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Connected Sets

A disconnected metric space X : X = U [ V , U \ V = ?,
U 6= ?, V 6= ?.
A disconnected subset S ⇢ X : (S, d) is disconnected as
metric space. Equivalently, 9 open U,V ⇢ X s.t.
S = (S \ U) [ (S \ V ), (S \ U) [ (S \ V ) = ?, S \ U 6= ?,
S \ V 6= ?. The first condtn eqt to S ⇢ U [ V .

Connected subset: one which is not disconnected.
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Intervals in R

[a, b], [a, b), (�1, b], etc.
Not on current HW (simple exercise): I ⇢ R is an interval iff
8x , y 2 I and z 2 R: x  y  z ) z 2 I.

Trivial intervals: ? and singleton {a} = [a, a]. Other intervals
will be called nontrivial.
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Connected Subsets of R

Theorem
A subset S of R is connected iff it is an interval. In particular R
is connected.

): Suppose S is not an interval, i.e., 9x < y 2 S and z 62 S
with x < y < z. Want to show S disconnected.

(: Suppose S is a nontrivial interval but disconnected by
open U and V of R. Want: contradiction.

4 / 10

E- gyy
U= $ - oo

,
z)

,

V = ( Z ,
* ) open of

IR

Un V =p, s c.
U V = IRL E3

,
fallax,Snb y

- Lethem.

WLOGG : Xd y ..
Idea: try to extend Sayto the right of x

as far as possible *. Ex , ⇒ , a > x -look at such interphase ex,a)
& " = sup L Z E IRI X L za y and EX ,

z) CS n u) is the longest extn

Nonempty
'

x interior inn U ⇒ x e ex - r ,#r) Eu , ox,extras
if rissmdlwya

r# o ex ,ter) ES NU



Continuation of proof: S an interval ) S connected
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Simultaneously Open and Closed Subsets of R

Corollary
The only subsets of R that are both open and closed are ? and
R.
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Sequences in Metric Spaces and Limits

Definition (sequence as a : N ! X or {an}, limit, converges,
convergent):

Uniqueness:

Example: {1
n} sequence in R (numerical sequence)

Boundedness: (Choose " = 1)
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