore find a closed curve I in the resolvent set,

I = {|A = ., Re A > 0} U{|A| = R,Re X > 0} Uile,, B Ui[-R, —&.],

R sufficiently large, so that Re A > 0, A € 0(£(9)) implies A € int (I'). The Dunford integral

PO) = 57 [ (A= L) 1A
I

2

then gives the spectral projection on all eigenvalues with positive real part. Since P(9) is

continuous in 4, we conclude that dimIm (P(0)) is constant. Since P(0) = 0, this proves (i) in
Theorem 1.1.

We next prove (ii). Again, the essential spectrum is stable so that it is sufficient to track point
spectrum during the homotopy. The expansion of E (v,0) in Lemma 7.4 now yields for each
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small 0 a unique simple root v = 7.(4) of E (7,0) =0 in v > 0, which corresponds to a unique
eigenvalue A\.(0) in Re A > 0. Since we have &YEA (7,6) # 0 at this eigenvalue, Lemma 7.5 shows
that this eigenvalue is in fact algebraically simple.

We next consider i(d), the number of eigenvalues counted with multiplicity in [e,, R]. Choosing
0, and e, sufficiently small, we know that e, is not in the spectrum for all § between 0 and dg
with [6] > §, and i(6+) = 1. Also, R sufficiently large is in the resolvent set for all 6 between
0 and dp. We claim that this implies that i(J) is odd for all 6 between 0 and dg with |§] > d..
To see this, notice first that i(d) is finite since the operator £(d) — A is Fredholm with index
zero for A > 0. Since ¢, and R are in the resolvent set, i(d) can only change when eigenvalues
become complex, which leads to a change in multiplicity by even integers. This can readily be
seen by counting eigenvalues in [e,, R], as well as eigenvalues in {Re A € [e,, R|,Im A > 0} near
points § where i(J) changes, while exploiting that algebraic multiplicities of A and \ coincide.
In summary, we showed that i(dg) is odd, which implies in particular that i(dp) # 0, so that
there exists an eigenvalue A > 0. This proves (ii).

Assertion (iii) follows directly from Lemma 2.2, Lemma 3.4, Lemma 4.2 and Lemma 4.4.

9 Perturbations of stable layers

In this section we prove Theorem 1.2. Assertions (i) and (ii) where proved in Lemma 2.3
and Lemma 2.6, respectively. To prove assertion (iii), first consider assume that u™ # u™.
Robustness of the layer, assertion (i), then guarantees that the nearby layer has the same signs
of (uy —u_)(vy — v_)dp, which, using Theorem 1.1, (i)—(ii) guarantees that the nearby layer
shares the same stability properties. On the other hand, when u; = u_, we can perturb
b +— b+ ¢ to achieve ut — u~™ = Ke + O(¢?) with K # 0, according to Lemma 2.5, which
shows that (uy —u_)(vy —v_)do changes sign when viewed as a function of e. Again invoking
Theorem 1.1, (i)—(ii), we find that the stability of the layer changes as e changes sign. Similarly,
the last assertion (iv) is a consequence of the sign change of (u4 —u_)(vy —v_)d as § changes
sign. This concludes the proof of Theorem 1.2.
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