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Connected Sets

A disconnected metric space X: X=UUV,UNnV =g,
U#o,V+wo.

A disconnected subset S C X: (S, d) is disconnected as
metric space. Equivalently, 3 open U, V C X s.t.
S=(SnU)u(SnV),(SnU)a(SNV)=a,5NnU +# g,
SNV #@. Thefirst condtneqtto Sc UU V.

=Gl

Connected subset: one which is not disconnected.
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Intervals in R

_eeRlas2z <€) \
(a, b], [a,g),{(%oo,b],etc. o % 4 (MJV he @ 5301 62))

Not on current HW (simple exercise): / € R is an interval iff
: <2y =
Vx,yelandzeR.x@%:zel. (w%z;%%éﬁj

Trivial intervals: @ and singleton {a} = [a, a]. Other intervals
will be called nontrivial.
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Connected Subsets of R

Theorem

A subset S of R is connected iff it is an interval. In particular R
is connected.

=: Suppose Sis notaninterval,i.e., Ix <y Sandz ¢ S
with x < J2< 3Want to show S disconnected.
u:(.—ab)a 1\/’———(%)00>”P’0"41Q f\/a
UnV=gd L UYV = N2, Sallaxinv2
“: Suppose/ S is a nontrivial interval but discénnected by
open U and V of R. Want: contradiction. /et Sﬁ’éﬂ_ﬂ%gé_\/’é_.
WLOG: X2Y, Tha, by by exterd St 1 Tl 4
S Qﬂr (x4 6)4%6{6(6; L“X)2>/27)< —Aoeh ot geceh %ZXJ; o
[Ny
A= Q\M@/)l %é(@\ KeZLy 2 SIS £r Essﬂ%

. N — - ( . C—S (
ows®y x wertor dlh 25 xe (x Jrer) & Uy DORDEE ¢y
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Continuation of proof: S an interval = S connected

X<l 2y = LS (72 gmMsM?W~

Tl 2 ¢ V.
s 1:%% Je Q(o«g?%‘%” ,Fede WL A M;LS
Q = CY)oL)‘“gDCS”u 0&9- fk:é'
dotmbicts @i mouger) X 00D 2y

Q\)T{} ié\/' S V P 35270'» Cobzl’d‘:& isn\/
- - (2 fsz:;

x
> d A e Lowsl Aot-€, /2
e A7
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Simultaneously Open and Closed Subsets of R

Corollary

The only subsets of R that are both open and closed are & and
R

PFESFR M gpdelec
— (SC)&X%SO G/M%«&f Aosed,
=g vs® dserm s R
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Sequences in Metric Spaces and Limits

Definition (sequence as a: N — X or {ap}, Iimit

onvergent o, =alny e X

x;Ls Aot % VzvoJNeQ\f >\“>/‘/ ”Q(&“)L)<
Unlqueness £ Q

-~ =la ]_,\().Z/_h—
\>L¢\>L>( Z’ "~y L M&Q&M o [a)

(1} seaye Al ) o L
Example Sequence in R’ (numerica seque ce)
le Lo ¥aro bk AL NS L [ v )

Boundedness: (Choosé = — 1) Y ) {c‘vﬁ ¢4
ver{ (@) T} L0 mary
Oa(am%\ < ”7"( R ¥y, X5 2a0we D)

7/10



