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Rearrangements and Riemann’s theorem

Rearrangements

Definition

Let
P1

k=1
ak be a given series. Let {pk} be a sequence in which

every positive integer occurs exactly once, that is, p : N ! N,

k 7! pk , is bijective. Then {pk} is called a permutation of N and

the series
P1

k=1
apk is called a rearrangement of

P1
k=1

ak .

Example

1X

k=1

(�1)k�1 = 1 � 1 + 1 � 1 + 1 � . . .

Rearrange:

2 / 10

diverges
- but not

to I •
I t l - I t ltl# - I t l

t l -t It I - l 't. .
.

4

$f÷%rgets % 6213 , 4 , -3 , 4,5 , 6,636,7 , s , g. .
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Rearrangement Example

Example

1X

k=1

k = 1 + 2 + 3 + 4 + · · · = � 1

12

via a sequence of illegal rearrangments.

3 / 10

(
and subtractions

such as It 2+3+4+5+
. . - I

see a video

- (O -11 -12+3+44 . . .
) on youtube

= I t Lt l t It l t . .

There is a r ggourous sense in
which i , "

Ek -- FE : Scs) : -- Eq, ist-4--2*4=-95(zeta) by Toff'fat on
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Rearrangement of Absolutely Convergent Series

Theorem

If
P1

k=1
ak converges absolutely and S =

P1
k=1

ak , and ifP1
k=1

apk is any rearrangement of
P1

k=1
ak , then we also have

S =
P1

k=1
apk .

Proof.

4 / 10

Cauchy criterion for E.
,

a e :

V-E> o Ed N : tf m > n zN

Finn
+ ,

Karl < 42£ . Take M Z N such that

{ I
,
2
,
-

>
N } c L pi , Pz , .

. .

, Pm} .

Than

Fg ,

ah and EEF
,

a
a
will include a *

, g.,
aµ

and so will ¥
,

aa and II
,
apa BEARHIM .
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Proof, Continued

5 / 10

K K K

+Iffy Fah - ⇐ apat-TEm.ae -E. apedA- I
. .

K K skipping
E E tant t -2 lapel sEztEz=E by the chant 'IN

triangle f-Ntl k= '

inequality sah.im?,8aN
•

in the Cauchy criteria for Ead .
k=i

Thus
,

V-E > o F M EAV :V-KZMIE.ae- II.apalse .
⇒ fish.ge -Eiga)

exists and equals O
.
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Proof, Concluded
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2¥, one has a limit
,
which is ⇒

seFrances II, ape converges
with limits

.

→ D
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Riemann’s Theorem

Theorem

Suppose
P1

k=1
ak is conditionally convergent. Given any real

number S, there is a rearrangement
P1

k=1
apk that converges to

S.

Given a series
P

k=1
ak , let

a+
k := max{ak , 0} and a�

k := max{�ak , 0}.

Then a+
k = ak if ak > 0 and a+

k = 0 otherwise; a�
k = |ak | if

ak < 0 and a�
k = 0 otherwise.

Proposition

If
P

k=1
ak is absolutely convergent, then the series

P
k=1

a+
k

and
P

k=1
a�

k are both convergent. If
P

k=1
ak is conditionally

convergent, then the series
P

k=1
a+

k and
P

k=1
a�

k are both

divergent.
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•

A co

* co

• D
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Proof of Proposition
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( y E ape converges absok.EE II
,

lad converges

O E ath E la al Caparison

• Eat Elad Fest §zghOh verge
.

(2) E laht diverges
,

Eaa converges

leant = ant tae ⇒ I Caetttaei )
htt

Bothe Zahl and Eaei cannot divergesboth #converge
suppose#E = S ( converges)

,
Zak diverges .

Who G-
Sn

, Sii , Sf
*

.
Su = Sitt -SE th ,

because

(partial swans) an --art -AE .
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Proof of Theorem
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amaze
prooofofprop-connte.me#:GnJdivergesto ⇒
K M >o IN >o : th IN Sri >Mtf

.

Also; shtt s s (Ls IT is increasing canned sins)

⇒ Sn -- si-si es -(Mt s) = - M

⇒ Su → -* Contradiction
.

→
Prop. proven .

Riemann 's Theorem to be proven on

Wednesday .


