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The square root of 2

Complex numbers

The existence of the square root
p

2

Theorem

There exists a unique positive real number r such that r2 = 2.

Proof. Take A := {s 2 R | s � 0 and s2  2} and r = supA. . .
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Continuation of proving that r2 = 2

Proof.
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Completion of showing that r2 = 2

Proof.
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The Modulus

For z = a + bi 2 C, define

|z| = |a + bi | :=
p

a2 + b2,

called the modulus (or the absolute value) of z.

Figure:

If z 2 R, that is, z = a + 0i , then |z| =
p

a2 = |a|. Indeed,

|a|2 = a2, and a nonnegative square root is unique.
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The Conjugate

For z = a + bi 2 C, define

z̄ = a � bi , the conjugate of z.

Figure:

zz̄ = (a + bi)(a � bi) = a2 + b2 + 0i = a2 + b2, |z| =
p

zz̄

Formula for z�1 (for z = a + bi 6= 0):

z�1 =
1

z
=

z̄
zz̄

=
a � bi

a2 + b2
.
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Properties of the Modulus

Theorem

1 |z| � 0, and |z| = 0 iff z = 0;
2 |zw | = |z||w |;
3 |z + w |  |z|+ |w | (the triangle inequality);
4 ||z|� |w ||  |z + w | (the reverse triangle inequality).

Proof.
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