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Limit of a Function

Definition

Let X and Y be metric spaces (important case X = Rn,

Y = Rm), D ⇢ X and f : D ! Y . Let a be a cluster point of D,

and let L 2 Y . We say that f has limit L as x approaches a, and

write limx!a f (x) = L if for every " > 0 there is a � > 0 such that

x 2 D and 0 < d(x , a) < � ) d(f (x), L) < ".

Theorem

If, under the assumption of the definition above,
limx!a f (x) = L1 and limx!a f (x) = L2, then L1 = L2.

Proved last time.
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Continuity

Definition

Let D ⇢ X and f : D ! Y . If a 2 D, then f is continuous at a if

lim
x!a

f (x) = f (a).

Theorem (Sequential Characterization of Limits)

Let D ⇢ X and f : D ! Y. Then the following are true:
1. Let a be a cluster point of D. Then limx!a f (x) = L if and
only if for every sequence {xn} in D such that 8n, xn 6= a
limn!1 xn = a, we have limn!1 f (xn) = L.
2. Function f is continuous at a 2 D if and only if for every
sequence {xn} in D such that limn!1 xn = a, we have
limn!1 f (xn) = f (a).

3 / 11

Def Let F : D - Y
,
DCX , a ED .

f is contest a, if t e > o Idso:
(x E D and dCx, a) e d ) ⇒ d ft CH , flat) c E .

foehn
thm ↳ a is a cluster point ofD



Proof of Sequential Characterization Theorem

Proof.
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Further simple properties of limits

1. limx!a f (x) = L 2 Y if and only if limx!a d(f (x), L) = 0.

(Note: d(f (x), L) is a function X ! R, whereas f is a function

X ! Y .)

2. If limx!a f (x) = L 2 Rn, then for any scalar c 2 R,

limx!a cf (x) = cL. Similar property for sums and inner products

of Rn-valued functions and quotients of real-valued functions.

Same for continuous at a functions.

3. If g(x)  f (x)  h(x) 2 R for all x in a common domain

having a as a cluster point, and limx!a g(x) = limx!a h(x) = L
exists, then limx!a f (x) = L.
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Continuity of Composition

Theorem

Let U ⇢ X and V ⇢ Y, and suppose that g : U ! Y and
f : V ! Z. If g is continuous at a 2 U and f is continuous at
g(a) 2 V, then f � g is continuous at a.

Proof.
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