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PRELIMINARIES

Let X, = {z1,...,2,} and Y, = {y1,...,yn}. For P(X;¥),Q(X;y) € Q[Xp; Yy,]
we debPne the scalar produ

For o € S,,, and P(z;y) € Q|X,;Y,| we define the diagonal action

! P(X1y) = P(Xll’x!z""’x!n;y!1’y!2""1y!n)

Notice that since we have
Hp,Q" = 1P,!' Q"

The orthogonal complement of an invariant subspace is also invarian
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The Frobenius mag Fx* = s\[X]
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The Frobenius Characteristic of anS,, invariant module M =  H,s (M)

rS
FM =  t'g®Fch H,s(M)
IS

An alternant under the diagonal action




NOTATION

L()
n(p) = (i—1)u T, = )

i=1
U= {(a1, ), (az,n),..., (an, bn) (a;, b;) the y, x coordinates

n n
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example
10| 11 B.(q,t) = 1+ q+¢* +t+1q
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BASIC FACTS

For a partition u - n with cells (a1, b1), (ag, bg) o+ (an, by) set

and define

M, = LIOPDIA,]

dim M,, < n! (easy).
Theorem (Conjectured in 1990 proved in 2000)
dim M,, = n! (hard!).
M, affords a bi-graded version of the regular representation of S,.

The Frobenius characteristic of M |, Is the modiPed I\/Iacdonaldliu(x . q, 1)
If p(x,y) ! M sef Bip,p(X,y) = p(tx, y)! w(X,y)
Theorem
The map Bip ,p(x,y) = p(!x,'y)! u(x,y) is non singular for p(x,y) € M ,
Proof
Say we have p(z,y) € M, such that p(0,,0,)A,(z,y) =0

If p(x,y)! M then p(x,y) = A(lx,!y)! u(XY) thus
Pt x, Py)p(X, y) = Al ty)pCxs Ty)! w(X,y) =0 Q.E.D.



BASIC FACTS

The dePnition of the map Bip ,p(x,y) can be extended to anyS, invariant

submodule by acting with 3ip , on every element of a bas

DebPne for any symmetricF (X ; q, t)

' F(X;q,0)= ! F(X;1/q, 1/t)

Theorem
If M has Frobenius Characteristic! y , (in symbolsFM =1, ) then
FRBp,M =T,! 1y
Corollary

Tu ! Fu(X;q,t) = P (X;q,t)




SCIENCE FICTION

Let u! n+ 1 be a partition with at least m removable corners

Suppose thatA = {! 1,! 2,...,! »} IS an m-subset of the predecessors qf

Conjecture |
T'he polynomial

IS the Frobenius characteristic of the spac

My, ! M, | 44AM,

m

Notice that for m = 2 this reduces to

Conjecture | »
If I and" are any two predecessors of a partitiory, the polynomial

Is the Frobenius characteristic of the spac



OPEN PROBLEMS
M ! M !

Rip, M, ! M- (7 (?) Rip, M- ! M,

Mi= M, !M. "flip(M;! M.
Why divided di! erences
| ) 1 1 T M T H,
I M- = H : = — '
F MM i 1 T T H 1" T./T, ! T

For example if A = {!,",#} then
: TFM-! My)" T"F(Mg! M
EML I Ml M. =  F( q'#r)"T (M 4 !):!A
! .

More generally if A = {1 1,1 5,...,!' m} then

W FM,,! M, ! da8aM, _,, " T.,F M,,! M,,! 44BM,_
LA = '

T " T

m -1



DIAGONAL HARMONICS AND NABLA
Let X, = {X1,...,Xn} and Y, = {vy1,...,Yn} and se

"I ISP(X,y)=0 " 1#r+s#n

Xi"Yi

[T FuX;a, 0@ D! Bu(a,9! u(g,b)
wy (g, 1)

In the (g, t-Catalan and Lagrange inversior© paper this formule

appeared together with the expansiol

HulX;q, Q! 6)@! 6)Bu(a, 9! 4(q,t)

Wl.l(q1t)

Francois noticed that we could write F DH , = ! e, by the debnition

| M, [X;0,t] = TuMuX;q,t]

Thereafter we applied! to everything in sight with astonishing pPndings!!

SCIENCE FICTION WAS ENRICHED BEYOND BELIEF!!!



SCIENCE FICTION AND NABLA
Theorem

For A={!1,1%,...,'m}

1! e (X :qg,t

. T! .I( q ) : 1' T|/TI
iI=1 r=1;rks ' j=1; ki ' J
Im "m F :b m
- T, 1

— 1! /= B (X:qg,t
. T (X530 ). 1Y T T
I1=1 r=1;rEks ' j=1;jEi ! 1

Corollary

and

(forall1! s! m)




MIRACLES OF SCIENCE FICTION

Let ! ,, be the collection of words!; dak, in 0,1. Debne forl;aaB, ! ! n

Corollary
Foreachl! s! m we have the expansic

Proof
We derived that
_ m—1
Ho (X;q,t) = 3 (~1)FVF®4(X;q,t)ex[ 2 + -+ 2 — 2]
k=0

ThiS can be rewritten as

_ m . m—k
Aot =3 Y S 2 scq,2,.,mp\ {s))

k=1 |S]=m—k HJES J

f{1,2... | rds in !
Convert subsets of{ 1,2...,m} into words in ! Q.E.D.



MIRACLES OF SCIENCE FICTION

Theorem
For all 1{!,4ak,! ! ,, and for each1l"” 1" m we have

T, ) 1888 11" adk,

— *133"&! 11*i+1 aa'ém
it A A

where for convenience we let; =1 ! !
Form = 2 M, M

FchM 19 = FchRBip, M, ! M.
'y » = Fch(M 1) <=M M=
FchM %t = FchRip, M- ! M,

My =M™ MY My =M1 M™
Flipping does not change dimension and Schur positivit
(By SF and the n! Theorem!)

f 1 ! nthen dimM ¥ =dim M 1 =dim M % = 2

How do we split a left regular representation’



Flipping Frobenius Characteristics

Debne

.
! > = = — E.D.
. T fo ToHD Tt T T ?
..I l I,, "| | |"
Notice: I-!-|| = T H! ' T! H + T, T H! . T! H
| T T T T,

Notice:  Flipping a Frobenius Characteristic preserves positivity

Recall that each M, [X ; q,1] is the Frobenius of a left regular representatior Thus

~

H,| X;1,1] =€
This given, what are your guesses as to the evaluation of the following limits
T M1 T T-H, ! T M. 0t 2

= hyef™ t,!::r!an! T. ! T - 28

In other words, what is the most natural way to split €] in exactly 1/2 7




SCIENCE FICTION 2018

Recallthatif u! n+1and A = {a1,a2,...am} IS any subse
of the Immediate predecessors gfi then the symmetric functions

m" 1)

are all Schur positive Set! I'' ¥ = (1" k1 4

Guoce Xin proved that

Where
|
_ 1 : :
'mo = & em i[mX]! 1 Ymks= PiYm—1k-1 — Ym-1,k
h| " h| +1 hl p b) y
This proves and extends my conjectures that
_ 1 o n—2
Form=2 & = " ?hy and o = €1 €2
A 1
A =55 + 2841 + 3832 + S311 + 28201
l=q=
S — K
Form=3andn=>5 ‘I’i t :1341 + 28311 + S2111
:q:
1
Dy = st 38921 + 289111 + 8311 + 2832
:q:




THANK YOU












THE CASE OF THREE PREDECESSORS
M

ML =M, T M-I My
M =(M, I M-) M
MO =(M,! M) M}

MO =(M, I M-) My

|\/|001:(|\/|101!|\/|111!|\/|011)! M
I\/IOlO:(M“O!M“l!MO“)! M
Mloo:(Mlol!Mul!Mllo)! M

FM ! M«" FM, ;! M«! My =13 M
FM '1'2'3 = | *1:2'3 Blp| ! 111 — ! 100
Theorem Bip, ! =170
| 111 — | 001

- . Rip, !
For all €1€3 -+ €,, € Z,, and for each 1 < i < m we have 111 ! - 100
Jim M = dim M = n!/ 3
NPy le; g+ - R 1 i1 "€ . .
To, L@, 770770 = @ T dimM 1 = dim M %10 = i/ 3

: 111 _ 001 _
where for convenience we let €¢; = 1 — ¢; dimM = dim M = nl/3



For example

For example

S

FM t'g®Fch H,s (M)

rS



|"'|p[X;q,t]: | S [X]K!,u(q1t)

the marginal, modified Hall-Littlewood case $q=0

This branch of Algebraic Combinatorics resulted by my introduction

In the early 900s | discovered a recursive method for proving

the marginal, modibed Hall-Littlewood caseM ,[X ;0,1]

THE $\bf n\over 2$ CONJECTURE

the marginal (Hall-Littlewood) case q=0

—

!=u[X;q1t]: | S [X]K!,u(q’t)




In 1990, working jointly with Haiman, we where led to the discovery

In 1990, working jointly with Haiman, we were led to the discovery

must be the desired bi-graded modul

the coordinates of the cells ofu and the Conjecture that

m H! 1
IA(X1q1t): H'|(X1q1t) 11 T, /T
=1 j=1jei T i

the coordinates of the cells ofu and the Conjecture that the desired module



mo
1 F

L a(X;0q,10) = . H
3 (X5 0,1) i
T Tlli/Tu
y
m
1! i
LA (X50,1) =




dim M, <n! (easy).

M, affords a bi-graded version of the regular representation of S,.

M,, affords a bi-graded version of the regular representation of S,,.



