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Limits at Infinity

Let Dc Randf: D — R. Let D be unbounded above for limit
at oo (or below for limit at —cc). Let L € R. We write

if for every ¢ > 0 there is an M > 0 such that (x € D and
x>M (resp. x < —M)) = |f(x) - L| <e.

Intuition: {x e R | x > M} and {x € R | x < —M} are “open
balls” about co and —oco, resp. “Unbounded above domain D” is
the replacement of “cc is a cluster point of D.”

Example
For f(x) = 1/x defined on (0, o), limx_,~ f(x) = 0. Indeed, for
each ¢, choose M = 1/¢. Then vaf
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Properties of Limits at Infinity

Limits limy_, + f(x) have all the properties we have studied
about limits, such as uniqueness, sums, products, squeeze,
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Infinite Limits

Definition

Let Dc Rand f: D — R. Let abe a cluster point of D. We say
that limy_.5 f(x) = oooif for every N > 0 thereisa § = §(N) > 0
such that if x € D and,[x — a| < ¢, then f(x) > N. Similarly, we
say that limy_, 5 f(x) = ~oc if for every N > 0 there is a

§ = 6(N) > 0 such that if x € D anﬁx al < g, then

f(x) < —N.

The notational convention of this definition can be extended to
the case of a = +oo being a “limit point” of D. For example,
limy—00 f(X) = o0 if for every N > 0 there isan M = M(N) > 0
such that if x € D and x > M, then f(x) > N.

Example

For f(x) = 1/|x| defined on R \ {0}, limy_,o f(X) = oco. Indeed

for each N > 0, choose 6 = 1/N. Then # X £0 @ (X[ < 4
we bavg g(ﬂt C—x‘(){‘?:/\/, Js,\:\a_;\/“‘\
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Discontinuities

G adsontina o £ Do XY (L f &b bk
Let f : (a,b) — R. We say that f has a right-hand limit at a, Ce*-o%s

denoted/f if for every ¢ > 0 there is a § > 0 such that A
0<x— a<6:|f()—f(a+)\<s —?}(—**6’

o~ = & Can Lx)

We write f(a+):= limy_,ay f(X) W héuihls limit exists.
We say that f has a left-hand limit at b, denoted for

every € > 0 there is a 6 > 0 such that
O<b—x<d=|f(x)—f(b-) <e.

We write f(b—):= lim,_,,_ f(x) when this limit exists.

A function f is said to have a discontinuity of the first kind, or
simple discontinuity, at the point a if the one-sided limits f(a+)
and f(a—) both exist, but f is discontinuous at a. If they are
unequal: f(a+) # f(a—), we call it a jump discontinuity. If they
are equal: f(a+) = f(a—), we call it a removable discontinuity.
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Discontinuities of the First Kind

X+1, if —1 < x <0,
f(x) = )
x—1, ifo<x<H1,
has a jump discontinuity at x = 0.

{Z(oﬁ) s L= |

x/“sbf
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i \
f(x) = S';‘(X, if x % 0, &

has a removable discontinuity at x = 0.
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Discontinuities of the Second Kind

A function f is said to have a discontinuity of the second kind at
the point a if either of the one-sided limits f(a+) and f(a—) fails
to exist. A particular case: f has an infinite discontinuity at a if
either of the one-sided limits at a is infinite.

Examples

f(x) = sin 1, if x #0,
X X
has a discontinuity of the second kind at x = 0.

{eX, fx<o0 T M’é(&ﬂtmL
f(x) =

Yils
i if x >0,

has an infinite discontinuity atx =0. L
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