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Abstract. We introduce the theory of biset functors defined on
finite categories. Previously, biset functors have been defined on
groups, and in that context they are closely related to Mackey func-
tors. Standard examples on groups include representation rings,
the Burnside ring and group cohomology. The new theory allows
these same examples, but defined for arbitrary finite categories,
thus including, for instance, the representation rings of finite EI
categories, among which are posets, and the free categories associ-
ated to quivers without oriented cycles. Group homology with
trivial coefficients is replaced by the homology of the category
with constant coefficients and this is a biset functor when bisets
that are representable on one side are used. We give a defini-
tion of the Burnside ring of an arbitrary finite category. It is a
biset functor that plays a key role throughout the theory. We dis-
cuss properties of the simple biset functors on categories, including
their parametrization and calculation. We describe the symmetric
monoidal structure on biset functors, Green biset functors and an
approach to fibered biset functors for categories, together with the
technicalities these entail. Various examples are given, the most
elaborate showing a connection between the correspondence func-
tors of Bouc and Thévenaz and biset functors on Boolean lattices.
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1. Introduction

We introduce the study of biset functors defined on finite categories.
Biset functors defined on groups have been studied for a long time
and include examples such as Grothendieck groups of group rings, the
Burnside ring of a group, and group cohomology (with a restriction on
the bisets used), among others. They are closely related to Mackey
functors. These structures have been used as an aid in calculating
values of these Grothendieck groups, group cohomology, and so on. The
fundamental nature of the constructions also provides a framework in
which questions about group representation theory may be phrased and
studied. For two overviews of such functors on groups see [8] and [25]
(where biset functors are called ‘globally-defined Mackey functors’).

The goals of introducing biset functors on finite categories are simi-
lar, but the context is broader. The new theory applies to Grothendieck
rings of representations of categories, thus including representations of
quivers and posets, as well as representations of groups. We make a
new definition of the Burnside ring of every finite category, generalizing
the definition for groups.

The theory applies also to the homology and cohomology of cate-
gories. In the context of finite groups, a restriction must be made to
use only bisets that are free on one side if we wish to regard cohomology
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and homology as biset functors. We identify the generalization of this
condition that works for categories, and it is that the bisets be repre-
sentable on one side. With this restriction, homology and cohomology
of categories are biset functors, as is Hochschild homology. One use
of this is that the biset functor formalism provides a way to construct
transfer maps.

As a special case, any simplicial complex determines a category,
namely, the poset of simplices of the simplicial complex. The homology
of the poset in the sense of category homology is the same as the topo-
logical homology of the simplicial complex. By this means the usual
topological homology of finite simplicial complexes is included within
the theory of biset functors.

Before presenting these examples we must first establish what we
mean by a biset functor in the context of categories, and we begin by
setting up the foundations of the theory. The development is parallel to
that of biset functors for finite groups, and we will see that many things
that work for finite groups carry straight over to finite categories, while
other things do not work.

In Section 2 we start with the notion of a set with an action of a
category, or ‘category set’. By this we mean a functor from the cat-
egory to the category of sets, a construction that appears throughout
mathematics in various forms. For example, regarding groups as cat-
egories with a single object in which all morphisms are invertible, a
category set for a group G is the same thing as a G-set, or permutation
representation. There are many other examples of category sets that
standardly arise. For instance, simplicial sets are defined as functors
from a certain category to sets; in combinatorics, directed graphs and
rooted trees may both be regarded as sets for the action of certain cat-
egories; sometimes (contravariant) functors to the category of sets are
termed presheaves; and so on. In developing the theory of category sets
along the lines of permutation representations we find that we have to
be careful about certain things. For example, there is more than one
candidate for the definition of a transitive set, and the different candi-
dates have different properties. It is in this section that we define the
Burnside ring of a finite category to be the Grothendieck ring of its
finite category sets.

Section 3 is about the first properties of bisets and biset functors.
A biset for a pair of categories C,D is a set for C × Dop. Such bisets
have been studied previously, in a different context, under the name of
distributors, or profunctors. We import results established for bisets in
that other context whenever possible. This includes the associativity
of the product that we define on bisets, as well as other properties. We
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define the biset category: the objects are finite categories and the mor-
phisms are linear combinations of bisets. Composition of morphisms is
determined by the biset product and distributivity.

There are features of bisets for categories that do not appear when we
only consider bisets for groups. For instance, non-isomorphic categories
may become isomorphic in the biset category, a possibility that does
not happen with groups. There is, in general, no factorization of bisets
as composites of special bisets that factor through smaller categories, as
happens with groups. On the other hand, we can factor every biset in
a different way as a composite of two bisets factoring through a larger
category. This is a possibility not allowed when the objects in the biset
category are just groups, as it requires categories to have more than
one object. These and other properties are studied in Section 4.

In Section 5 we introduce representable sets and bisets, and in Sec-
tion 6 we show how to define the homology and cohomology of a cate-
gory as biset functors, using bisets that are representable on one side.
In the case of biset functors defined on groups, the usual way to see
that group cohomology is a biset functor is to observe that there are
generating bisets corresponding to restriction, transfer and conjugation
that satisfy defining relations also satisfied by cohomology. In the case
of bisets and cohomology for categories we no longer have distinguished
generating bisets, let alone relations they might satisfy. Our approach
instead is to construct all the cohomology operations at once. We
use the fact that this has already been done for Hochschild homology,
which also has the structure of a biset functor on categories. We de-
duce the result for ordinary category homology by splitting it off from
Hochschild homology in the same way as was done by Xu for ordinary
cohomology and Hochschild cohomology. In the special case of group
homology and cohomology, this process constructs restriction, transfer
and conjugation maps by a single formula. For finite categories in gen-
eral it constructs transfer maps in situations where induction need not
be both the left and right adjoint of restriction (as is usually assumed),
as we show by example

Treating biset functors in the spirit of representation theory, it is
crucial to identify the simple biset functors, and we provide a way
to do this in Section 7. There is a standard well-known relationship
between simple functors on a category and simple functors on a full
subcategory. It means that simple functors are either simple or zero on
each full subcategory, and also that each simple functor on a subcate-
gory extends uniquely to a simple functor on the larger category. As a
consequence, simple functors are determined by each of their non-zero
evaluations at categories, as modules for the endomorphism rings (in
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the biset category) of those categories. Parametrizing a simple func-
tor is then a question of choosing a preferred category on which it is
non-zero, and finding an appropriate way to describe its simple evalu-
ation there. This is the basis of our approach to the parametrization
of simple biset functors. Finding the appropriate description of simple
modules for endomorphism rings of categories turns out to be not so
straightforward as for groups.

As a more extended example, we make a connection in Section 8 be-
tween the correspondence functors studied by Bouc and Thévenaz and
biset functors defined on Boolean lattices of subsets of some given set,
using representable bisets. We show that there is a canonical bijection
between the simple functors in the two cases. Thus each simple cor-
respondence functor determines a simple biset functor and, conversely,
each simple biset functor that is non-zero on a Boolean lattice deter-
mines a simple correspondence functor.

In Section 9 we describe further structures on the biset category
and on biset functors. We show that the biset category is a rigid
symmetric monoidal linear category with an internal Hom, implying
that biset functors also have a symmetric monoidal structure, again
with an internal Hom. The rigidity of the biset category translates
to certain isomorphisms between biset functors. From all this, Green
biset functors and modules are defined, extending the definition for
groups. We conclude with a generalization of fibered biset functors to
categories.

Some notation: we will write Set for the category of finite sets, and
R will be a commutative ring. All arbitrary categories we consider,
denoted by letters C,D etc, will be finite, and we will assume this
without explicitly mentioning it. We write Cop for the opposite category
to C and 1 for the category with a single object and a single morphism
(the identity group). We let Cat denote the category whose objects are
finite categories, and whose morphisms are functors.

I express my thanks to the many people who have helped me with
their knowledge and insight, and especially I thank Robert Boltje, Serge
Bouc, Andrew Snowden, Ben Spitz and Jacques Thévenaz for very
valuable discussions.

2. Sets with an action of a category

Permutation actions of groups, or G-sets, are fundamental in the
study of groups and in any situation where group actions are consid-
ered. We generalize this notion to categories. A preliminary version of
some of this material was given in [29].
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Definition 2.1. Given a category C, a left C-set is a functor Ω : C →
Set. By a right C-set we mean a functor Ψ : Cop → Set, where Cop is
the opposite category. Without the specification of left or right, a C-
set is taken to be a left C-set. The C-sets form a category C-Set whose
objects are the C-sets and in which the morphisms are the natural
transformations between the functors.

Thus a C-set means that for each object x of C we have a set Ω(x), and
for each morphism α : x→ y in C we have a map of sets Ω(α) : Ω(x)→
Ω(y) satisfying the usual functorial conditions. Rather than writing
Ω(α)(u) for the image of an element u ∈ Ω(x), we often write simply αu.
The left C-set terminology is consistent with the convention of applying
mappings from the left, so that β(αu) = (βα)u when β : y → z. Given
a contravariant functor on C, meaning a functor Ψ : Cop → Set, we may
write vβ for the element Ψ(β)(v) where v ∈ Ψ(z). Now v(βα) = (vβ)α.

When C is a group (a category with one object in which all morphisms
are invertible) then a C-set is the same thing as a G-set, where G is the
set of morphisms of C. In general a C-set Ω is just a diagram of sets
having the shape of C. Many examples of C-sets for other categories
C arise in a fundamental way throughout mathematics. We continue
with basic definitions.

Definition 2.2. A sub-C-set of a C-set Ω is a functor Ψ : C → Set for
which each set Ψ(x) is a subset of Ω(x) and the morphisms Ψ(α) are
restrictions of the morphisms Ω(α). If Ψ1,Ψ2 are both sub-C-sets of Ω
then Ψ1∩Ψ2 is the sub-C-set with (Ψ1∩Ψ2)(x) = Ψ1(x)∩Ψ2(x) for all
objects x. Given two C-sets Ω1 and Ω2 we define their disjoint union
Ω1 ⊔ Ω2 to be the C-set defined at each object x of C by

(Ω1 ⊔ Ω2)(x) := Ω1(x) ⊔ Ω2(x)

and on morphisms α : x→ y in C

(Ω1 ⊔ Ω2)(α)(u) :=

{
Ω1(α)(u) if u ∈ Ω1(x)

Ω2(α)(u) if u ∈ Ω2(x).

We write Ω = Ω1 ⊔ Ω2 to mean that Ω(x) = Ω1(x) ⊔ Ω2(x) for all
objects x of C. We will call a non-empty C-set indecomposable if it is
not isomorphic to a proper disjoint union of C-sets (one where both
C-sets are non-empty).

A C-set Ω is finite if there are only finitely many objects on which Ω
is non-empty, and on each of those objects Ω takes value a finite set.
We define the support of a C-set Ω to be the set of objects x in C for

which Ω(x) is non-empty. We will say that a category C is connected
if it cannot be written C = C1 ⊔ C2 where C1 and C2 are non-empty
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categories and there are no morphisms going from one of C1, C2 to the
other.

An equivalent condition for a category C to be connected is that for
every pair of objects a, b in C there is a chain of morphisms in C of the
form a→ x1 ← x2 → x3 · · · ← xn → b. It is also equivalent to say that
the nerve of C is connected.
When G is a group, transitive G-sets or orbits can be defined in more

than one way: as sets generated by a single element; or as indecom-
posable G-sets. In the generality of categories it turns out that the
definition as an indecomposable set works better than the other one.
Thus the decomposition of any permutation representation of a group
uniquely as a disjoint union of transitive sets works for categories as a
disjoint union of indecomposable sets.

Proposition 2.3. Let C be a category.

(1) If Ψ is a sub-C-set of Ω and Ω = Ω1 ⊔ Ω2 then

Ψ = (Ψ ∩ Ω1) ⊔ (Ψ ∩ Ω2).

(2) Every finite C-set Ω has a unique decomposition

Ω = Ω1 ⊔ Ω2 ⊔ · · · ⊔ Ωn

where each Ωi is indecomposable.
(3) If Ω is an indecomposable C-set then the full subcategory of C

whose objects are the support of Ω is connected.

Proof. (1) This is because for any set of the form A = A1⊔A2 and any
subset B ⊆ A we have B = (B ∩ A1) ⊔ (B ∩ A2).

(2) The finite C-set Ω may happen to be the disjoint union of two
C-sets, or not; if it can be broken up as a disjoint union we can ask
if either of the factors is a disjoint union, and by repeating this we
end up with a disjoint union of C-sets each of which is indecomposable.
Uniqueness of the decomposition follows from (1).

(3) Let D be the full subcategory of C whose objects are the support
of Ω. If D is disconnected then D = D1 ⊔ D2 with no morphisms
between D1 and D2. In such a situation we may write Ω = Ω1 ⊔ Ω2,
where for i = 1, 2, Ωi(x) = Ω(x) if x ∈ Di, and is empty otherwise and
thus one of Ω1,Ω2 must be empty. If, say, Ω1 is empty then D1 is not
in the support of Ω which is a contradiction. Thus D is connected. □

Definition 2.4. Given a C-set Ω and a subset

X ⊆
⊔

x∈ObC

Ω(x),
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we say that the sub-C-set of Ω generated by X is the intersection of
the sub-C-sets of Ω that contain X. We say that Ω itself is generated
by X if it equals the sub-C-set of Ω generated by X.

Furthermore, if u ∈
⊔

x∈ObC Ω(x) we define the orbit of u to be the
unique indecomposable summand Ωi of Ω for which u ∈ Ωi(x)

In the case of sets for a group, the indecomposable subsets are pre-
cisely the sets generated by one element, and these are also the orbits
of a G-set. The same is not true in general for C-sets, as the next
example shows. It illustrates the care we must take in defining these
concepts for categories.

Example 2.5. Let C be the category

A2 = •
x

α−→ •
y

that has two objects x and y, a single morphism α from x to y, and
the identity morphisms at x and y. Let Ω be a C-set. By considering
the points of Ω(x) that map to each point of Ω(y), we see that the
indecomposable A2-sets have the form

Ωn := n→ 1, n ≥ 0

where n = {1, . . . , n} is a set with n elements, the mapping between the
two sets sending every element onto a single element. We see from this
example that a finite category may have infinitely many non-isomorphic
indecomposable sets, and also that indecomposable sets need not be
generated by any single element, because Ωn needs n elements to gen-
erate it. The orbits of a C-set such as Ω5 ⊔ Ω7 are precisely the sets
Ω5,Ω7, even though there are other indecomposable sets such as Ω0,Ω1

etc. as subsets. There is also an indecomposable infinite set Ω∞ defined
with Ω∞(x) of infinite cardinality.

More generally, let An = •
xn

→ •
xn−1

→ · · · → •
x1

be the category that

is the poset with n elements in a chain. The indecomposable An-sets
are the rooted trees whose nodes are all at distance ≤ n − 1 from the
root.

We do have the following relation between indecomposability and
generation by a single element.

Lemma 2.6. Let Ω be a C-set. If there exists an object x and an
element u ∈ Ω(x) that generates Ω then Ω is indecomposable.

Proof. If Ω = Ω1 ⊔ Ω2 then without loss of generality u ∈ Ω1(x) and
we deduce that the sub-C-set of Ω generated by u must be contained
in Ω1. It follows that Ω = Ω1 so that Ω2 is empty, and Ω must be
indecomposable. □
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Example 2.7. Let C be the Kronecker category with two objects x
and y, and two morphisms α, β : x → y. This finite category has
infinitely many indecomposable finite sets, all of whose morphisms are
injective maps. To see this, consider the C-sets Ωn and Ψn, where
n ≥ 1, described diagrammatically as follows.

C =
•

•
α β

x

y

Ωn(x) =

Ωn(y) =

• • · · ·

• • · · · •

•

•

Ψn(x) =

Ψn(y) =

• • · · ·

• • · · · •

•

These C-sets have |Ωn(x)| = |Ψn(x)| = |Ψn(y)| = n and |Ωn(y)| = n+1.
There are also sets of the form Ω∞ that continue indefinitely in one or
both directions. The effects of α and β are indicated by solid and
dashed arrows. The C-sets of this kind are all of the indecomposable
sets with morphisms acting as injective maps, the other C-sets having
maps are not injective.

The C-sets for this category are in bijection with directed graphs:
given a C-set Ω we may construct a graph whose vertex set is Ω(y),
and where there is an edge from vertex a to vertex b if there is an
element u ∈ Ω(x) so that α(u) = a and β(u) = b. Every directed
graph arises in this way. The connected directed graphs coming from
C-sets Θ where both Θ(α) and Θ(β) are injective are the oriented chains
and circuits.

We now give a definition of the Burnside ring of a finite category,
generalizing the definition of the Burnside ring of a finite group. Our
definition is different to other definitions we may find, such as those
given in [17, 33, 34].

Definition 2.8. We define the Burnside ring of a finite category C to
be

B(C) := Grothendieck group of finite C-sets with respect to ⊔.

Thus B(C) is the free abelian group with the (isomorphism classes of)
indecomposable C-sets as a basis.
There is a product operation on C-Set making this a symmetric

monoidal category: given two C-sets Ω and Ψ we define (Ω×Ψ)(x) =
Ω(x) × Ψ(x) for every object x, and (Ω × Ψ)(α) = Ω(α) × Ψ(α) on
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morphisms α of C. This allows us to define a multiplication on B(C),
given by × on the basis elements.

We let ∗ denote the constant C-set whose value is a single point. This
is a functor ∗ : C → Set whose value at each object is a single point,
and whose value on every morphism is the identity morphism. Note
that ∗ is indecomposable if and only if C is connected.

The following is evident:

Proposition 2.9. Let C be a finite category. Then B(C) is a commu-
tative ring with identity ∗, and with basis the isomorphism classes of
indecomposable C-sets.

The literature on the Burnside rings of groups is well established,
so we give an example of a Burnside ring of a category that is not a
group.

Example 2.10. As in Example 2.5 consider the category

A2 = •
x

α−→ •
y
.

We have seen that its indecomposable sets have the form Ωn := n →
1, n ≥ 0 and we see that Ωm × Ωn

∼= Ωmn. Thus B(A2) ∼= ZN× is
the monoid algebra over Z of the monoid N× of natural numbers under
multiplication.

When G is a group we can recover G from its category of G-sets.
More generally, we can only recover a category C from its category
of C-sets up to idempotent completion, as we shall see. When C is a
finite category we take its idempotent completion to be the category
C̄ whose objects are the idempotent endomorphisms in C, and where
if e ∈ EndC(x) and f ∈ EndC(y) are idempotent then HomC̄(e, f) :=
f ·HomC(x, y) · e. This is called the Cauchy completion in [5] and it is
also known as the Karoubian envelope.

The following result appears as Theorem 6.5.11 in [5], where a proof
is given.

Theorem 2.11. Categories C and D have equivalent idempotent com-
pletions if and only if the categories C-Set and D-Set are naturally
equivalent.

In particular, equivalent categories C ≃ D have C-Set ≃ D-Set, and
composition with an equivalence F : C → D provides an equivalence
D-Set → C-Set. Also, composition with the natural inclusion C → C̄
provides an equivalence C̄-Set→ C-Set. We may deduce from this the
following.
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Theorem 2.12. If C and D have equivalent idempotent completions
then the Burnside rings B(C) and B(D) are isomorphic as rings.

Proof. Suppose that C and D have equivalent idempotent completions,
so that C-Set ≃ D-Set. Disjoint union decompositions of C-sets are
determined as coproducts, so that indecomposable C-sets correspond
to indecomposable D-sets under the equivalence. This means that any
such equivalence induces an isomorphism of abelian groups B(C) ∼=
B(D).

To show that we have a ring isomorphism, let us first observe that if
we have an inclusion of categories I : U → V that induces an equiva-
lence V-Set → U -Set then we have a ring isomorphism B(U) ∼= B(V).
This is because the map on Burnside rings induced by an inclusion is
a ring homomorphism.

To apply this, the equivalence of C̄ and D̄ means there is a common
skeletal subcategory S of C̄ and of D̄ so that the inclusions S → C̄
and S → D̄ are equivalences, and now all of the inclusions C → C̄ and
S → C̄, S → D̄ and D → D̄ induce equivalences of the categories of
sets. The result follows by composing the ring isomorphisms obtained
from this. □

Example 2.13. The Burnside ring of the monoid {1, α} where α2 = α
is isomorphic to the Burnside ring of the category shown in Exam-
ple 5.4, which is its idempotent completion.

3. Bisets for categories

Bisets have been studied for a long time under several different
names. In the context of category theory they are known as distribu-
tors, or profunctors. They appear in the 1966 thesis of Bunge [11] as
well as in the work of Bénabou [3] from 1973, and there is a descrip-
tion of the theory of distributors in [5, Sec. 7.8]. When the categories
on which they are defined are groups, bisets and a biset category using
bisets as morphisms were introduced in a topological context in [1]. The
bisets there had a free action on one side, The similar category with-
out this restriction was introduced in [6]. We review these definitions
and introduce our notation, using the term biset, rather distributor or
profunctor, noting that the theory of bisets differs from that of distrib-
utors once we impose the relation that disjoint union corresponds to
sum.

Definition 3.1. Given finite categories C and D we define a (C,D)-
biset to be a C × Dop-set; that is, a functor Ω : C × Dop → Set. To
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record the presence of C and D we will also write CΩD, instead of just
Ω, for this biset.

Given (C,D)-biset Ω, a morphism α : x → x1 in C, a morphism
β : y1 → y in D, and an element u ∈ Ω(x, y) we get elements

αu := Ω(α× 1y)(u) ∈ Ω(x1, y)

and

uβ := Ω(1x × β)(u) ∈ Ω(x, y1).

Thus we have commuting actions of C from the left and D from the
right on Ω. Often it is easier to use the simpler notation on the left
side of these equations rather than the full functorial notation on the
right.

As with any sets for a category, given (C,D)-bisets CΩD and CΨD we
may form their disjoint union CΩD ⊔ CΨD, and the properties of this
construction established in the last section hold.

There is a product, or composition, of bisets that appears in [3], and
is also described in [5, Prop. 7.8.2]. It is as follows.

Definition 3.2. Given a (C,D)-biset CΩD and a (D, E)-biset DΨE we
construct a (C, E)-biset Ω◦Ψ by the formula, for x ∈ ObC and z ∈ ObE ,

Ω ◦Ψ(x, z) =

( ⊔
y∈ObD

Ω(x, y)×Ψ(y, z)

)
/ ∼

where ∼ is the equivalence relation generated by (uβ, v) ∼ (u, βv)
whenever u ∈ Ω(x, y1), v ∈ Ψ(y2, z) and β : y2 → y1 in D. The left
functorial action of C comes from the action of C on Ω and the right
action of E comes from the right action of E on Ω.

The expression on the right in the above definition is the coend∫ y
Ω(x, y)×Ψ(y, z) as described in [16]. When the categories C, D and

E are groups, this composition of bisets coincides with the usual defini-
tion, given in [1, 6]. The composition is associative up to isomorphism
of bisets, as indicated in the next result. Of special importance is the
identity (C, C)-biset denoted CCC, for each category C, whose value at
objects x, y in C is HomC(y, x).

Proposition 3.3 (7.8.2 of [5]). Small categories, with (C,D)-bisets as
morphisms from D to C, and with natural transformations of bisets
as 2-morphisms, form a bicategory Dist. In particular, the composi-
tion operation ◦ is associative up to isomorphism of bisets. For each
category C the biset CCC is the identity endomorphism.
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Proof. We only sketch the proof because a full account appears in [5].
Equivalence classes in

⊔
y∈ObD Ω(x, y) × Ψ(y, z) are preserved by the

functorial action of C from the left and E from the right. For, if α :
x → x1 in C and γ : z1 → z in E then (αuβ, v) ∼ (αu, βv) and
(uβ, vγ) ∼ (u, βvγ). Hence the definition of Ω ◦ Ψ does indeed give a
biset. The operation is associative because if Θ is a (B, C)-biset then
(Θ◦ (Ω◦Ψ))(w, z) may be identified with the set of equivalence classes
of triples (t, u, v) ∈ Θ(w, x) × Ω(x, y) × Ψ(y, z) under the equivalence
relation defined by requiring that (tα, u, v) ∼ (t, αu, v) and (t, uβ, v) ∼
(t, u, βv) for all morphisms α in C and β in D. The same is true of
((Θ ◦Ω) ◦Ψ)(w, z), and the functorial actions of B and E are the same
under these identifications.

To see that CCC acts as the identity under ◦, we have a natural
transformation CCC ◦ Ω → Ω given at the object (x, z) ∈ C × Dop

by the map specified at the level of elements as (α, r) 7→ αr, where
α : y → x and r ∈ Ω(y, z). This map is evidently surjective to Ω(x, z).
If (α, r) and (β, s) have the same image then αr = βs, so that (α, r) ∼
(1x, αr) = (1x, βs) ∼ (β, s). This shows that the map is bijective and
hence we have a natural isomorphism. The argument that Ω◦DDD ∼= Ω
as bisets is similar. □

The composition of bisets is a precursor of the tensor product of
bimodules, as indicated in the next proposition. Given a commutative
ring R, for each finite category C we form its category algebra RC (see
[12] or [27]), and for each (C,D)-biset Ω we obtain by linearization an
(RC, RD)-bimodule RΩ.

Proposition 3.4. Let CΩD be a (C,D)-biset and DΨE a(D, E)-biset.
Passing to bimodules RΩ and RΨ we have

R(Ω ◦Ψ) ∼= RΩ⊗RD RΨ

as (RC, RE)-bimodules. Furthermore R[CCC] is the category algebra RC
regarded as a bimodule over itself.

Proof. This is evident from the definitions. □

The technicalities of the bicategory Dist can be avoided by con-
structing instead the 1-category with the same objects, and with the
isomorphism classes of distributors (or bisets) as morphisms. We are
about to define a quotient category of this, that we call the biset cate-
gory, by requiring that disjoint unions of bisets are identifed as sums.
The reason for imposing this relation is so that the Mackey formula for
biset functors defined on groups is satisfied.
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Definition 3.5. Let C and D be finite categories. We define A(D, C) to
be the Grothendieck group of finite (D, C)-bisets with respect to disjoint
union ⊔. This means that A(D, C) is the quotient of the free abelian
group with the (D, C)-bisets as basis, by the subgroup generated by
elements Ω− (Ω1+Ω2) whenever Ω ∼= Ω1 ⊔Ω2 as bisets. Thus A(D, C)
is the free abelian group with symbols in bijection with the isomorphism
types of ⊔-indecomposable (D, C)-bisets as basis. If Ω is a (D, C)-biset
we use the same symbol Ω for the coset in A(D, C) that it represents.
If R is a commutative ring we put

AR(D, C) := R⊗Z A(D, C).
Given a further finite category E we define a mapping

AR(E ,D)× AR(D, E)→ AR(E , C)
given on bisets by the composition ◦. This composition sends disjoint
unions to disjoint unions, so extends to an R-bilinear map.

In the context of groups and with the restriction that bisets be free
on one side, the ring A(C, C) is the double Burnside ring, introduced
in [1]. Our next definition (ignoring the free condition on bisets) is
an analogue for categories of the Burnside category for groups in the
terminology of [1], see also [6] and [24].

Definition 3.6. Letting R be a commutative ring, the biset cate-
gory BR is the category whose objects are finite categories, and where
HomBR

(C,D) = AR(D, C). The reversal of the symbols C,D arises be-
cause of the convention that we apply morphisms from the left. Com-
position is determined by the composition of bisets, extended by R-
linearity. A biset functor over R is an R-linear functor BR → R-mod.
Biset functors are the objects in a category FR in which the morphisms
are natural transformations. If the commutative ring R is clear from
context, we will omit it from the notation, writing simply B instead of
BR and F instead of FR.

As with all functor categories to the category of R-modules, the
category of biset functors is abelian. We now present examples of
parts of the biset category, and of biset functors. Some of them are the
same as examples familiar from the theory of biset functors on groups,
and the difference is they are now defined on all finite categories.

Example 3.7. For each natural number n, consider the discrete cate-
gory [n] whose objects are the elements of the set n = {1, . . . , n}, and
where the only morphisms are the identity morphisms. An ([m], [n])-
biset Ω is a set for the category [m]× [n]op, which is a discrete category
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with mn objects that can be written as pairs (i, j) where i ∈ [m] and
j ∈ [n]. A set for this category is the specification of a list of mn sets
Sij that we can list in an array

Ω = (Sij) =

S11 S12 · · · S1m
...

...
Sn1 Sn2 · · · Snm

 .
If we have a second ([ℓ], [m])-biset Ψ = (Tjk) the composite ΩΨ has
(i, k) entry

(Si1 × T1k) ⊔ (Si2 × T2k) ⊔ · · · ⊔ (Sim × Tmk),

there being no relation to put on the disjoint unions because there
are no non-identity morphisms in the discrete categories. Identifying
these bisets by the sizes of the sets that are their entries, we see that
isomorphism classes of bisets biject with matrices with non-negative
integer entries, with composition given by matrix multiplication. Under
the operation of disjoint union the bisets are the free commutative
monoid spanned by the bisets Eij that consist of a single point set
in position (i, j) and are empty elsewhere. Thus the Grothendieck
group AZ([m], [n]) ∼= Matm,n(Z) and, more generally, AR([m], [n]) ∼=
Matm,n(R) for any commutative ring R. We summarize this in the
following result.

Proposition 3.8. Let R be a commutative ring. The full subcategory
of the biset category BR that has as its objects the discrete categories
[m] is equivalent to the category whose objects are free modules of fi-
nite rank over R, with R-module homomorphisms as morphisms. Thus
EndBR

([m]) ∼= Matm,m(R).

We see in this example the effect of imposing the relation Ω ⊔ Ψ =
Ω + Ψ on bisets, as morphisms in the biset category. Without con-
sidering the operation of disjoint union, we would obtain a theory in
which ([m], [m])-bisets form a monoid under composition that may be
identified as the monoid Matm,m(N) under matrix multiplication. Rep-
resentations of this monoid are linear representations of the monoid
algebra RMatm,m(N) and these include more than the linear represen-
tations of Matm,m(R) that appear with biset functors.

The last example suggests a useful notation for storing information
about a biset.

Definition 3.9. Let Ω be a (C,D)-biset. Place the objects of C and
also the objects of D in some total order. The size matrix |Ω| of Ω is
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the matrix with rows indexed by the objects of C, columns indexed by
the objects of D, and where the (x, y) entry is the size |Ω(x, y)|.

Example 3.10. Let C = E = A2 = 1 → 2 and D = A3 = 1
α−→ 2

β−→ 3
with the objects placed in the order indicated. Consider a (C,D)-biset
Ω and a (D, E)-biset Ψ with the size matrices indicated:

|Ω| =
[
1 1 0
1 1 1

]
, |Ψ| =

1 0
1 0
1 1

 , |Ω ◦Ψ| =
[
1 0
1 1

]
.

In this particular case, Ω,Ψ and Ω ◦ Ψ are uniquely specified by their
size matrices. In more general examples this would not happen. For
instance, Ω(1, 2) is a single point, and there is only one possibility for
how it can map to the single point Ω(1, 1) by the right action of D,
and also to the single point Ω(2, 2) by the left action of C. The size
matrix for Ω ◦ Ψ is computed by matrix multiplication as in Example
3.7, followed this time by imposing a non-trivial equivalence relation.
For example, in computing (Ω ◦Ψ)(2, 1) the set⊔

y∈ObD

Ω(2, y)×Ψ(y, 1)

that appears in the definition of the product is the disjoint union of
three one-point sets {(a, r)}, {(b, s)}, {(c, t)} where

Ω(2, 1) = {a}, Ω(2, 2) = {b}, Ω(2, 3) = {c}
Ψ(1, 1) = {r}, Ψ(2, 1) = {s}, Ψ(3, 1) = {t}.

The three elements are equivalent because (a, r) = (bα, r) ∼ (b, αr) =
(b, s), and similarly (b, s) ∼ (c, t).

The size matrix for Ω◦Ψ is not the product |Ω||Ψ| =
[
2 0
3 1

]
and the

discrepancy between the entries of these two matrices is accounted for
by the fact that we imposed a non-trivial equivalence relation. Without
the equivalence relation we would get straight matrix multiplication,
as happens with discrete categories in Example 3.7. In general the size
after the equivalence relation has been imposed is, if anything, smaller
than the entry in the matrix product; it must also be at least 1 if any
of the sets Ω(x, y)×Ψ(y, z) is non-empty.

We have proved the following useful aid in doing calculations with
bisets:

Proposition 3.11. Let Ω be a (C,D)-biset and Ψ a (D, E)-biset. The
entries of the size matrix |Ω ◦Ψ| are bounded by the entries of |Ω||Ψ|.
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An entry of |Ω ◦ Ψ| is zero if and only if the corresponding entry of
|Ω||Ψ| is zero.

We continue with examples of biset functors.

Example 3.12. Let R be a commutative ring that is either a field
or a complete local domain, so that whenever C is a finite category,
the finitely generated modules for the category algebra RC satisfy the
Krull-Schmidt theorem. Let K0(RC,⊕) be the Grothendieck group of
finitely generated RC-modules with relations given only by direct sum
decompositions. The assignment F (C) = K0(RC,⊕) is a biset functor.
The functorial effect on bisets is a follows. Given a (C,D)-biset Ω and
an RD-module M we get an RC-module RΩ ⊗RD M . This defines
a homomorphism K0(RD,⊕) → K0(RC,⊕) that is functorial on B
because tensor product preserves direct sums.

Example 3.13. For each finite category C the representable functor
HomB(C,−) is a biset functor. When C = 1 and the underlying com-
mutative ring R is Z, this is the Burnside ring functor B defined in 2.8.
This is because HomB(1,D) is the Grothendieck group of (D,1)-bisets
with respect to ⊔, and sets with an action of 1 from the right have no
more structure than sets. By Yoneda’s lemma, representable functors
are projective in the category of biset functors (see [27]) and the en-
domorphism ring of HomB(C,−) (as a biset functor) is isomorphic to
EndB(C)op. In particular, the Burnside ring functor is projective, and
it is indecomposable over any connected ring R because its endomor-
phism ring is R.

4. Bisets obtained from functors

The following construction appears in [5, Ex. 7.8.3] in different no-
tation.

Definition 4.1. Given categories C, D and E , and functors F : C → E
and G : D → E we obtain a (C,D)-biset that we denote CF EGD. On
objects x of C and y of D this biset is defined by

CF EGD(x, y) := HomE(G(y), F (x)).

The effect of this functor on morphisms of C and D is given by com-
position in E , after first applying F and G. Thus if α : x1 → x2 in C,
β : y2 → y1 in D and ϕ : G(y2) → F (x1) in E , then CF EGD(α, β) sends
ϕ to F (α)ϕG(β). If either of the functors F or G is the inclusion of a
subcategory in a bigger category, we might omit it from the notation.
This is consistent with the notation for the identity biset CCC.
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Example 4.2. In the context of biset functors defined on groups, when
H is a subgroup of a group G the biset HGG encodes the restriction
operation on biset functors, while GGH encodes transfer or corestric-
tion, and if Q is a factor group of G the biset GQQ encodes inflation
and QQG encodes deflation.

The bisets constructed from functors in this way are the basic con-
nection between the category of finite categories and the biset category.
We will see that some of their properties familiar from the situation of
groups still hold for categories, and some need to be modified. The fol-
lowing result, implied by [5, Prop. 7.8.5], says that these constructions
of bisets are functorial, and determines when two functors between cat-
egories yield isomorphic bisets. We use the notation Cat to denote the
category whose objects are finite categories, and whose morphisms are
functors.

Proposition 4.3. (1) There is a functor ϕ : Cat→ B defined to be
the identity on objects, and defined on functors F : C → D as
ϕ(F ) = DDF C : C → D. There is also a contravariant functor

ϕ̂ : Catop → B that is again the identity on objects, and with
ϕ̂(F ) = CFDD.

(2) Under these functors ϕ and ϕ̂, two functors F,G : C → D are
sent to the same morphism in B if and only if F and G are
naturally isomorphic.

Proof. We describe the case of ϕ, the situation with ϕ̂ being similar.
In [5, Prop. 7.8.5] it is described that there is a is a pseudo-functor
from Cat to the distributor bicategory Dist (see Proposition 3.3). The
pseudo-functor is the identity on objects, and on a functor F : C → D
we get a biset (or distributor) DDF C. This implies that if H : D → E is
another functor then EEHD◦DDF C

∼= EEHF C as bisets. Because bisets are
taken up to isomorphism in B, the definition of ϕ : Cat→ B preserves
composition of morphisms, and we obtain a functor. This proves (1).

It is also shown in [5, Prop. 7.8.5] that the sets of natural transfor-
mations are preserved under the pseudo-functor: if F,G : C → D are
both functors then NatCat(F,G)↔ NatDist(DDGC, DDF C). Thus a nat-
ural transformation between the bisets is an isomorphism if and only
if the functors are naturally isomorphic, and this is equivalent to the
bisets being equal in B. This proves (2). □

We continue with an application of ϕ and ϕ̂. In the theory of bisets
defined when the categories are groups it is significant that the outer
automorphism group Out(G) embeds in EndB(G), this being one of
the ingredients in the parametrization of simple biset functors by pairs
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(G, V ) where V is a simple representation of OutG (see [6]). There
is an analogue for categories of this embedding, although we will see
later that it fails to have the same significance in general that it has
for groups. We describe this now. The first issue is to decide what the
outer automorphism group of a category should be.

Definition 4.4. Given a category C, we write Out(C) for the group of
natural isomorphism classes of self-equivalences F : C → C.

Example 4.5. An easy exercise shows that, when C is a group, Out(C)
is the usual outer automorphism group of C. Note that, for an arbitrary
category C, the set of self-equivalences F : C → C is not a group under
composition.

In the next result we write OutCat(C) and AutB(C) to distinguish
when C is regarded as an object of Cat, or of B.

Corollary 4.6. Let C and D be a finite categories.

(1) If C and D are equivalent categories then they are isomorphic
in the biset category.

(2) The monoid homomorphism EndCat(C)→ EndB(C) determined
by the functor ϕ induces an injective group homomorphism

OutCat(C)→ AutB(C).

Similarly, ϕ̂ induces an injective group homomorphism

OutCat(C)op → AutB(C).
(3) The injection OutCat(C) → AutB(C) realizes the group algebra

ROutCat(C) as a subalgebra of EndB(C) = AR(C, C).
(4) For every biset functor F , the evaluation F (C) has the structure

of an ROut C-module.

Proof. (1) If C and D are equivalent, there are functors F : C → D
and G : D → C so that FG ≃ 1D and GF ≃ 1C. Now the bisets

DDF C and CCGD are inverse isomorphisms in B between C and D by
Proposition 4.3. This is because

DDF C ◦ CCGD
∼= DDFGD

∼= DDD

and similarly

CCGD ◦ DDF C
∼= CCGF C

∼= CCC.
To prove (2), we observe from Proposition 4.3 part (2) that ϕ is

well-defined on natural isomorphism classes of functors, so induces a
group homomorphism as claimed. Under ϕ, a self-equivalence of C is
sent to the identity automorphism of C in B if and only if it is naturally
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equivalent to the identity functor on C, and this shows that the induced
map on OutCat(C) is injective.

(3) Each element of OutCat(C) is mapped to a distinct isomorphism
class of bisets by Proposition 4.3, and so the span of these elements in
AR(C, C) is a copy of ROutCat(C).

(4) is immediate from (3). □

We conclude this section with some results that show behavior not
predicted by the part of the biset category with groups as its objects.
We have already seen in Theorem 2.12 that categories with equiva-
lent idempotent completions have isomorphic Burnside rings, and the
following fills out this picture.

Theorem 4.7. Suppose that C and D are categories whose idempotent
completions are equivalent. Then C and D are isomorphic in the biset
category B.

Proof. It is part of Theorem 7.9.4 of [5] that if the idempotent com-
pletions of C and D are equivalent then C and D are equivalent in the
bicategory of small categories with distributors as morphisms. The
biset category has natural isomorphism classes of distributors as mor-
phisms with the relation imposed that a disjoint union of bisets is equal
to the sum of the terms in the disjoint union. This means that an equiv-
alence in the distributor category implies an isomorphism in the biset
category. □

When we come to the parametrization of simple biset functors, Theo-
rem 4.7 is an obstacle to extending the approach used for biset functors
on groups. An ingredient in the parametrization of a simple biset func-
tor S is to take a group H of least size such that S(H) is non-zero.
Because an isomorphism type of categories in B may have representa-
tives of different sizes, an appropriate choice of category on which S is
non-zero is less clear than it is with groups.

Our final observation in this section has to do with factorization of
bisets. It is shown in [6] that every indecomposable (G1, G2)-biset,
where G1, G2 are groups, can be written as a composite of four bisets
of the form HJK obtained from group homomorphisms H → J ← K
where H, J,K are all no bigger than the largest of G1 and G2, and
this turns out to be important in the development of the theory for
groups in many ways. The analogous statement is not true for bisets
for categories in general, as can be seen by taking a situation where
there are infinitely many (C,D)-bisets (as in Example 3.10), but only
finitely many functors between categories smaller than C or D. We do,
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however, show that every (C,D)-biset CΩD can be written as

CΩD = CF EGD = CEE ◦ EED

where E is a larger category that has C and D as full subcategories
and F : C → E and G : D → E are the inclusion functors. This is
a decomposition that is not available with groups, and it is possible
because categories may have more than one object. It implies that
bisets of the form CEE and EED, with C and D full subcategories of a
category E , generate the biset category.

Given a (C,D)-biset CΩD we will construct the category E that is
variously known as the cograph, bridge or collage of the biset. We will
denote it Cograph(Ω). See [19] for an account of this theory. The
objects of Cograph(Ω) are ObC ⊔ObD and the morphisms are defined
as follows:

HomCograph(Ω)(x, y) =


HomC(x, y) if x, y ∈ C,
HomD(x, y) if x, y ∈ D,
Ω(y, x) if x ∈ D and y ∈ C,
∅ if x ∈ C and y ∈ D.

The composition of two morphisms that are both in C, or both in
D, is the same as it was before in C or D. If α : x1 → x2 in D
and ϕ ∈ Ω(y, x2) then ϕα := Ω(1y, α)(ϕ). If β : y1 → y2 in C and
ϕ ∈ Ω(y1, x) then βϕ := Ω(β, 1x)(ϕ).

Part of the following appears as Exercise 7.10.11 in [5].

Proposition 4.8. (1) Let Ω be a (C,D)-biset and let E = Cograph(Ω).
Then E has C and D as full subcategories, and Ω can be written
Ω = CF EGD as a (C,D)-biset, where F and G are the inclusion
functors.

(2) Let E be a category with full subcategories C,D whose objects
partition the objects of E as ObE = ObC ⊔ ObD. Suppose that
there are no morphisms x → y with x ∈ C and y ∈ D. Then
E = Cograph(CED) as categories.

Proof. (1) From the definitions we have

Ω(y, x) = HomCograph(Ω)(x, y)

whenever x ∈ D and y ∈ C.
(2) From the definitions again, E and Cat(CED) have the same ob-

jects, and the same morphisms. □
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5. Representable sets and bisets

In the theory of biset functors defined on groups it may be necessary
to restrict the kinds of bisets that appear, because some important biset
functors are not defined on all bisets. A natural condition when the
categories are groups is to consider only bisets where the stabilizers
on each side lie in specified classes of subgroups. In [24] bisets free
on restriction to both sides, and also on restriction to only one side,
were considered, because group cohomology is not defined on arbitrary
bisets. By developing the theory using such bisets an application to
the computation of group cohomology was made in that paper. More
general stabilizer restrictions on bisets were considered in [6].

In the case of bisets for categories it no longer makes sense to talk
about stabilizers of elements, and so we replace a condition on stabi-
lizers by a condition that does make sense.

Definition 5.1. We will say that a C-set is representable if it is iso-
morphic to a disjoint union of sets of the form HomC(x,−) for various
objects x of C. Furthermore, a C-set Ω is representably generated by
ω ∈ Ω(x) if and only if the map HomC(x,−) → Ω, given at y on a
morphism α : x→ y by α 7→ (Ω(α))(ω), is an isomorphism.

Note in this definition that we are making a departure from stan-
dard terminology, in that a representable functor is one isomorphic to
Hom(x,−), whereas we are defining a representable C-set to be one
that is a disjoint union of representable functors. The convenience of
this abuse of terminology justifies its use. If a C-set is representably
generated by some ω then it is representable in the standard sense.

Example 5.2. When the category C is a group, a C-set is representable
if and only if the action of the group on the set is free, meaning that
the stabilizer of each element is 1. This is because the group has only
one object, and the functor represented by that object is the regular
representation.

Proposition 5.3. (1) The representable functor HomC(x,−) is rep-
resentably generated at z by f : x → z if and only if f is an
isomorphism in C. In particular, HomC(x,−) is representably
generated at x by 1x.

(2) The representable functors HomC(x,−) and HomC(y,−) are iso-
morphic if and only if x ∼= y in C.

(3) The isomorphism classes of indecomposable representable C-sets
are precisely the C-sets HomC(x,−), where x ∈ C is taken up to
isomorphism.
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Proof. These are well known properties of the Yoneda embedding.
(1) The condition that HomC(x,−) be representably generated at

z ∈ ObC by f : x → z is that the map HomC(z,−) → HomC(x,−)
given at y on a morphism α : z → y by α 7→ αf is an isomorphism of
functors. If f is an isomorphism in C then β 7→ βf−1 is inverse to the
previous map, so the condition on the right implies the condition on
the left. Conversely, if α 7→ αf is an isomorphism of functors the fact
that the Yoneda embedding is faithful means that f is an isomorphism.

(2) It is immediate that the condition on the right implies the con-
dition on the left. Conversely, inverse isomorphisms

HomC(x,−)→ HomC(y,−)→ HomC(x,−)

are determined by mappings x
ϕ←− y

θ←− x that are the images of 1y and
1x, that compose in both directions to give the identities on x and y,
so isomorphism of the functors implies isomorphism of x and y.

For (3), each HomC(x,−) is indecomposable as a C-set by Lemma 2.6,
because it is generated by 1x, and the result now follows from the
definition and (2). □

Example 5.4. It is possible that a representable C-set HomC(y,−)
can be generated at some other object x ∈ C with x ̸∼= y. It follows
from Proposition 5.3 part (2) that the C-set cannot be representably
generated at x. Consider the category

C = • •x y
u

v
α

with compositions uv = 1y, vu = α, so that α2 = α ̸= 1x. The
representable functor HomC(y,−) is representably generated at y, and
is also generated at x by v ∈ HomC(y, x), but not representably so.
The mapping HomC(x,−) → HomC(y,−), given by f 7→ fv, is onto
but not one-to-one, because αv = v = 1xv.

Proposition 5.5. Let Ω : C → Set be a C-set, let ω ∈ Ω(x) for some
object x, and let evx : C-Set→ Set be the functor that is evaluation at
x. The following are equivalent.

(1) Ω is representably generated at x by ω.
(2) for all objects y ∈ C, for all u ∈ Ω(y), there exists a unique

morphism α : x→ y so that u = Ω(α)(ω).
(3) As functors C-Set→ Set, there is a natural isomorphism

HomC−Set(Ω,−) ∼= evx

whose value HomC−Set(Ω,Ω) ∼= Ω(x) at Ω sends 1Ω 7→ ω.
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Proof. (1) implies (2) because condition (2) holds for the representable
functor HomC(x,−) with regard to the element 1x that representably
generates it.

(2) implies (1). Consider the map HomC(x,−) → Ω given by α 7→
Ω(α)(ω). The hypothesis is that this map is bijective, so it is an iso-
morphism. From this, (1) holds.

(1) implies (3) because if Ω is representably generated at x then, by
definition, there is a natural isomorphism HomC(x,−)→ Ω given at y
on a morphism α : x → y by α 7→ (Ω(α))(ω). Yoneda’s lemma says
that, for all C-sets P , we have an isomorphism

HomC−Set(HomC(x,−), P ) ∼= P (x),

so that HomC−Set(HomC(x,−),−) ∼= evx. Combining this with the
previous natural isomorphism we get HomC−Set(Ω,−) ∼= evx.

Consider the following two isomorphisms, the first of which is pre-
composition with the earlier isomorphism HomC(x,−) → Ω and the
second is the isomorphism in Yoneda’s lemma:

HomC−Set(Ω,Ω)→ HomC−Set(HomC(x,−),Ω)→ Ω(x).

The first of these maps 1Ω to the natural map α 7→ (Ω(α))(ω), and the
second sends this to its value on taking α = 1x. Thus 1Ω is sent to ω.

(3) implies (1). The isomorphism given in (3) is a bijection of
natural transformations HomC−Set(Ω,−) ∼= HomC−Set(HomC(x,−),−)
and the fact that the Yoneda embedding is faithful means that Ω ∼=
HomC(x,−) as C-sets. The condition that 1Ω 7→ ω in the isomorphism
HomC(x,−) → Ω at x implies that Ω is representably generated by
ω ∈ Ω(x), because if α : x → y in C then α = α1x 7→ Ω(α)Ω(1x) =
Ω(α)ω by naturality of the isomorhism, and this verifies the definition
of being representably generated at x by ω. □

Corollary 5.6. If the C-set Ω is representably generated by both ω ∈
Ω(x) and ψ ∈ Ω(y) then there is an isomorphism α : x → y in C with
Ω(α)(ω) = ψ.

Proof. Suppose that Ω is representably generated by both ω and ψ. By
Proposition 5.5 there are unique morphisms α : x → y and β : y → x
for which Ω(α)(ω) = ψ and Ω(β)(ψ) = ω. Now βα is the unique
morphism with Ω(βα)(ω) = ω, so that βα = 1 because 1 also has this
property. Similarly αβ = 1 so that α is an isomorphism. □

.
We now consider representable bisets. Given a (C,D)-biset CΩD we

can regard it as a left C-set CΩ and also as a right C-set ΩD by restricting
the actions: as a left C-set its value on an object x of C is defined to
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be
⊔

y∈D Ω(x, y) and as a right D set the value on an object y of D is

defined to be
⊔

x∈C Ω(x, y).

Definition 5.7. We say that a (C,D)-biset Ω is representable on the
left if the left C-set CΩ is representable, and representable on the right
if the right D-set ΩD is representable (that is, representable as a Dop-
set). It is birepresentable if it is both representable on the left and
representable on the right.

We are about to show that the composite of bisets that are repre-
sentable on one side is also representable on that side, and to do this
it is convenient to consider the intermediate set constructed from two
bisets before the relation is imposed that defines the composition of
the bisets. Given bisets CΩD and DΨE we define

Ω⊙Ψ(x, z) :=
⊔
y∈D

Ω(x, y)×Ψ(y, z).

Thus Ω◦Ψ(x, z) = Ω⊙Ψ(x, z)/ ∼ where ∼ is the relation generated
by (uδ, v) ∼ (u, δv), with δ ∈ D. The relation ∼ will appear throughout
the next lemmas. We will denote the equivalence class of (u, v) under
∼ in Ω⊙Ψ(x, z) by u⊠ v.

As notation, we recall that if Ω =
⊔
Ωi is a disjoint union of in-

decomposable C-subsets and u ∈
⊔

x∈ObC Ω(x) we define the orbit of
u to be the unique indecomposable summand Ωi of Ω for which u ∈⊔

x∈ObC Ωi(x). We will denote this orbit by Cu, with the understanding
that Cu might not be generated as a C-set by u, or indeed by any single
element. Note that Cu = Cαu for all morphisms α in C for which αu
is defined.

The next two results are stated for orbits that are representable on
the left. Similar statements hold for orbits that are representable on
the right.

Lemma 5.8. Let CΩD and DΨE be bisets, suppose that û ∈ Ω(x, y) rep-
resentably generates the C-orbit Cû and that v̂ ∈ Ψ(y, z) representably
generates Dv̂. Then, if α : x → x1 in C, the elements of Ω ⊙ Ψ(x1, z)
equivalent to (αû, v̂) are precisely the set

E(û,v̂)
α : = {(u, δv̂)

∣∣ uδ = αû, u ∈ Ω(x1, y1), y1 ∈ D, δ : y → y1}

⊆
⊔
w∈D

Ω(x1, w)×Ψ(w, z).

Thus αû⊠ v̂ = E
(û,v̂)
α .

Proof. We use the notation that appears in the definition of E
(û,v̂)
α .

Because (u, δv̂) ∼ (uδ, v̂) = (αû, v̂), all elements of E
(û,v̂)
α are equivalent
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to (αû, v̂). On the other hand, if (u, δv̂) ∈ Eα is equivalent to some
further element, then it arises through relations of two kinds:

• (u, δv̂) = (u1δ1, δv̂) ∼ (u1, δ1δv̂). In this case u1δ1δ = αû, so

this (u1, δ1δv̂) lies in E
(û,v̂)
α already (taking u to be u1).

• (u, δv̂) = (u, γv1) ∼ (uγ, v1) for some morphism γ ∈ D and
some v1. Now Dv̂ = Dv1 so v1 = ϵv̂ for some unique morphism
ϵ ∈ D, because v̂ generates this orbit representably. Then γv1 =
γϵv̂ = δv̂ so γϵ = δ for the same reason. Now (uγ, v1) = (uγ, ϵv̂)

where uγϵ = uδ = αû. Thus (uγ, v1) ∈ E(û,v̂)
α already, so E

(û,v̂)
α

is an equivalence class under ∼.
This completes the proof. □

Corollary 5.9. As in Lemma 5.8, let û ∈ Ω(x, y) and v̂ ∈ Ψ(y, z)
representably generate their orbits under C and D, respectively. Then
in Ω ◦Ψ the equivalence class û⊠ v̂ representably generates its C-orbit.

Proof. From the definition of the composition of two bisets, the left
action of C on Ω determines a left action of C on the equivalence classes
in Ω⊙Ψ, and it is given by α(u⊠ v) = αu⊠ v when α is a morphism
in C (and when these expressions are defined). The issue is that if
(u, v) ∼ (u′, v′) then (αu, v) ∼ (αu′, v′), which is apparent.

We first show that any element in the C-orbit of û⊠ v̂ can be written
αû ⊠ v̂ for some morphism α in C. The set of such elements is closed
under applying morphisms β of C, meaning that β(αû⊠ v̂) = (βα)û⊠ v̂
remains in this set. We must also show that if αû⊠ v̂ = βr⊠s for some
morphism β in C, so that r⊠s lies in the same C-orbit as u⊠v, then r⊠s
can also be written in the form γû⊠ v̂ for some γ. This equation says

that (βr, s) ∈ E(û,v̂)
α , so (βr, s) = (u, δv̂) for some u, δ with uδ = αû,

by Lemma 5.8 . Thus u = βr, s = δv̂, so (r, s) = (r, δv̂) ∼ (rδ, v̂) and
uδ = βrδ = αû so rδ lies in the C-orbit of û in Ω. Thus rδ = γû for
some γ in C because û generates its C-orbit representably. It follows
that r ⊠ s = r ⊠ δv̂ = rδ ⊠ v̂ = γû⊠ v̂, as required.

To show that û⊠ v̂ generates its orbit representably it only remains
to show that if α1û⊠ v̂ = α2û⊠ v̂ then α1 = α2, by Proposition 5.5(2).
For this we again use the description of these equivalence classes in

Lemma 5.8 as αû⊠ v̂ = E
(û,v̂)
α . If E

(û,v̂)
α1 = E

(û,v̂)
α2 then (α1û, v̂) ∈ E(û,v̂)

α2

so (α1û, v̂) = (u, δv̂) where uδ = α2û, for some morphism δ in D. Since
v̂ generates its D-orbit representably, δ = 1, so u = α2û = α1û. Since
û generates its C-orbit representably, α1 = α2, as required. □

The following result, that composites of representable bisets are rep-
resentable, is one of the main goals of this section.
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Theorem 5.10. Let C,D and E be categories. If the bisets CΩD and

DΨξ are both representable on the left, then so is Ω ◦ Ψ. If CΩD and

DΨξ are both representable on the right, then so is Ω ◦Ψ.

Proof. We only prove the statement about left representability. The
statement for right representability is proved in the same way as for
the left by reversing the roles of left and right.
We have seen in Corollary 5.9 that the C-orbits generated by elements

û⊠ v̂ are representable (if û and v̂ representably generate their orbits),
but we have not seen that all C-orbits have this form. Let (u, v) ∈
Ω ⊙ Ψ. To show that u ⊠ v lies in a representable C-orbit, we find
its representable generator. Now v = δv̂ for some δ ∈ D, for some
representable generator v̂ of the D-orbit of v, and (u, v) = (u, δv̂) ∼
(uδ, v̂). Next, uδ = αû for some α ∈ C and some û that representably
generates the C-orbit of uδ. Now u⊠ v is in the C-orbit of û⊠ v̂, which
is representably generated, by Corollary 5.9. □

The next result examines when bisets obtained from functors are rep-
resentable, and has the implication that the identity bisets are birep-
resentable. We continue with the notation of Definition 4.1.

Proposition 5.11. Let F : D → C be a functor. Then the (C,D)-biset
CCFD is representable on the left and the (D, C)-biset DF CC is repre-
sentable on the right. Furthermore, if F has a right adjoint then CCFD
is also representable on the right, and if F has a left adjoint then DF CC
is also representable on the left.

Proof. We prove only the assertions about CCFD, the case of DF CC being
similar As a left C-set CCFD =

⊔
y∈D HomC(Fy,−), which is a disjoint

union of representable sets, representable by the objects Fy, without
any condition on F .
If F has a right adjoint G : C → D then, as a right D-set,

CCFD =
⊔
x∈C

HomC(F (−), x).

Each right D-set HomC(F (−), x) ∼= HomD(−, G(x)) is representable,
represented by G(x). □

We point out that if a functor F : D → C is an equivalence then
it has both a left and a right adjoint, so that the bisets CCFD and

DF CC are both birepresentable. In particular, the identity biset CCC is
birepresentable, as also follows from the next criterion.

Corollary 5.12. A left C-set CΩ is representable if and only if CΩ is
a summand (with respect to ⊔) of the disjoint union of n copies of CC,
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for some n. Similarly, a right D-set ΩD is representable if and only if
Ω is a summand of the disjoint union of n copies of DD, for some n.
In particular, the identity biset CCC is birepresentable.

Proof. We see from Proposition 5.11 that CC is representable, and so
every summand of CCn has representable orbits and so is representable.
Conversely, every isomorphism type of indecomposable representable
left C-sets appears as a summand of CC. Thus if n is the largest mul-
tiplicity of an indecomposable summand in CΩ then CΩ is a summand
of CCn. The proof for right sets is similar. □

Example 5.13. This example shows the use of Proposition 5.11 in
establishing representability, and also shows that representability may
hold in more general circumstances, not predicted by Proposition 5.11.
For future reference in Section 6 it also provides an example of a sub-
category of another category where the left and right adjoints of the
restriction functor on representations do not coincide, but where we will
see that we have transfer maps in homology and cohomology. While
the example is specific, it is clear that there are many other similar
examples with these properties.

Consider the category

C = • •x y
u

v
C4 C2

with objects x and y, where EndC(x) = C4 = ⟨g⟩ is a cyclic group of
order 4 generated by g and EndC(y) = C2 = ⟨h⟩ is a cyclic group of
order 2 generated by h. There are two morphisms u, v : x → y with
compositions ug = v, vg = u, hu = v, hv = u. Let D be the full
subcategory of C whose only object is y.

Proposition 5.14. Let C and D be the categories just described and
let R be a commutative ring.

(1) The inclusion functor D → C has a left adjoint, but no right
adjoint.

(2) The bisets CCD and DCC are both birepresentable.
(3) The left and right adjoints of the restriction functor from RC-

modules to RD-modules do not coincide.

Proof. (1) The left adjoint of inclusion is G : C → D determined by
G(x) = G(y) = y and G(g) = G(h) = h.

If the inclusion were to have a right adjoint H : C → D then
necessarily H(x) = H(y) = y. We would have to have a bijection
HomD(y,H(x))↔ HomC(y, x), but the term on the right is empty and
the term on the left is not, so such H does not exist.



BISET FUNCTORS FOR CATEGORIES 29

(2) As a consequence of Proposition 5.11, DCC is representable on
both sides, and CCD is representable on the left.

It is also the case that CCD is representable on the right. As a D-set it
is
⊔

u∈C HomC(−, u). Its value at the only object y ∈ D is HomC(y, y) =
HomD(y, y) so this D-set is the representable set at y.

(3) It suffices to prove that the left and right adjoints do not coin-
cide when R is a field: for a general ring, if the left and right adjoints
were to coincide, they would on factoring out a maximal ideal. Now
the left adjoint of restriction, applied to the regular representation of
EndD(y) = C2, returns the projective cover over RC of the simple mod-
ule with support at y, whereas the right adjoint returns the injective
hull of the simple with support at y. These are non-isomorphic, by
standard calculations with EI categories, see [27]. □

Definition 5.15. We define A1,all(C,D) to be the Grothendieck group
of finite (C,D)-bisets that are representable on the left, with respect to
disjoint union ⊔. Thus A1,all(C,D) is the free abelian group with basis
in bijection with the isomorphism types of ⊔-indecomposable (C,D)-
bisets, representable on the left. If R is a commutative ring with 1 we
put

A1,all
R (C,D) := R⊗Z A

1,all(C,D)
but often omit R from the notation when it is understood. Similarly
Aall,1

R (C,D) and A1,1
R (C,D) are the same using only bisets that are rep-

resentable on the right, or on both sides, in the two cases.
We define B1,all

R ,Ball,1
R and B1,1

R to be the subcategories of BR with the
same objects as BR (that is, finite categories) where

HomBX ,Y
R

(D, C) = AX ,Y
R (C,D),

with X ,Y ∈ {1, all}. To be consistent, we define Ball,all
R = BR to be two

different names for the same biset category. Again, we often omit R
from the notation.

We use the term biset functor over R to include the case of R-linear
functors BX ,Y

R → R-mod for any choice of X ,Y ∈ {1, all}. The category
of such biset functors may be denoted FX ,Y

R , but usually we will omit
the subscript and superscripts. This generalizes biset functors of a kind
that appear in [1, 6, 24] for groups.

We summarize some of the development we have made.

Theorem 5.16. The constructions B1,all
R ,Ball,1

R and B1,1
R are all cate-

gories. The functor ϕ : Cat→ BR of Proposition 4.3, that is the iden-
tity on objects and sends a functor F : C → D to the biset DDF C,
has image in the subcategory B1,all

R . The functor ϕ̂ : Catop → BR
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that is the identity on objects and sends a functor F : C → D to
the biset CFDD has image in Ball,1

R . Both ϕ and ϕ̂ send functors that are

equivalences to morphisms in B1,1
R . Thus ϕ induces a group homomor-

phism OutCat(C) → AutB1,1
R
(C) and ϕ̂ induces a group homomorphism

OutCat(C)op → AutB1,1
R
(C).

Note that AutB1,1
R
(C) ⊆ AutBX ,Y

R
(C) for all choices of X and Y .

Example 5.17. Although a finite category may have infinitely many
indecomposable sets, it will only have finitely many indecomposable
representable sets, because these are in bijection with the isomorphism
classes of objects in the category. In spite of this, there may be infinitely
many indecomposable birepresentable (C,D)-bisets for a pair of finite
categories C,D. As an example, take C = D to be the Kronecker
category we considered in Example 2.7. This has two objects x and y,
and two morphisms α, β : x→ y. To distinguish the two copies of this
category, will write ᾱ, β̄ instead of α, β when these morphisms lie in the
second category D. For each n ≥ 1 consider the biset Ωn : C × Dop →
Set with

Ωn((x, x)) = {u1, . . . , un},
Ωn((y, y)) = {v1, . . . , vn},
Ωn((y, x)) = {w1, . . . , w2n+1},
Ωn((x, y)) = ∅.

We define

Ωn(α, 1x)(ui) = w2i−1

Ωn(β, 1x)(ui) = w2i

Ωn(1y, ᾱ)(vi) = w2i

Ωn(1y, β̄)(vi) = w2i+1

This is depicted in the following diagram for n = 3, where the ef-
fects of Ω3(α, 1x),Ω3(β, 1x) are written simply α, β, and the effects of
Ω3(1y, ᾱ),Ω3(1y, β̄) are written ᾱ, β̄.
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Ω3(y, x) =

Ω3(x, x) =

Ω3(y, y) =

w1 w2 w3 w4 w5 w6 w7

u1 u2 u3

v1 v2 v3

α α αβ β β

ᾱ ᾱ ᾱβ̄ β̄ β̄

The connectivity of the underlying graph of arrows that describe this
biset shows that it is indecomposable. It is representable on both sides
because on considering either the left action of C or the right action
it is a disjoint union of the copies of the two types of representable
set for each side. There are infinitely many of these indecomposable
birepresentable bisets. As a consequence, EndB1,1

R
(C) has infinite rank

over R.

We next mention some examples of biset functors defined on BX ,Y
R

with X ,Y ∈ {1, all}.
Example 5.18. All examples of biset functors defined on B = Ball,all

R

provide examples of biset functors defined on BX ,Y
R with X ,Y ∈ {1, all},

by restricting the functor to the subcategory. The representable func-
tors defined on BX ,Y

R provide more examples.

Example 5.19. Let k be a field and let G0(kC) be the Grothendieck
group of finitely generated kC-modules, using relations [B] = [A] + [C]
whenever 0 → A → B → C → 0 is a short exact sequence of kC-
modules. This defines a biset functor G0(kC) on Ball,1

Z and on B1,1
Z . The

reason this works is that when CΩD is a biset that is representable for
D then kΩ is projective as a right kD-module (see [27, Prop. 4.4]),
so the functor kΩ ⊗kD − : kD-mod → kC-mod is exact and defines a
homomorphism G0(kD)→ G0(kC).
Example 5.20. Considering only the discrete categories [n] of Ex-
ample 3.7, all bisets for these categories are birepresentable, and so
Proposition 3.8 holds with BR replaced by B1,1

R .

We show in the next section that homology and cohomology of the
category are biset functors on these modified biset categories, just as
happens with biset functors defined on groups.

When we study the internal tensor product and Hom of biset functors
we will need the following straightforward lemma about products of
representable sets.
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Lemma 5.21. Let Ci,Di be categories, i = 1, 2.

(1) If Ωi is a representable Ci-set, i = 1, 2, then Ω1×Ω2 is a repre-
sentable C1 × C2-set.

(2) If Ωi is a (Ci,Di)-biset that is representable on the left, i = 1, 2,
then Ω1 × Ω2 is a (C1 × C2,D1 ×D2)-biset representable on the
left. The similar result holds for bisets that are representable on
the right.

Proof. (1) It suffices to consider the case where each Ωi
∼= HomCi(xi,−)

is representably generated at xi. We readily check that

Ω1 × Ω2
∼= HomC1×C2((x1, x2),−)

is representably generated at (x1, x2). Part (2) follows immediately. □

6. Realizing homology and cohomology as biset functors

In the classical case of biset functors for groups, group cohomology
H∗(−, R) is not a biset functor when all bisets are allowed, because
cohomology does not admit an operation of deflation, although it does
admit operations of restriction, corestriction and inflation. If we allow
only bisets that have a free action on one side then H∗(−, R) is indeed
a biset functor. This point of view was exploited in [24] to provide a
method of computing group cohomology at a prime p, in terms of the
cohomology of p-groups.

This tells us that the cohomology of a category, defined asH∗(C, R) :=
Ext∗RC(R,R) where R is the constant functor on C, will not be a biset
functor on categories if we allow all bisets as morphisms, because this
is not the case when the categories are groups. We show in this sec-
tion that it is indeed a biset functor defined on Ball,1

R (at least when
R is a field) and that homology H∗(C, R) is a biset functor defined on

B1,all
R (without restriction on R). This extends the known situation for

groups to arbitrary finite categories.
The most accessible way to show that cohomology of groups is a

biset functor on groups is to observe that the biset category Ball,1 with
groups as objects is generated by standard bisets that correspond to re-
striction, corestriction, conjugation and inflation, with certain defining
relations between them, and that these relations are also satisfied by
the corresponding operations on cohomology. The problems with this
approach for biset functors on categories are that we do not have an
appropriate set of standard bisets that generate the biset category and,
even if we did, we do not know what defining relations hold between
different candidate bisets. We take a different approach, looking for
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a functorial definition of the cohomology operations that is not spe-
cific to structures like groups. Such an approach is to observe first
that Hochschild homology is a biset functor; and then to show that
ordinary homology of a category is naturally a direct summand of its
Hochschild homology. This follows the work of Xu [31], who did the
same thing for cohomology. He did not write out the argument for
homology, although the ideas are exactly the same. Because there are
some technicalities, we write out the argument here.

See [27] for background on the homology and cohomology of a cate-
gory. As well as having an algebraic definition, these groups are also the
homology and cohomology in the topological sense of the nerve of the
category. The generality also includes the homology and cohomology
of simplicial complexes. Given a simplicial complex, we may form the
poset of its simplices, whose nerve is the barycentric subdivision of the
original complex. Maps of simplicial complexes give order preserving
maps of these posets, which are functors when the posets are regarded
as categories. The functor ϕ : Cat → B1,all that we have considered
now realizes maps of simplicial complexes as morphisms in the biset
category, and applying the homology biset functor we get the usual
homology of spaces.

6.1. Hochschild homology as a biset functor. Because the cate-
gory algebra RC is free as an R-module, we may take the Hochschild
homology of the finite category C over R to be

HH∗(RC) = TorRCe

∗ (RC, RC)
where RCe := RC ⊗R RCop is the enveloping algebra of the category
algebra RC. The next result is immediate from work of Bouc and
Keller.

Theorem 6.1 (Bouc [7], Keller [13]). Hochschild homology HH∗(RC)
has the structure of a biset functor on B1,all

R .

Keller’s approach is explained more recently in [2, Theorem 2.1] and
Bouc’s approach is explained more recently in [35, 5.8.1].

Proof. Bouc and Keller both show that Hochschild homology is a func-
tor P → R-mod where P is the category whose objects are R-algebras
and where the morphisms are finite complexes of bimodules, perfect
on one side. Specifically, if A and B are R-algebras, we will take a
morphism B → A in P to be an object in the derived category of
(A,B)-bimodules (that is, a complex of A ⊗R Bop-modules) that is
perfect on the left: as A-modules the modules are all finitely generated
projective. There is a functor B1,all

R → P that sends a category C to its
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category algebra RC, and a biset Ω to the bimodule RΩ, regarded as
a complex concentrated in degree 0. This is projective on the left if Ω
is representable on the left. Composing these two functors establishes
the result. □

6.2. Ordinary homology and cohomology as biset functors. We
now set about showing that ordinary homology of a category is natu-
rally a direct summand of its Hochschild homology. For this we review
the functorial dependence of TorRC

∗ on C. It is more complicated with
categories than with rings, because a functor F : C → D gives rise to
an algebra homomorphism RC → RD only when F is one-to-one on
objects [30, 2.2.3], and we have to take account of this. Given a functor
F : C → D there is a restriction functor ResF : RD-mod → RC-mod
given by composition with F when representations are viewed as func-
tors. It has a left adjoint, which is the left Kan extension LKF :
RC-mod → RD-mod; see [31, 2.3] for details in this context. The re-
striction functor is exact and so the left Kan extension sends projective
objects to projective objects.
We will regard RC-modules N not just as functors defined on C,

but also as R-modules
⊕

x∈ObC N(x) on which the ring RC acts. We
distinguish between the R-module

⊕
x∈ObC(ResF LKFN)(x) and the

R-module
⊕

y∈ObD(LKFN)(y).
The unit of the adjunction for the left Kan extension is a natural

transformation whose value at N is ηN : N → ResF LKFN . We now
construct a map of R-modules η̄N : N → LKFN , natural with respect
to RC-module homomorphisms, in the following way: for each object
x ∈ C and u ∈ N(x) we have (ResF LKFN)(x) = (LKF (N))F (x), so
ηNx (u) ∈ LKFN(F (x)). We take these maps ηNx as components of a
map

η̄N :
⊕

x∈ObC

N(x)→
⊕

y∈ObD

(LKFN)(y)

which is the desired map of R-modules. The difference between ηN

and η̄N is that in η̄N we sum the values of ηN on the objects in the
preimage of each object y of D.

Example 6.2. Let C be a discrete category with two objects {x, y}
and only identity morphisms, and let D = 1 be the category with one
object and one morphism. Let F : C → D be the unique possible
functor, and let N be the representation of C that is R on x and 0 on
y. Then LKFN is the constant functor on D, and ResF LKFN = RC
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is the constant functor on C. Now η : N → ResF LKFN identifies as a

map R2 → R2 with matrix

[
1 0
0 0

]
and η̄ : R2 → R has matrix

[
1 0

]
Proposition 6.3. Let F : C → D and G : D → E be functors and
let η : 1 → ResF LKF and θ : 1 → ResG LKG be the units of the
corresponding adjunctions. Let N be a left RC-module and M a right
RC-module.

(1) The map η̄N satisfies η̄N(α(u)) = F (α)η̄N(u) for all morphisms
α in C and elements u of N .

(2) We have LKGLKF ≃ LKGF and θη = θ̄η̄.
(3) There is an R-module homomorphism

η̄M ⊗ η̄N :M ⊗RC N → LKFM ⊗RD LKFN

natural in both M and N , given by u⊗RC v 7→ η̄M(u)⊗RD η̄
N(v).

Proof. (1) This follows from naturality of ηN .
(2) comes from the universal property of the left Kan extension and

the fact that, for an object z of E , the preimage under GF of z in C is
the disjoint union of the preimages under F of objects y ∈ ObD of the
preimage of z under G.
For (3), we observe that the mapping

M ×N → LKFM ⊗RD LKFN

given by (u, v) 7→ η̄M(u)⊗RD η̄
N(v) is balanced for RC. □

Corollary 6.4. Let F : C → D be a functor and let M,N be right and
left RC-modules. There is a morphism

F∗ : Tor
RC
∗ (M,N)→ TorRD

∗ (LKFM,LKFN)

that is functorial in F and natural in both M and N .

Proof. Take a resolution PM → M of M by projective right RC-
modules. Applying η̄ to all the terms, we get a map of complexes
PM → LKFPM that realizes η̄M on zero homology. We denote this
map of complexes also by η̄M . Because LKF is the left adjoint of an
exact functor, LKFPM is a complex of modules that are projective for
RD. Taking a projective resolution Q → LKFM over RD, the identity
map on H0(LKFPM) = H0(Q) = LKFM lifts to a morphism of com-
plexes λ : LKFPM → Q, because the first has projective terms and the
second is acyclic. We obtain a morphism (λ ◦ η̄M)⊗ η̄N : PM ⊗RC N →
Q⊗RDLKFN as in Proposition 6.3. This gives rise to the desired mor-
phism TorRC

i (M,N)→ TorRD
i (LKFM,LKFN) for each i ≥ 0 on taking

homology. □
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We apply this functorial action on Tor to the homology version of
the situation considered by Xu in [31] where he relates the ordinary
cohomology of a category C to the Hochschild cohomology of RC. We
explain how Xu’s approach applies to homology. Xu defines the en-
veloping category of C to be the category Ce = C ×Cop and he observes
that the category algebra R[Ce] may be identified with the enveloping
algebra of RC thus: R[Ce] ∼= (RC)e = RC ⊗R (RC)op. He makes use of
Quillen’s factorization category F (C) that has as its objects the mor-
phisms of C. To avoid confusion, if α : x → y is a morphism in C we
write [α] to denote the corresponding object of F (C). If α′ : x′ → y′

is another morphism in C, a morphism [α] → [α′] in F (C) is a pair of
morphisms (u, v) in C making the following diagram commute:

y
α←− x

u

y xv

y′
α′
←− x′

In other words, there is a morphism from [α] to [α′] if and only if
α′ = uαv for some morphisms u, v in C or, equivalently, α is a factor of
α′ in C. Composition of morphisms is achieved by vertical juxtaposition
of diagrams and composition of morphisms vertically. The category
F (C) admits two natural covariant functors to C and Cop

C t←− F (C) s−→ Cop,

where t and s send an object [α] to its target and source, respectively.
We now have a commutative triangle of functors:

F (C) τ−→ Ce

↘t
ypr

C

where τ = (t, s) and pr is projection onto the first factor. On page
1880 of [31] Xu establishes that LKτRF (C)

∼= RC as RCe-modules and
LKprRC ∼= RC

∼= LKtRF (C) as RC-modules where, for any category D,
RD (or just R) denotes the constant functor on D.

Recall that, for any category C, we have an isomorphism

TorRC
∗ (R,R) ∼= H∗(|C|;R)

between the algebraically defined Tor groups of the constant functor
and the homology over R of the nerve |C| of C (see [27] for an ex-
position). Quillen showed in [20] that the functor t : F (C) → C is a



BISET FUNCTORS FOR CATEGORIES 37

homotopy equivalence between the nerves, and so it induces an isomor-
phism on homology.

Putting all this together we get the analogue for homology of a the-
orem of Xu [31].

Theorem 6.5. Let R be a commutative ring.

(1) The functors t, τ and pr induce homomorphisms

H∗(C;R)
τ∗(t∗)−1

−−−−−→ TorRCe

∗ (RC, RC) pr∗−−→ H∗(C;R)

whose composite is the identity.
(2) TorRCe

∗ (RC, RC) ∼= HH∗(RC) is the Hochschild homology of RC.

Proof. (1) We have constructed the functorial maps t∗, τ∗ and pr∗
in Corollary 6.4 and the surrounding description. In applying Corol-
lary 6.4 we take M = R and N = R to be the right and left constant
functors on C and now the Tor groups in that corollary are H∗(C;R).
Xu’s identification of the left Kan extensions gives the remaining two
terms in the sequence. The fact that pr ◦ τ = t is a homotopy equiva-
lence means that pr∗ ◦ τ∗ ◦ (t∗)−1 is the identity.

(2) holds because the category algebra RC is projective as an R-
module and so Hochschild homology can be computed as the Tor group.

□

Corollary 6.6. H∗(C;R) is a direct summand of HH∗(RC) in a way
that commutes with the functorial action of bisets in B1,all.

The statement about the action of bisets means that if CΩD is a biset
in B1,all then the morphism HH∗(RD) → HH∗(RC) determined by Ω
maps the summand H∗(D;R) to the summand H∗(C;R).

Proof. The fact that H∗(C;R) is a direct summand is immediate from
Theorem 6.5. The fact that the summand is preserved by the biset ac-
tion comes from an examination of the functorial effect of the bimodule
RΩ on Hochschild homology and its interaction with the functors t, τ
and pr. □

We are now ready to prove that homology and cohomology are biset
functors. For any ring A and right A-module M we define the left
A-module M∨ := HomA(M,AA). As is well known, this provides a
duality between the full subcategory of right A-modules whose objects
are finitely generated projective and the full subcategory of left A-
modules whose objects are finitely generated projective, as can easily
be seen by reducing to the case M = AA, in which case M∨ ∼= AA.
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Theorem 6.7. Let R be a commutative ring. The ordinary homology
of a category H∗(C;R) has the structure of a biset functor on B1,all

R .

When R is a field, H∗(C;R) is a biset functor on Ball,1
R .

Proof. The homology statement follows from Theorem 6.1 and Corol-
lary 6.6. If CΩD is a (C,D)-biset, representable for C, we define its effect
on Hi(D;R) to be the composite

H∗(D;R)
τ∗(t∗)−1

−−−−−→ TorRDe

∗ (RD, RD) RΩ∗−−→ TorRCe

∗ (RC, RC) pr∗−−→ H∗(C;R)

where RΩ∗ denotes the operation on Tor groups defined by Bouc and
Keller for the (RC, RD)-bimodule RΩ, which is projective for RC.

For cohomology we exploit the fact that the homology and cohomol-
ogy of C are the homology and cohomology of a space (the nerve |C|).
When R is a field it follows that cohomology H∗(C, R) ∼= (H∗(C;R))∗ is
the vector space dual of homology, by the universal coefficient theorem
(see [18, Theorem 53.5]). To define cohomology on Ball,1

R let DΩC be
a biset that is representable on the right, as a C-set. The (RD, RC)-
bimodule RΩ is finitely generated projective as a right RC-module, so
that the (RC, RD)-bimodule RΩ∨ is finitely generated projective as a
left C-module and defines a mapping H∗(D, R) → H∗(C, R), by the
result for homology. Taking the vector space dual we have a mapping
(H∗(C, R))∗ → (H∗(D, R))∗. This provides the desired operation on
cohomology □

The construction provides analogues of restriction, corestriction, and
deflation (on homology) or inflation (on cohomology) for category co-
homology, in the manner of group cohomology. In that context, when
H is a subgroup of a group G, the (H,G)-biset HGG determines the re-
striction maps H∗(G,R)→ H∗(H,R) and H

∗(G,R)→ H∗(H,R) (also
called transfer in the case of homology), whereas the biset GGH deter-
mines the corestriction maps H∗(H,R) → H∗(G,R) and H

∗(H,R) →
H∗(G,R) (also called transfer in the case of cohomology). This is ex-
plained in Example 2.6 of [14] and the subsequent discussion there.

We present examples to illustrate the kind of circumstances where
we may construct restriction and corestriction maps.

Example 6.8. When F : D → C is a functor we obtain a restriction
map in cohomology Res = F ∗ : H∗(C, R)→ H∗(D, R) and a corestric-
tion map Cores = F∗ : H∗(D, R)→ H∗(C, R) simply by functoriality of
cohomology and homology. We may also derive this from our theory
because CCFD is representable on the left and DF CC is representable on
the right, by Proposition 5.11. The same proposition implies that when
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F has a left adjoint then there is a corestriction map in cohomology,
and if F has a right adjoint there is a restriction map in homology.

Example 6.9. Consider the inclusion of categories D → C of Exam-
ple 5.13. It was shown there in Proposition 5.14 that both CCD and

DCC are birepresentable, so that H∗ and H∗ are defined on these bisets
giving a transfer map H∗(D, R) → H∗(C, R) (when R is a field) and
a restriction map H∗(C) → H∗(D). In this example, note that the
category algebra RC is not symmetric, and also that the left and right
adjoints of the restriction map RC-mod→ RD-mod are distinct. This
is in contrast to the situation in group cohomology and some other
constructions of transfer maps, such as in [14], where coincidence of
the left and right adjoints of restriction is used.

Example 6.10. We find examples of transfer maps in the context of
the Grothendieck construction of a finite group G acting on a finite
category C. This includes the case of transporter categories described
in [32], which are the special case where C is a poset. We refer to [32]
for further details on the Grothendieck construction and its connection
with equivariant cohomology and group graded algebras

Let the finite group G act on a finite category C. Such an action
can be described by regarding G as a category G with a single object ∗,
where the endomorphisms of ∗ are the setG, and by specifying a functor
F : G → Finite Categories with F (∗) = C. When u is an object of C we
shorten the notation for the action of G on C to gu := F (g)(u). In this
situation the Grothendieck construction C⋊G may be taken to be the
category with the same objects as C and, if u, v are objects of C, then
HomC⋊G(u, v) is the set of pairs (θ, g) where g ∈ G and θ : F (g)(u)→ v
is a morphism in C. If (ψ, h) : v → w is a second morphism then
composition is defined to be (ψ, h)(θ, g) := (ψ · F (h)(θ), hg).

Proposition 6.11. Let G be a finite group acting on a finite category
C. Let H be a subgroup of G. Then the bisets

C⋊H(C ⋊G)C⋊G and C⋊G(C ⋊G)C⋊H

are birepresentable. As a consequence we obtain restriction and transfer
maps between H∗(C⋊G,R) and H∗(C⋊H,R), as well as between H∗(C⋊
G,R) and H∗(C ⋊H,R).

Proof. To show that C⋊HC ⋊G is representable as a left C ⋊H-set we
show that HomC⋊G(u,−) is representable for each object u ∈ C. As
C-sets we have

HomC⋊G(u,−) ∼=
⊔
g∈G

HomC(gu,−)
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via a natural isomorphism that at v sends a morphism (θ, g), where
θ : gu→ v, to θ in the component indexed by g. From this we see that
as a C⋊H-set it is

⊔
g∈[H\G] HomC⋊H(gu,−) where [H\G] denotes a set

of representatives for the right cosets of H in G. This is representable.
We now show that C⋊GC⋊H is representable on the right. As C-sets,

we have for each object v ∈ C

HomC⋊G(−, v) ∼=
⊔
g∈G

HomC(−, g−1v)

via a natural isomorphism that at u sends a morphism (θ, g), where
θ : gu → v, to F (g−1)(θ) : u → g−1v in the component indexed by g.
This is isomorphic to

⊔
g∈[G/H] HomC⋊H(−, g−1v) as a right C ⋊H-set,

and is representable. □

7. Simple biset functors

We first review the general properties of simple functors on linear
categories when they are restricted to full subcategories. We then
characterize simple functors in the manner of [23], we show how to
parametrize simple functors, and we provide a way to calculate their
values. This approach copies what happens with biset functors on
groups, but there are some differences. For example, simple biset func-
tors on groups are parametrized by pairs (H,V ) whereH is a group and
V is a simple representation of Out(H). With categories, we will see
that it is no longer the case that simple biset funtors are parametrized
by all the pairs (C, V ), where C ranges through the isomorphism classes
of objects of B and V ranges through the isomorphism types of simple
representations of Out(C). We point out other differences as well.

Definition 7.1. A biset functor is said to be simple if it has no sub-
functors apart from the whole functor and the zero functor.

Our general results about simple functors apply to all of the cate-
gories BX ,Y

R regardless of the choice of X ,Y ∈ {1, all}. We will write
B to denote one of these categories, suppressing the notation for X ,Y
and R. A simple biset functor is always annihilated by a maximal ideal
of R, so without loss of generality we will assume that R is a field when
considering them.

7.1. Restricting and extending simple biset functors between
full subcategories. We recall the basic relationship between simple
representations of categories and of their full subcategories. This is
described in the context of representations of categories in [27, Props.
3.2 and 4.1], rather than R-linear representations of R-linear categories,
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which is what we need here. Furthermore, in [27] the restriction was
made to full subcategories with finitely many objects. In the proof of
Proposition 7.2 we explain the small modifications needed to apply to
our present situation.

Proposition 7.2. Let S be a simple R-linear representation of an R-
linear category C, and let D be a full subcategory of C.

(1) The restriction S ↓CD of S to D is either a simple representation
of D or zero.

(2) Every simple representation of D arises uniquely as the restric-
tion of a simple representation of C.

(3) For every object x of C the evaluation S(x) is either a simple
EndC(x)-module or zero.

(4) If T is any simple representation of C over R and x is an object
of C for which T (x) ∼= S(x) ̸= 0 as REndC(x)-modules, then
S ∼= T .

Proof. Parts (3) and (4) are immediate corollaries of parts (1) and (2),
on taking D to be the full subcategory whose only object is x. This is
because saying that a representation of such D is simple is the same as
saying that its value at x is a simple module for EndD(x).

Proofs of (1) and (2) are given in the proof of Proposition 3.2 (2)
of [27]. That proof made the assumption that we were considering all
representations of categories, rather than R-linear representations, but
the exact words used there apply to the linearized version as well. The
other difference with [27] is that it was supposed that D has finitely
many objects, this allowing notation using idempotents in the category
algebra.

If we wish we can avoid the notation used in [27] to make the proof
apply generally, but we can also deduce the general case from the finite
case as follows. Assume the result when D has finitely many objects,
so that parts (3) and (4) may be assumed proved. We deduce (1): if
S ↓CD were to have a proper subfunctor M , there would be an object x
of D with M(x) ̸= S(x), from which M(x) = 0 < S(x) by simplicity of
S(x), and another object y in D where M(y) ̸= 0 so that M(y) = S(y)
by simplicity of S(y). This is not possible, because taking E to be the
full subcategory with the two objects {x, y}, the restriction of S to E
is simple (by the case with finitely many objects), and it is non-zero at
both x and y, but it has a subfunctor that is zero at x but not at y.
This proves (1) in generality.

To deduce (2) from the finite case, let T be a simple representation
of D and let x be an object of D with T (x) ̸= 0. There is a unique
simple representation S of C with S(x) ∼= T (x), by (4). Now S restricts
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to D as T because, for each two-object full subcategory E of D with
objects {x, y} the restrictions of S and T to E are the unique simple
extension from {x} to E . □

We summarize this situation in the context of biset categories.

Corollary 7.3. Let S be a simple biset functor defined on one of the
biset categories BX ,Y

R with X ,Y ∈ {1, all}, and let B′ be a full subcate-
gory.

(1) The restriction of S to B′ is either zero or a simple functor.
(2) This establishes a bijection between isomorphism types of simple

biset functors on B that are non-zero on B′, and simple functors
on B′.

(3) The list of pairs {(C, S(C))
∣∣ C is a category, S(C) ̸= 0} deter-

mined by S has the properties:
• each S(C) is a simple module for EndBX ,Y

R
(C), and

• S is completely determined by any one of the pairs (C, S(C))
where S(C) ̸= 0.

(4) For each category C, the number of isomorphism types of simple
functors S with S(C) ̸= 0 is equal to the number of isomorphism
types of simple modules for EndBX ,Y

R
(C).

These properties of the restriction of simple functors to full subcat-
egories, and the extension of simple functors from full subcategories
raise interesting questions about the relationship between the simple
functors on different categories. For example, every simple biset func-
tor defined on finite groups extends uniquely to a simple biset functor
defined on all finite categories, which then restricts to a simple biset
functor or zero on (for example) posets. Equally, every simple biset
functor defined on posets extends to a simple functor on all categories
which then restricts to a simple functor or zero on groups. What are the
simple functors that extend and restrict like this in a non-zero fashion?

Example 7.4. Consider the discrete categories [m], for which we es-
tablished that EndB([m]) ∼= Matm,m(R) in Proposition 3.8. When R is
a field these endomorphism rings each have only one simple module,
and so, for each [m], there is (up to isomorphism) only one simple biset
functor that does not vanish on it, by Corollary 7.3(4). This applies,
in particular, to the category 1 = [1] and, in the context of groups,
the simple functor that does not vanish on [1] is denoted S1,R. We
claim that this is also the simple functor that does not vanish on [m],
for every m. We argue that the identity endomorphism 1[1] of [1] in B
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factors as

1[1] =
[
1 0 · · · 0

] 
1
0
...
0


It acts in a non-zero fashion on S1,R([1]), so the morphism S1,R([m])→
S1,R([1]) induced by the biset

[
1 0 · · · 0

]
is also non-zero, and hence

S1,R([m]) ̸= 0. Thus S1,R is the unique simple functor that does not
vanish on [m].

7.2. A characterization of simple biset functors. The character-
ization we describe is similar to that of [23]. It underlies the method
we shall give in Subsection 7.4 for calculating the values of simple biset
functors. We continue to write B for any of the categories BX ,Y

R with
X ,Y ∈ {1, all}.

Definition 7.5. Let X be a collection of categories and M a biset
functor. We define IXM to be the subfunctor of M generated by its
values at categories in X . This means that it is the smallest subfunctor
of M whose values on categories C ∈ X are M(C). It is thus the
smallest subfunctor IXM of M for which the inclusion IXM → M is
an isomorphism on the categories C ∈ X . We say M itself is generated
at X if M = IXM .
Dually, we define RXM to be the largest subfunctor of M so that

the quotient map M → M/RXM is an isomorphism on the categories
C ∈ X . We say that M/RXM is the quotient of M cogenerated by
its values in X , and M itself is cogenerated by its values in X if M =
M/RXM (so RXM = 0).

Analogues of RXM and IXM play an important role in the theory of
Mackey functors and biset functors for groups, for instance in induction
theorems (see [25]), and in the stratification of Mackey functors [26, 28].

Proposition 7.6. Let X be a collection of categories, D a category,
and M a biset functor. Then

IXM(D) =
∑

C∈X , Ω∈HomB(C,D)

ImM(Ω),

and
RXM(D) =

⋂
C∈X , Ω∈HomB(D,C)

KerM(Ω).

Another way to write the first equation is

IXM(D) = HomB(C,D) ·M(C).
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Proof. We check first that the two specifications on the right do give
subfunctors of M . This is a question of checking, for an element
M(Ω)(u) with u ∈M(C), that if Ψ : D → E is a biset thenM(Ψ)(M(Ω)(u))
has the formM(Ω′)(u) for some Ω′ : C → E . It does on taking Ω′ = ΨΩ.
This shows that

∑
C∈X , Ω∈HomB(C,D) ImM(Ω) defines a subfunctor ofM .

Similarly, for v ∈ M(D), if M(Ω)(v) = 0 for all Ω : D → C with
C ∈ X then M(Ω′)(M(Ψ)(v)) = 0 for all Ω′ : E → C, because it
equals M(Ω′Ψ)(v)), which is zero on taking Ω = Ω′Ψ. This shows that⋂

C∈X , Ω∈HomB(D,C) KerM(Ω) defines a subfunctor of M .

Now
∑

C∈X , Ω∈HomB(C,D) ImM(Ω) contains the values of M at C ∈ X ,
so is contained in IXM(D), and it is necessarily contained in every
subfunctor of M containing these values, so we have equality.

The argument for RXM is similar. Write

L(D) :=
⋂

C∈X , Ω∈HomB(D,C)

KerM(Ω).

If C ∈ X then L(C) = 0 because the intersection includes KerM(CCC) =
0, so M → M/L is an isomorphism on C in X . Thus L ⊆ RXM . On
the other hand, if N is a subfunctor of M so that M → M/N is an
isomorphism on C ∈ X then N(C) = 0 for such C. Thus N(D) ⊆
KerM(Ω) for all Ω ∈ HomB(D, C). This means N ⊆ L and shows that
L = RXM . □

The following characterization of simple biset functors is similar to
the characterization of simple Mackey functors that appeared in [23],
and the proof is the same.

Theorem 7.7. Let M be a biset functor. Then M is a simple biset
functor if and only if there exists a category C so that

(1) M(C) is a simple EndB(C)-module,
(2) M is generated by its value at C; that is, I{C}M =M , and
(3) M is cogenerated by its value at C, that is, R{C}M = 0.

When M is simple, every category C for which M(C) ̸= 0 satisfies
conditions (1), (2) and (3).

Conditions (2) and (3) in this theorem say that for all categories D,

M(D) =
∑

Ω∈HomB(C,D)

ImM(Ω),

and ⋂
Ω∈HomB(D,C)

KerM(Ω) = 0.
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Proof. Suppose that M is simple. Let C be any category for which
M(C) ̸= 0. We have seen in Proposition 7.2 that M(C) is a simple
EndB(C)-module. Because I{C}M and R{C}M are subfunctors of M ,
they are either M or 0. We also know that I{C}M(C) = M(C) is non-
zero, so we have I{C}M = M . Because R{C}M(C) = 0 the subfunctor
R{C}M is not the whole of M, so R{C}M = 0.

Conversely, suppose the three conditions are satisfied and let M1 be
a subfunctor of M that is not zero. Let D be a category for which
M1(D) ̸= 0. Condition (3) implies that there is a homomorphism
Ω : D → C so that M1(Ω) is not the zero homomorphism, so that
M1(C) ̸= 0. It follows that M1(C) = M(C) by simplicity of M(C).
Now M1 = M because M is generated by its value at C. Hence M is
simple. □

7.3. Parametrizing simple biset functors. Simple representations
of categories have been parametrized in many contexts, the result often
being that their isomorphism types biject with pairs consisting of an
object of the category, and a simple representation of a group or algebra
associated to that object. An early form of such a parametrization is
the theory of Munn and Ponizovskǐi that parametrizes simple modules
for finite monoids (see [22] for an account). This was extended later
to representations of finite categories by Linckelmann and Stolarz [15].
For biset functors the monoid approach does not immediately apply
because the biset category is R-linear and we consider only R-linear-
functors, but there are still similarities. A parametrization of the simple
biset functors defined on groups was given by Bouc [6] (and in particular
cases by Webb in [24]) in terms of the unique smallest group G on which
the simple functor is non-zero, together with a simple representation
of the outer automorphism group Out(G). For each pair (G, V ), where
V is a simple representation of Out(G), there is a simple biset functor
SG,V , and this accounts for all simple biset functors on groups.
A parametrization of simple functors in terms of pairs (C, V ) where V

is a simple representation of Out(C) does not work so well for categories
(recall that Out(C) was defined in 4.4). Firstly, if S is a simple biset
functor, it is not clear what we should mean by a smallest category
C with S(C) ̸= 0. The issue is that inequivalent categories may be
isomorphic in B (Theorem 4.7) and S has isomorphic values on such
categories, so which one of these categories should we prefer?

It is also the case that not all simple representations of Out(C) deter-
mine simple biset functors. We see what goes wrong in the next result
with the discrete categories [m] of Proposition 3.8, where it was shown
that EndB([m]) ∼= Matm,m(R).
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Proposition 7.8. For the discrete categories [m] where m ≥ 1 we have

(1) Out([m]) ∼= Sm, the symmetric group of degree m.
(2) ROut([m]) is not a homomorphic image of EndB([m]) when

m ≥ 2.
(3) When m ≥ 2 and V is a simple Sm-module, there is no simple

biset functor S with S(C) = V .

Proof. Any self equivalence of [m] is a permutation of the objects, and
the only natural isomorphisms between them are the identity, because
[m] has only identity morphisms. (2) is immediate in view of Propo-
sition 3.8. For (3), we have seen in Example 7.4 that the only simple
functor S with S([m]) ̸= 0 is S1,R, and S1,R([m]) = Rm, which is not a
simple module for Sm when m ≥ 2. □

This shows that simple biset functors S are not parametrized by
pairs (C, V ) where V is a simple module for Out(C) in such a way
that S(C) = V . What we can say about parametrizing simple functors
is that, according to Corollary 7.3 part (3), they determine and are
determined by their list of non-zero evaluations at categories C, which
are simple representations of EndB(C). Finding a parametrization of
S involves finding a distinguished pair (C, S(C)) where S(C) ̸= 0, and
finding a good description of the simple EndB(C)-modules S(C) that
can appear.

We resolve these issues by describing a way to parametrize simple
functors in terms of essential algebras relative to a well ordering of finite
categories. This is similar to what has been done elsewhere, but has
the difference that we have no compelling natural order on categories.

Definition 7.9. Place the isomorphism types (in B) of finite categories
in any well order <. For each category C, we define the inessential
ideal Iness<(C) to be 2-sided ideal in EndB(C) that is the R-span of the
bisets that factor through categories D with D < C. Thus Iness<(C)
is the span of bisets of the form Ω = Ψ ◦ Θ where Ψ is a (C,D)-
biset and Θ is a (D, C)-biset, with D < C. We term the quotient
Ess<(C) := EndB(C)/ Iness<(C) the essential algebra of C with respect
to <.

Notice that we could have defined the inessential ideal to be the span
of linear combinations of bisets in EndB(C) that factor through earlier
categories, but this would define the same ideal: if a linear combination
of bisets factors through an earlier category, then so must each term in
the linear combination.

The essential algebra we have just defined depends on the choice
of an arbitrary well order on categories, but in most cases we would
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choose a well order with the property that if C has fewer morphisms
than D then C < D.
Proposition 7.10. Let S be a biset functor and C the least category
with respect to the well order < such that S(C) ̸= 0. Then Iness<(C)
acts as 0 on S(C), so that the structure of S(C) as an EndB(C)-module
is the same as its structure as an Ess<(C)-module. Thus if S is a simple
biset functor, then S(C) is a simple Ess<(C)-module.

Proof. We know from Proposition 7.2(3) that S(C) is a simple module
for EndB(C). The image on S(C) of a biset in Iness<(C) must be 0
because it factors through a category D with D < C, and S(D) = 0.
Thus Iness<(C) acts as 0 on S(C), and the rest is immediate. □

It is the next result that gives a parametrization of the simple biset
functors.

Theorem 7.11. With respect to the well order <, the isomorphism
types of simple biset functors are parametrized by the pairs (C, V ),
where C is a category and V is a simple Ess<(C)-module, in such a
way that a simple biset functor S corresponds to the pair where C is the
least category with S(C) ̸= 0 and V = S(C).
Proof. For every simple functor there is a least category C with S(C) ̸=
0. The endomorphisms in Iness<(C) are all zero on S and so V is a
simple Ess<(C)-module by Proposition 7.10. Because S is determined
by each of its values on categories by Proposition 7.2, the assignment
from isomorphism classes of simple functors to pairs (C, V ) is injective.

We must also show that for each simple Ess<(C)-module V there is a
simple biset functor S for which C is the least category with S(C) ̸= 0
and S(C) = V . Now, there does exist a simple biset functor S with
S(C) = V , by Proposition 7.2. If D is another category with S(D) ̸= 0
then both S(C) and S(D) generate S, and so

S(D) = HomB(C,D) · S(C) and

S(C) = HomB(D, C) · S(D)
Thus S(C) = HomB(D, C)HomB(C,D) · S(C). We cannot have D < C,
because then the homomorphism composites in the last equation would
lie in Iness<(C), which acts as 0 on C. We deduce that C is the least
category with S(C) ̸= 0 and S(C) = V . □

Example 7.12. Let < be any well order on finite groups that refines
the partial order given by the size of the group. Thus if G has fewer
elements than H we require G < H. Then

EndB(G) ∼= ROutG⊕ Iness<(G)
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so that Ess<(G) ∼= ROutG. This is Proposition 4.3.2 of [8]. It shows
that we recover the usual parametrization of simple biset functors for
groups by means of pairs (H, V ) where H is a group and V is a simple
module for OutH. This includes the case of the simple functor S1,R

when R is a field, where 1 is the identity group.

Example 7.13. We have already seen in Example 7.4 that, for each
integer m ≥ 1, S1,R is the unique simple functor that is non-zero on
the discrete category [m], and in fact S1,R([m]) ∼= Rm. We will now
see that this accords with the parametrization of simple functors of
Theorem 7.11 in terms of essential algebras.

Proposition 7.14. Put the discrete categories [m] in the order [m] <
[n] if and only if m < n.

(1) All ([m], [m])-bisets factor through 1 = [1].
(2) Iness<([m]) = EndB([m]) and

Ess<([m]) =

{
0 if m > 1

R if m = 1.

(3) With this choice of well order on the discrete categories, the
only simple functor parametrized on these categories is S1,R

Proof. (1) The indecomposable ([m], [m])-bisets are the bisets Eij that
consist of a single point set in position (i, j) and are empty elsewhere.
Now Eij = Ei1E1j is a factorization through [1].

(2) is immediate and (3) follows because if m > 1 there are no simple
Ess<([m])-modules to form part of the parametrization. □

Compare this result with Proposition 7.8 where it is observed that
Ess<([m]) is not isomorphic to ROut([m]) = RSm when m > 1 and
that the pairs (C, V ) where V is a simple representation of Out(C) do
not parametrize the simple functors S.

7.4. Calculating the values of simple biset functors. We now
provide a general way to compute the value of a simple biset functor
S at a category D, given the value of S at some other category C. It
is related to methods described in [6], [9] and [28]. For this approach
we construct a matrix as follows. Let Ωj, j ∈ J be the indecomposable
(D, C)-bisets, and let Ψi, i ∈ I be the indecomposable (C,D)-bisets, all
taken up to isomorphism. Here I and J are just some (possibly infinite)
indexing sets for these bisets. We form a block matrix A with blocks
indexed by I × J , and where the block in position (i, j) is the matrix
of the endomorphism S(ΨiΩj) : S(C) → S(C), taken with respect to
some chosen basis of S(C).



BISET FUNCTORS FOR CATEGORIES 49

Theorem 7.15. Let R be a field, let C and D be categories, let S
be a simple biset functor, and suppose that S(C) is non-zero. Then
dimS(D) is the column rank of the matrix A just constructed.

Proof. We continue with the notation established just before the theo-
rem. Consider the composite map⊕

j∈J

S(C) (S(Ωj))−−−−→ S(D) (S(Ψi))−−−−→
∏
i∈I

S(C).

By Theorem 7.7 the map on the left is surjective and the map on the
right is injective. The matrix of this composite map is A. It follows
that the dimension of the image of this map equals dimS(D). □

We exemplify Theorem 7.15 by calculating the values of S1,1
1,R(P)

when P is a poset. Here R is a field, 1 is the category that has a single
object ∗ and only the identity morphism, and S1,1

1,R is the simple functor

defined on B1,1
R that is non-zero on 1. It is already known that if G is

a finite group then S1,1
1,R(G) is R when |G| is invertible in R and is 0

otherwise, according to a formula in [24].
We regard the poset P as a category in which the poset elements

are the objects and there is a unique morphism x → y if and only if
x ≤ y. This includes not only the discrete categories we studied in
Example 3.7 and the posets 2X that we shall study in the next section,
but also representations of quivers. Given a quiver Q without oriented
cycles, its representations are the same thing as representations of the
free category FQ constructed from Q (see [16]), and FQ is a poset.
Thus representations of quivers are also representations of posets. We
recall (see [27]) that, over any field k, a poset P with n elements has
n simple representations, so that the rank of the Grothendieck group
G0(kP) is n.

Theorem 7.16. Let R and k be fields. Then S1,1
1,R
∼= R⊗ZG0(k(−)) as

biset functors on the full subcategory of B1,1 whose objects are posets.

Proof. We will first compute the dimension of dimS1,1
1,R(P) using the

method of Theorem 7.15. Place the elements of P in a total order that
refines the partial order on P . The (P ,1)-bisets are really just left P-
sets, and they are birepresentable if and only if they are representable as
P-sets, and similarly for (1,P)-bisets. For x ∈ P let Ωx be the (1,P)-
biset generated at (∗, x), and let Ψy be the (P ,1)-biset generated at
(y, ∗). Then the composition ΩxΨy ̸= ∅ if and only if y ≤ x, by
examining the definition of the composition. This means the matrix A
constructed for Theorem 7.15 is triangular. Its diagonal entries are 1
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because the diagonal entries are the functorial effect of sets

ΩxΨx =
⊔
y∈P

(Ωx(y)×Ψx(y))/ ∼

and there is only one non-empty term in the disjoint union, namely
Ωx(x) × Ψx(x), which is a single point. Thus A has rank |P| =
dimS1,1

1,R(P).
The biset functor R⊗Z G0(kQ) is non-zero on 1, so it has S1,1

1,R as a
composition factor, this being the only simple functor that is non-zero
on 1. Because R⊗ZG0(kP) and S1,1

1,R(P) have the same dimension they
are isomorphic, and this is an isomorphism of biset functors. □

Corollary 7.17. Let R and k be fields and let P be a finite poset. Then
R⊗Z G0(k(P)) is a simple module for EndB1,1(P).

It is harder to determine the values of SX ,Y
1,R (C) when X ̸= 1 ̸= Y .

For example, we may calculate that dimR S
all,all
1,R (A2) = 3 when A2 is

the category
A2 = •

x

α−→ •
y

of Example 2.5. The value Sall,all
1,R (A2) identifies as the representation

ring K0(RA2,⊕) for this particular category. We omit these calcula-
tions.

Finally, we note that calculations of the values of SX ,Y
1,R (C) are given

in [6], [24] and elsewhere when C is a finite group and X ,Y ∈ {1, all}.

7.5. Finiteness and projective covers. We continue with the un-
derstanding that B denotes any of the categories BX ,Y

R with X ,Y ∈
{1, all} and F the category of biset functors defined on B. We will
write FC := HomB(C,−) for the representable biset functor at C.
Proposition 7.18. (1) FC is a projective biset functor.

(2) The category F has enough projectives.
(3) EndF(FC) ∼= EndB(C).

Proof. All this is a standard consequence of Yoneda’s Lemma, see [27].
□

We now restrict R to be a field or (more generally) a complete
discrete valuation ring. The endomorphism ring EndB(C) in the last
proposition may or may not have finite rank. As an example of this
we have seen in Example 5.17 that the endomorphism ring of the Kro-
necker quiver in B1,1 does not have finite rank. When it has infinite
rank this may affect questions such as the existence of projective covers
and whether or not the Krull-Schmidt theorem holds. We avoid this
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problem and study only the case when it does have finite rank, which
is equivalent to saying that there are only finitely many (C, C)-bisets
up to isomorphism.

Theorem 7.19. Let C be a finite category for which there are only
finitely many isomorphism classes of (C, C)-bisets and let S be a simple
biset functor. Then:

(1) dimS(C) is finite.
(2) There are only finitely many simple biset functors S (up to iso-

morphism) for which S(C) ̸= 0.
(3) If S is a simple biset functor with S(C) ̸= 0 then S has a pro-

jective cover PS.
(4) The representable biset functor FC = HomB(C,−) decomposes

as a finite direct sum

FC ∼=
⊕
S

P
dimS(C)/ dimEndB(S)
S .

Proof. (1) We start by noting that EndB-mod(FC) ∼= EndB(C)op has fi-
nite rank over R, and also that Hom(FC, S) ∼= S(C), both by Yoneda’s
lemma. In particular, S(C) ̸= 0 if and only if there is a non-zero
homomorphism FC → S, and such a homomorphism gives a map
End(FC)→ Hom(FC, S), which is surjective by projectivity of FC. This
implies that dimS(C) = dimHom(FC, S) ≤ RankEnd(FC), which is
finite.

(2) This is immediate from part (4) of Corollary 7.3.
(3) The argument here is the same as in [24, Sect. 5]. Let RadFC be

the interesection of the maximal subfunctors of FC, or in other words
the intersection of the kernels of the homomorphisms from FC to simple
functors. There are only finitely many simple functors that can appear,
so FC/RadFC is semisimple – a finite direct sum of simple functors.
The simple functor S is one of these, so there is a primitive idempotent
e ∈ End(FC/RadFC) so that e(FC/RadFC) = S. By projectivity, the
map End(FC) → End(FC/RadFC) is surjective, and these are finite
rank R-orders, so e lifts to a primitive idempotent ê ∈ End(FC). It’s
image PS := ê ·FC is now an indecomposable projective summand with
the property that PS/Rad(PS) ∼= S, and so this is a projective cover
of S.

(4) Being semisimple, FC/RadFC ∼=
⊕

S S
dS for certain integers dS,

corresponding to a decomposition FC ∼=
⊕

S P
dS
S . We have

dimHom(FC, S) = dS dimEndB(S),

and from this the result follows. □
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We conclude this section with a result that is an extension to cate-
gories of a well known result for groups.

Corollary 7.20. Let R be a field or a complete discrete valuation ring.
The Burnside ring functor B = F1 := HomB(1,−) is indecomposable
and projective. It is the projective cover of the simple functor S1,R̄,
where R̄ is the residue field of R.

Proof. We have seen in Example 3.13 that the Burnside ring functor
identifies as the representable functor F1. The result follows from The-
orem 7.19(4), because, by Corollary 7.3, S1,R̄ is the only simple functor
that is non-zero on 1, and its value there is R̄. □

8. Correspondences and bisets

In this section we describe a way that the theory of correspondences
of Bouc and Thévenaz [10] fits in with the theory of biset functors on
categories. The goal is to show in Corollary 8.16 that simple correspon-
dence functors and simple biset functors on Boolean lattices, using only
birepresentable bisets, are parametrized the same way.

Given sets X and Y , a correspondence from X to Y is a subset of
the cartesian product Y ×X, the order being reversed to facilitate the
composition of correspondences, about to be defined. Correspondences
are also called relations. Given correspondences U ⊆ Z × Y and V ⊆
Y ×X another correspondence UV is defined by

UV := {(z, x) ∈ Z ×X
∣∣ ∃ y ∈ Y so that (z, y) ∈ U and (y, x) ∈ V }.

This composition of correspondences is associative and for each set X
there is an identity correspondence ∆X = {(x, x)

∣∣ x ∈ X} ⊆ X ×X.
We form a category Corresp whose objects are finite sets and where
HomCorresp(X, Y ) is the set of correspondences from X to Y . Given a
commutative ring R, a correspondence functor over R is a representa-
tion over R of Corresp, namely, a functor Corresp → R-mod. Equiv-
alently we may form the linearization RCorresp of Corresp, which has
the same objects and whose morphisms are formal R-linear combina-
tions of the morphisms in Corresp between two objects. A correspon-
dence functor is now an R-linear functor RCorresp→ R-mod. See [10]
for details.

For each set X we let 2X denote the poset of subsets of X. For each
correspondence U ⊆ Y ×X we get a mapping +U : 2X → 2Y , and also
a mapping U+ : 2Y → 2X , defined as follows: for each subset A ⊆ X
and B ⊆ Y we put

+U(A) := {y
∣∣ ∃ (y, x) ∈ U, x ∈ A}.
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and

U+(B) := {x
∣∣ ∃ (y, x) ∈ U, y ∈ B}.

In the next result we identify posets as categories in which the poset
elements are the objects and there is a unique morphism x→ y if and
only if x ≤ y.

Proposition 8.1. There is a functor Corresp → Cat specified on ob-
jects by X → 2X and on morphisms by U → +U . There is also a
functor Correspop → Cat specified on objects by X → 2X and on mor-
phisms by U → U+. Both these functors are faithful. In particular, for
each set X, the monoid of correspondences on X embeds in the monoid
of order-preserving maps 2X → 2X .

Proof. Given a correspondence U ⊆ Y ×X it is evident that both +U
and U+ are order preserving maps. We also check that if V ⊆ X ×W
then +(UV ) = +U+V and (UV )+ = V +U+. For the first equation, for
each subset A of W , the check is

+(UV )(A) = +{(y, w)
∣∣ ∃ x ∈ X, (y, x) ∈ U, (x,w) ∈ V }(A)

= {y
∣∣ ∃ x ∈ X, ∃ w ∈ A, (y, x) ∈ U, (x,w) ∈ V }

= +U{x
∣∣ ∃ w ∈ A, (x,w) ∈ V }

= +U(+V (A)).

The second equation is checked similarly. Each identity correspondence
is sent to an identity functor.

These functors are one-to-one on objects. We check that they are
one-to-one on morphisms. Suppose that U,U ′ ⊆ Y ×X and that +U =
+U ′. Then for each singleton {x} ⊆ X we have +U{x} = +U ′{x},
which shows that for each x, the pairs (y, x) in U are the same as for
U ′. It follows that U = U ′. □

Not all order preserving maps 2X → 2X arise in the form +U or U+.
The ones that do are exactly those that preserve joins of elements.

We have already examined in Proposition 4.3 two functors ϕ : Cat→
B and ϕ̂ : Catop → B. Composing the two functors that are covariant,
and also composing the two functors that are contravariant, we obtain
two covariant functors Corresp→ B, both of which take a set X to the
poset 2X . The first of these functors takes a correspondence U ⊆ Y ×X
to the biset 2Y 2

Y
(+U)2X

, and the second takes U to the biset 2Y (U+)2X2X .
As a consequence of this we note that any biset functor B → R-mod
defines by composition a correspondence functor, in two ways. We will
examine the nature of this relationship further.
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Example 8.2. Let X = Y = [2] := {1, 2} and let U ⊂ Y ×X be the
correspondence U := {(1, 1), (1, 2), (2, 2)}. We obtain two bisets that
we describe by matrices in the manner of Example 3.7:

2[2]2
[2]
(+U)2[2]

=


∗ ∅ ∅ ∅
∗ ∗ ∅ ∅
∗ ∅ ∅ ∅
∗ ∗ ∗ ∗

 , 2[2](U
+)2

[2]

2[2]
=


∗ ∅ ∅ ∅
∗ ∗ ∗ ∗
∗ ∅ ∗ ∅
∗ ∗ ∗ ∗

 .
The rows and columns of these matrices are both indexed by the subsets

(∅, {1}, {2}, {1, 2})

of [2], taken in that order. Thus, for example, the third column of the
second matrix is indexed by {2} and indicates a 2Y -set that has its
support on {1}, {2} and {1, 2}. It can be described diagrammatically
as the set

∅ −→ ∗y y
∗ −→ ∗

for the category 2Y =

∅ −→ {1}y y
{2} −→ {1, 2}

.

It is calculated by putting a ∗ in the position (B, {2}) whenever {2} ⊆
U+(B), for each subset B ⊆ Y .

We have seen that the functors ϕ and ϕ̂ are not faithful, in general.
They are, however, if we restrict to the posets 2X .

Proposition 8.3. The functors ϕ and ϕ̂, when restricted to the full
subcategory of B whose objects are the posets 2X , are faithful. Conse-
quently the two functors Corresp→ B just described are faithful.

Proof. The functors ϕ : Cat → B and ϕ̂ : Catop → B are the identity
on objects. According to Proposition 4.3, two functors (i.e. order-
preserving maps) F, F ′ : 2X → 2Y are sent to isomorphic bisets if and
only if they are naturally isomorphic. This means there is a family of
isomorphisms ηx : F (x) → F ′(x) in 2Y so that certain diagrams com-
mute. The only isomorphisms in 2Y are identity maps, so we deduce
that F = F ′ in this case. Thus ϕ and ϕ̂ are faithful. Also the two func-
tors Corresp → Cat are faithful by Proposition 8.1, so the composites
are faithful as well. □

The next lemmas will be applied to bisets for the posets 2X .

Lemma 8.4. Let C be a category with a terminal object t. Then a
C-set Ω is ⊔-indecomposable if and only if Ω(t) is a single point.
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Proof. (1) Every non-empty C-set Ω has Ω(t) ̸= ∅, so if Ω = Ω1 ⊔ Ω2

is a disjoint union of non-empty C-sets then Ω(t) has size at least 2.
Thus if Ω(t) is a single point, it is indecomposable. Conversely, if
Ω(t) = {u1, . . . , ur} consists of r points we may define Ωi(x) := f−1

x (ui)
where fx : x → t is the unique morphism to the terminal object, and
now Ω = Ω1 ⊔ · · · ⊔ Ωr decomposes.

□

Definition 8.5. For any (C,D)-biset Ω we will say that a row of Ω
is the set of values Ω(u, v) where u is fixed and v is allowed to vary;
and a column of Ω is the set of values Ω(u, v) where v is fixed and u is
allowed to vary. A row has the structure of a D-set and a column has
the structure of a C-set. This is consistent with the matrix notation of
Example 8.2.

Lemma 8.6. An indecomposable (2Y , 2X)-biset Ω is birepresentable if
and only if

(1) for each row of Ω, the support of that row consists of the subsets
of some particular subset of X;

(2) for each column of Ω, the support of that column consists of the
supersets of some particular subset of Y ; and

(3) for each pair of subsets A ⊆ X and B ⊆ Y the value Ω(B,A)
has size 0 or 1.

Proof. If each row and column have the given form, it is representable,
represented by the maximal subset of the support in the case of rows,
and the minimal subset of the support in the case of columns.

Conversely, suppose that Ω is birepresentable. Then each row and
column is representable, and so is a disjoint union of representable
(2X)op-sets (for rows) or 2Y -sets (for columns). We claim that each row
and column is indecomposable. To see this we observe that 2Y ×(2X)op

has a terminal element (Y, ∅), and Ω is an indecomposable set for this
category, so Ω(Y, ∅) is a single element by Lemma 8.4. It follows that
the row of Ω determined by Y is indecomposable (again by Lemma 8.4),
as is the column determined by ∅, and hence this row and column
only have entries of size 0 or 1, because hom sets of 2X and 2Y have
size 0 or 1. From this it follows that every row and column of Ω
is indecomposable, because they are sets for 2X or 2Y , which have
terminal objects, and the values at these objects have size 0 or 1. This
means each row and column is representably generated by a single
element, and each evaluation of Ω consists of a single element or is
empty. □
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Lemma 8.7. Let Ω be an indecomposable birepresentable (2Y , 2X)-biset
and Ψ an indecomposable birepresentable (2Z , 2Y )-biset. Then Ψ ◦Ω is
either an indecomposable (2Z , 2X)-biset or is empty.

Proof. By Lemma 8.4 it suffices to show that (Ψ ◦ Ω)(Z, ∅) consists of
a single point, or is empty. From the definition of biset composition
this set is ⊔

U⊆Y

Ψ(Z,U)× Ω(U, ∅)/ ∼

Because Ψ and Ω are birepresentable there are subsets A,B of Y so that
Ψ(Z,U) ̸= ∅ if and only if U ⊆ B and Ω(U, ∅) ̸= ∅ if and only if U ⊇ A,
so that the disjoint union is non-empty if and only if A ⊆ U ⊆ B, in
which case Ψ(Z,U) × Ω(U, ∅) = {(b(iBU )∗, (iUA)∗a)}, where a ∈ Ω(A, ∅)
and b ∈ Ψ(Z,B) are generators of the first column of Ω and the last
row of Ψ respectively, and iUA, i

B
U are the inclusion morphisms in 2Y .

All of these pairs are equivalent under ∼ because (b(iBU )
∗, (iUA)∗a) ∼

(b, (iBA)∗a), for instance, independently of U . This shows that (Ψ ◦
Ω)(Z, ∅) consists of a single point. □

Proposition 8.8. Let U ⊆ Y × X be a correspondence and let Ω =

2Y 2
Y
(+U)2X

as a (2Y , 2X)-biset. Then

(1) Ω is birepresentable,
(2) the row of entries Ω(Y,A) as A ranges through subsets of X,

and the column of entries Ω(B, ∅) as B ranges through subsets
of Y , are all non-empty with a single point ∗ in every entry.

Proof. 1. As a right 2X-set Ω is⊔
B∈2Y

2Y 2
Y
(+U)2X

(B,−) =
⊔

B∈2Y
Hom2Y (

+U(−), B) ∼=
⊔

B∈2Y
Hom2X (−, B̂)

where B̂ = {x ∈ X
∣∣ +U({x}) ⊆ B}, and this is representable by the

subsets B̂ of X. This is because there is a homomorphism +U(A)→ B
in 2Y if and only if +U(A) ⊆ B, if and only if

A ⊆ {x ∈ X
∣∣ +U(x) ⊆ B} = B̂.

As a left 2Y -set Ω is
⊔

A∈2X Hom2Y (
+U(A),−), which is also repre-

sentable, by the subsets +U(A) of Y .
2. This is a matter of computing these bisets. We have Ω(Y,A) =

Hom(+U(A), Y ) = {∗} because +U(A) ⊆ Y regardless of what A is,
and Ω(B, ∅) = Hom(+U(∅), B) = Hom(∅, B) = {∗} regardless of what
B is, because ∅ ⊆ B always. □
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Definition 8.9. Let us call a birepresentable (2Y , 2X)-biset Ω a corre-
spondence biset if it satisfies the condition that the values Ω(Y,A) as A
ranges through subsets of X, and Ω(B, ∅) as B ranges through subsets
of Y , are all a single point ∗.
We have seen in Proposition 8.8 that the bisets of the form 2Y 2

Y
(+U)2X

are correspondence bisets, and we will see in Corollary 8.13 that all
correspondence bisets have this form, giving a bijection between cor-
respondences and correspondence bisets. Note that correspondence
bisets are necessarily indecomposable by Lemma 8.4, because on the
terminal object (Y, ∅) their value has size 1.

Example 8.10. We consider again the bisets in Example 8.2 and we
refer to the matrices shown there. We have X = Y = [2] := {1, 2} and
U ⊂ Y × X is the correspondence U := {(1, 1), (1, 2), (2, 2)}. We see

directly from the matrix that describes the biset 2[2]2
[2]
(+U)2[2]

that it is

birepresentable: each row is a (2X)op-set that has value a single point
∗ on all the subsets of a particular subset of X, and each column is a
2Y -set that has value a single point ∗ on all the supersets of a particular
subset of Y .

By contrast to Proposition 8.8, the biset 2Y (U+)2X2X is not birepre-
sentable. This biset is not representable as a left 2Y -set because the
column indexed by {2} (the third column) is an indecomposable 2Y -set
that requires two generators but takes the value a single point on the
terminal object.

Because it is not birepresentable 2Y (U+)2X2X is not a correspondence
biset. On the other hand, the extra condition beyond birepresentability
to be a correspondence biset is that the left column and bottom row
of the matrix of the biset matrix have entries ∗, so we confirm that

2[2]2
[2]
(+U)2[2]

is a correspondence biset.

In the next proposition the initial sentence says that Ω is not a
correspondence biset.

Proposition 8.11. Let Ω be an indecomposable birepresentable (2Y , 2X)-
biset for which either there is a subset A ⊆ X with Ω(Y,A) = ∅ or there
is a subset B ⊆ Y with Ω(B, ∅) = ∅. Then Ω factors through 2X

′
in

the first case for some proper subset X ′ ⊆ X, and Ω factors through
2Y

′
in the second case, for some proper subset Y ′ ⊆ Y .

Proof. Suppose there is a subset A ⊆ X with Ω(Y,A) = ∅. The row
Ω(Y,−) has a unique largest set X ′ ⊆ X for which Ω(Y,X ′) ̸= ∅
and X ′ ̸= X because X ′ ̸⊇ A. We define the (2Y , 2X

′
)-biset Ω′ by

restriction: Ω′(V, U) = Ω(V, U) for U ⊆ X ′ and V ⊆ Y . Now Ω =
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Ω′ ◦ 2X′ϕ2X2X where ϕ : 2X
′ → 2X is inclusion, showing that Ω factors

through 2X
′
. The second case is similar: the column Ω(−, X) has a

unique minimal set Y ′ ⊆ Y so that Ω(Y ′, X) ̸= ∅. Now Ω factors
through 2Y−Y ′

in the following way. We define a (2Y−Y ′
, 2X)-biset Ω′

as follows: Ω′(V, U) := Ω(V ⊔ Y ′, U) for U ⊆ X and V ⊆ Y − Y ′. Now
Ω = 2Y 2

Y
ϕ2Y −Y ′ ◦ Ω′ where ϕ : 2Y−Y ′ → 2Y is inclusion. □

Proposition 8.12. Let Ω be a correspondence biset. Then

(1) Ω is completely determined by the values Ω(B,A) where A ⊆ X
is a subset of size 1, and B ⊆ Y is a subset of size |Y | − 1, and

(2) Ω = 2Y 2
Y
(+U)2X

where U ⊆ Y ×X is

U = {(y, x)
∣∣ Ω(Y − {y}, {x}) = ∅}.

Proof. (1) Each row Ω(B,−) of Ω has a unique maximal set A ⊆ X on
which it is non-empty, and it has size at least 1, so it is the union of
the one-points sets in the same row on which Ω is non-empty. Hence
it is determined by the value on one-point sets in that row. Similarly,
each column Ω(−, A) of Ω has a unique minimal set B ⊆ Y on which
it is non-empty, and it has size at most |Y |− 1, so it is the intersection
of the subsets of size |Y | − 1 in the same column on which Ω is non-
empty. Hence it is determined by the value on sets of size |Y | − 1 in
that column. Putting this together, the Ω(B,A) are determined in the
first instance when |A| = 1 and B is arbitrary, and when A is arbitrary
and |B| = |Y | − 1. From this we see that Ω is determined on all pairs
of subsets.
(2) Write Ψ = 2Y 2

Y
(+U)2X

. We show that Ψ = Ω. Now

Ψ(Y − {y}, {x}) = ∅ ⇔ +U({x}) ̸⊆ Y − {y}
⇔ (y, x) ∈ U
⇔ Ω(Y − {y}, {x}) = ∅.

Thus Ψ and Ω agree on pairs (B,A) where A ⊆ X is a subset of size
1, and B ⊆ Y is a subset of size |Y | − 1. By part (1), Ψ = Ω. □

Corollary 8.13. The map from correspondences U on Y ×X to (iso-
morphism classes of) correspondence (2Y , 2X)-bisets, given by U 7→
2Y 2

Y
(+U)2X

, is a bijection. Consequently the number of such correspon-

dence bisets is 2|X|·|Y |.

Proof. We already know from Proposition 8.1 that this map is one-to-
one, and we see this again from Proposition 8.12 (2). We see from
Proposition 8.12 (1) that the map is surjective. □
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Lemma 8.14. Let Ω be a correspondence (2Y , 2X)-biset. Suppose that
Ω = Ψ ◦ Θ where Ψ is a birepresentable (2Y , 2Z)-biset and Θ is a
birepresentable (2Z , 2X)-biset. Then there is a factorization Ω = Ψ′◦Θ′

where Ψ′ is a correspondence (2Y , 2Z)-biset and Θ′ is a correspondence
(2Z , 2X)-biset.

Proof. Wemay assume Ω and Ψ are indecomposable. Whenever Ψ(B, ∅) =
∅ we have Ψ(B,A) = ∅ for all A ⊆ X by birepresentability, and this
forces Ω(B, ∅) = ∅, which is not the case. Thus Ψ(B, ∅) is a single point
for all B ⊆ Y , and by a similar argument Θ(Y,A) is a single point for
all A ⊆ X.

The row Ψ(Y,A) as A ⊆ X appears only in the calculation of the
row Ω(Y,A), whose entries are each a single point. It follows that the
biset Ψ′, obtained by changing the entries Ψ(Y,A) to a single point if
necessary, can also appear in the product Ω = Ψ′ ◦Θ without changing
the answer. Making a similar construction of Θ′ that is the same as
Θ, except perhaps at entries Θ′(B, ∅) which may be changed to be a
single point, we obtain the desired factorization Ω = Ψ′ ◦Θ′. □

We now compare the essential algebra of correspondences on a set
X with the essential algebra of bisets for 2X . Throughout, we consider
algebras over a commutative ring R that does not figure in our notation,
and our result does not depend on the choice of R. We gave in 7.9 a
definition of the essential algebra of a category C in the biset category,
and it depends on placing a well order on categories. We are now
considering only categories 2X . We put 2X < 2Y if and only if |X| <
|Y |, and we consider essential algebras in B1,1. Thus the inessential
ideal Iness<2X is the 2-sided ideal in EndB1,1(2X) that is the R-span of the
birepresentable bisets that factor birepresentably through categories
2Z with |Z| < |X|. We put Ess<B1,1(2X) := EndB1,1(2X)/ Iness<2X . This
follows the similar definition by Bouc and Thévenaz [10] of the essential
algebra EssCorresp(X) of X in the correspondence category, which is the
quotient of EndCorresp(X) by the ideal of correspondences that factor
through smaller sets than X.
We come to our main theorem in this section.

Theorem 8.15. The functor Corresp→ B1,1 that sends a set X to the
poset 2X , and sends a correspondence U ⊆ Y ×X to the biset 2Y 2

Y
(+U)2X

,
induces an isomorphism of essential algebras

EssRCorresp(X)→ Ess<B1,1(2
X).

Proof. By functoriality this functor gives a ring homomorphism

EndRCorresp(X)→ EndB1,1(2X).



60 PETER WEBB

If a correspondence factors through a smaller set Z than X, then the
biset that is its image factors through the smaller category 2Z and
so lies in Iness<2X . For this formal reason we obtain a homomorphism
EssRCorresp(X)→ Ess<B1,1(2X). We will show that it is an isomorphism.

By Proposition 8.11, Ess<B1,1(2X) is spanned by the images of bisets Ω
for which Ω(X,A) ̸= ∅ and Ω(A, ∅) ̸= ∅ for all A ⊆ X. Corollary 8.13
shows that these bisets are all images of correspondences. This shows
that the homomorphism is a surjection.

Finally, we show that the homomorphism is an injection. Suppose
we have an element

∑
i λiUi ∈ EndRCorresp(X) that maps to an element

of Iness<2X . We will show that it lies in the inessential ideal InessX
of the correspondence algebra at X, consisting of elements that factor
through smaller sets. Now Iness<2X is spanned by bisets Ψ ◦ Ω where
Ψ is a (2X , 2Z)-biset and Ω is a (2Z , 2X)-biset, for some set Z smaller
than X, and these bisets are indecomposable and birepresentable. By
Lemma 8.7 this product is either empty, or indecomposable, so that if
a linear combination of bisets factors through a smaller set than X, so
does each indecomposable biset in that linear combination. This im-
plies that if a linear combination of correspondences maps to an element
of Iness<2X , so does each correspondence in that linear combination.
We are now reduced to the situation of a correspondence U ⊆ X ×

X for which the associated biset 2X2
X
(+U)2X

factors through some 2Z ,
where Z is smaller than X, as a product of birepresentable bisets.
By Lemma 8.14 we may assume that they are correspondence bisets

2X2
X
(+U)2X

= Ψ ◦Θ. Each of Ψ and Θ is the image of a correspondence
V and W . Because U and VW have the same bisets as their image we
have U = VW by Proposition 8.3, showing that U lies in the inessential
ideal InessX . This completes the proof that the homomorphism is an
injection. □

Corollary 8.16. The simple biset functors defined on the full subcate-
gory of B1,1 whose objects are the posets 2X are parametrized the same
way as the simple functors on the correspondence category Corresp.
Specifically, if S is a simple biset functor on B1,1 with S(2X) ̸= 0 for

some set X of smallest size, then the correspondence functor Ŝ ob-
tained from S by composition with the inclusion functor Corresp→ B1,1

has a unique simple composition factor T with X minimal such that
T (X) ̸= 0. This mapping S 7→ T is a bijection between simple biset
functors that do not vanish on the 2X and simple correspondence func-
tors.

Proof. We take the well order given by 2X < 2Y if and only if |X| < |Y |
and now Theorem 7.11 implies that the simple biset functors S that
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do not vanish on posets 2X are parametrized by pairs (2X , V ) where
V is a simple module for Ess<B1,1(2X), in such a way that S(2X) = V
and X is minimal such that S(2X) ̸= 0. Restricting to correspondence
functors, V remains simple for EssRCorresp(X) because of the isomor-
phism in Theorem 8.15, and so the pair (X, V ) parametrizes a simple
correspondence functor T with T (X) = V and T (Z) = 0 if |Z| < |X|;
and T is characterized by this evaluation, by the theory of [10]. As
a correspondence functor, S must have a composition factor whose
evaluation at X is V , and so T is this composition factor. All simple
correspondence functors arise in this way, and we obtain a bijection
between these simple biset functors that do not vanish on the 2X and
simple correspondence functors. □

We refer to [10] for the specifics of the parametrization of simple
correspondence functors.

9. Further structures on biset functors

There are tensor product and internal Hom structures on the biset
category, and also on the category of biset functors, extending the
corresponding structures for biset functors on groups. On groups, the
definitions and properties are described in Chapter 8 of [8], and our de-
velopment here proceeds in parallel with that. Many arguments from
that exposition are similar to those that appear here, and sometimes
they apply verbatim. Sometimes inverses of group elements arise, but
in most, if not all, cases this is because an isomorphism to the op-
posite group is being invoked implicitly, and a valid argument can be
found without inverses, using opposite categories. In group theory it
is unusual to consider the opposite of a group, it being isomorphic
to the group itself, but in our situation the arguments at times gain
transparency because we are forced to use opposite categories.

In this section we will only consider the biset category B = BR where
all bisets are used. In some places the arguments we will present do
not work for bisets that are representable on the left or on the right,
and so we exclude these from consideration. We write F = FR for
the category of biset functors B → R-mod, usually suppressing the
notation for the commutative ring R.

We start by observing that B is a rigid symmetric monoidal additve
R-linear category, with R-bilinear product. It also possesses a con-
travariant self-equivalence and an internal Hom. From this we go on to
deduce that F acquires the structure of a symmetric monoidal category
and an internal Hom. From that, we define Green functors and Green
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modules on categories. We conclude by showing how fibered biset func-
tors may be made to work on categories. For this we consider a theory
using bi-objects in categories other than Set. All these constructions
extend what is done for biset functors on groups.

9.1. Structures on the biset category. In the following we note
that the term tensor category is used in more than one way in the
literature.

Proposition 9.1. The biset category B is a tensor category over R,
in the sense that it is an R-linear additive category with a symmetric
monoidal structure ⊗ that is R-bilinear.

Proof. The tensor product operation ⊗ on objects of B is the product
of categories, and the unit is the category 1. We note that there are
canonical isomorphisms in B:

(C × D)× E ∼= C × (D × E)
C × D ∼= D × C

1× C ∼=C ∼= C × 1

showing that the identities for a symmetric monoidal structure are
satisfied. We observe that in B the coproduct and product of objects
C,D is their disjoint union C ⊔ D, because every (C ⊔ D, E)-biset is
uniquely the disjoint union of a (C, E)-biset and a (D, E)-biset, and
similarly with (E , C ⊔ D)-bisets. Thus B is additive. □

For any object X in a tensor category, a dual of X is an object X∨

equipped with coevaluation and evaluation maps

α : 1→ X ⊗X∨, β : X∨ ⊗X → 1,

so that the compositions

X
α⊗id−−−→X ⊗X∨ ⊗X id⊗β−−−→ X

X∨ id⊗α−−−→X∨ ⊗X ⊗X∨ β⊗id−−−→ X∨

are the identity. We say the tensor category is rigid if every object has
a dual.

We are about to show that objects in B have duals. The coevaluation
and evaluation maps in B are constructed in the following way. For each
category X = C the identity (C, C)-biset CCC may also be regarded as
a (C × Cop,1)-biset

α = C×CopC1 : 1→ C × Cop
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and also as a (1, Cop × C)-biset
β = 1CCop×C : Cop × C → 1.

All three are C regarded as a set for C × Cop, after identifying C × Cop
with 1× (Cop ×C)op and with (C × Cop)× 1op. For example, if x, y are
objects of C the value of C×CopC1 at ((y, x), 1) is HomC(x, y) and this is
also the value of CCC at (y, x) and 1CCop×C at (1, (y, x)).

Theorem 9.2. Each object C of B has a dual in the sense of tensor
categories, namely the opposite category Cop. Thus the tensor category
B is rigid.

Proof. We show that the bisets α and β defined above satisfy the iden-
tities to show that Cop is the dual of C. To do this we define bisets

CΩC×Cop×C = CCC × 1CCop×C

C×Cop×CΨC = C×CopC1 × CCC,
so that if r, s, x, z are objects of C and y is an object of Cop we have

Ω(r, (x, y, z)) = {(α, β)
∣∣ α : x→ r, β : z → y}

and
Ψ((x, y, z), s) = {(γ, δ)

∣∣ γ : y → x, δ : s→ z}.
We verify that

Ω ◦Ψ ∼= CCC
this being one of the identities we need to check. The other identity is
obtained by changing the roles of C and Cop to obtain similar bisets Ω′

and Ψ′ with Ω′ ◦Ψ′ ∼= CopCopCop and it proceeds similarly.
The definition of the biset product Ω ◦ Ψ at a pair of objects (r, s)

has the form

(Ω ◦Ψ)(r, s) =
⊔

(x,y,z)∈C×Cop×C

Ω(r, (x, y, z))×Ψ((x, y, z), s)
/
∼

We define a morphism of bisets

Ω ◦Ψ(r, s)→ CCC(r, s)
by ((α, β), (γ, δ)) 7→ αγβδ. This specification is constant on equiva-
lence classes of the relation ∼ because if (ζ, θ, ψ) is a triple of mor-
phisms in C × Cop×C, with suitable domains and codomains, then the
pairs

((α, β)(ζ, θ, ψ), (γ, δ)) = ((αζ, θβψ), (γ, δ))

and
((α, β), (ζ, θ, ψ)(γ, δ)) = ((α, β), (ζγθ, ψδ))

both map to the same morphism in CCC, namely αζγθβψδ. This means
we have defined a morphism of bisets. In the opposite direction we have
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an inverse map Ω ◦ Ψ ← CCC given at (r, s) by ν 7→ ((1r, 1r), (1r, ν)).
These two maps compose in both directions to give the identity, so we
have verified the desired identity.

□

A (C,D)-biset CΩD is the same thing as a C ×Dop-set, which we can
also regard as a Dop × (Cop)op-set in a canonical way. This gives CΩD
the structure of a (Dop, Cop)-biset DopΩCop .

Definition 9.3. There is a contravariant functor τ : Bop → B given by
τ(C) = Cop on objects, and on morphisms τ(CΩD) = DopΩCop .

Evidently τ is a contravariant equivalence that is own inverse: a
duality on B. It will be an important ingredient in defining the internal
tensor product of biset functors.

Proposition 9.4. There is an internal Hom construction on B, given
byH(C, E) = E×τ(C). It satisfies HomB(C×D, E) ∼= HomB(D,H(C, E)),
and also H(C × D, E) ∼= H(D,H(C, E)).

Proof. Both sides of the Hom isomorphism yield the Grothendieck
group of sets for E × Cop × Dop. The two sides of the H isomorphism
are E × τ(C × D) and (E × τC)× τD, and these are isomorphic. □

Thus, for example, τ ∼= H(−,1).

9.2. Structures on biset functors: the Yoneda-Dress construc-
tion. We define two of these constructions, depending on whether we
do the construction with respect to a category, or to its opposite.

Definition 9.5. For any category K let pK, p
op
K : B→ B be the functors

defined as pK(C) := C × K and popK (C) := C × Kop on categories C. On
morphisms of B that are bisets CΩD the definitions are

pK(CΩD) = CΩD × KKK : D ×K → C ×K
popK (CΩD) = CΩD × KopKop

Kop : D ×Kop → C ×Kop

Here KKK and KopKop
Kop are the identity bisets at K and Kop. Note that

popK is the same as pτ(K) and could also be written pKop , but this makes
it harder to notate the functorial dependence on K.
We define PK,P

op
K : F → F to be the functors that are precomposi-

tion with pK and popK . Thus if M is a biset functor and C a category
then

PK(M)(C) = (M ◦ pK)(C) =M(C × K),
Pop
K (M)(C) = (M ◦ popK )(C) =M(C × Kop).
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These are the Yoneda-Dress construction of M at K and the opposite
Yoneda-Dress construction of M at K. In other contexts the Yoneda-
Dress construction is also written MK instead of PK(M).

Lemma 9.6. Let J and K be categories.

(1) pJ ◦ pK = pJ×K = pK ◦ pJ and popJ ◦ p
op
K = popJ×K = popK ◦ p

op
J as

functors B→ B.
(2) PJ ◦ PK = PJ×K = PK ◦ PJ and Pop

J ◦ P
op
K = Pop

J×K = Pop
K ◦ P

op
J

as functors F → F .

Proof. This is immediate from the definitions, using the canonical iso-
morphisms J ×K ∼= K × J and (J ×K)op ∼= J op ×Kop. □

Given a (K,J )-biset Ω we obtain a natural transformation PΩ :
PJ → PK given at M and C by

PJM(C) =M(C × J ) M(CCC×Ω)−−−−−−→ PKM(C) =M(C × K)

and we also obtain a natural transformation in the opposite direction
Pop
Ω : Pop

K → Pop
J given at M and C by

Pop
K M(C) =M(C × Kop)

M(CCC×τ(Ω))−−−−−−−−→ Pop
J M(C) =M(C × J op)

using the duality τ . Extending this linearly, if f is an R-linear combina-
tion of (K,J )-bisets we obtain natural transformations Pf : PJ → PK
and Pop

f : Pop
K → Pop

J .

Corollary 9.7. P• : B → Fun(F ,F) and Pop
• : Bop → Fun(F ,F) are

functors, where Fun(F ,F) denotes the category of R-linear functors
from F to F .

Proof. We must check that Pg◦Pf = Pgf , P
op
f ◦Pop

g = Pop
gf and that both

P• and Pop
• send the identity to the identity. These are immediate. □

Definition 9.8. For each category D let FD denote the representable
biset functor at D, so FD(C) = HomB(D, C) = A(C,D) is the R-linear
span of the indecomposable (C,D)-bisets. In particular F1 = B is the
Burnside ring functor.

Proposition 9.9. We have isomorphisms

PKFD ∼= FKop×D and Pop
K FD ∼= FK×D

as biset functors. As a particular case, FD ∼= Pop
D B.

Proof. For any category C we have

(PKFD)(C) ∼= FD(C × K) ∼= HomB(D, C × K),
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using Yoneda’s lemma. This is the Grothendieck group of C×K×Dop-
sets, which is also a description of FKop×D(C). The remaining state-
ments follow. □

Proposition 9.10. For each category K, the functor P op
K : F → F is

both left and right adjoint to PK.

Proof. We show that P op
K is right adjoint to PK. The other adjoint prop-

erty follows by exchanging the roles of K and Kop. We construct the
unit and counit of the adjunction using the coevaluation and evaluation
bisets introduced before Theorem 9.2, and verify the triangle identities.
We define the unit η of the adjunction as the natural transformation
η : 1→ Pop

K PK that, at the biset functor M , takes the values

ηM =M(CCC × K×KopK1) :M(C)→ Pop
K PKM(C).

The counit ϵ : PKP
op
K → 1 at M takes the values

ϵM =M(CCC × 1KKop×K) : PKP
op
K M(C)→M(C).

We claim that the two composites

PK
PKη−−→ PKP

op
K PK

ϵPK−−→ PK

and

Pop
K

PKη−−→ Pop
K PKP

op
K

Pop
K ϵ
−−→ Pop

K

are both the identity, and this will verify the adjunction. In the case of
the first composite this is because, on evaluation atM , it gives a natural
transformation which, at a category C, is the morphismM(CCC×Ψ) fol-
lowed byM(CCC×Ω), which compose to give the identity on (PKM)(C),
by the calculation of Theorem 9.2. The second composite is the identity
by a similar argument. □

9.3. Structures on biset functors: internal Hom. The definition
of internal Hom in [8, Sec. 8.3] works verbatim with groups replaced
by categories.

Definition 9.11. Let M and N be biset functors. We define the
internal Hom of M and N to be

H(M,N) := HomF(M,P•(N)),

using the functoriality of the Yoneda-Dress construction in its subscript
to make H a biset functor.

Evidently H(−,−) is a bilinear functor F × F → F . We explore
some of its properties.
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Proposition 9.12. H(M,N) is left exact in each of its variables M
and N .

Proof. Functors are (left) exact if and only if so are their evaluations.
In the first variable H is left exact because, on evaluation at K, it is
the Hom functor HomF(−,PK(N)) and Hom functors are left exact.
In the second variable H is left exact because, after evaluation at K,
the functor PK is exact, and so HomF(M,PK(−)) is left exact because
Hom is left exact □

There is an asymmetry in our definition of H in that we used func-
toriality in the second variable of Hom. It is also possible to use func-
toriality in the first variable of Hom to get an isomorphic result. We
see a difference with the usual version for groups, in that a superscript
op is inserted in the first variable.

Proposition 9.13. We have H(M,N) ∼= HomF(P
op
• (M), N) as biset

functors.

Proof. The proof is simply that, on evaluation at K, we have

HomF(P
op
K (M), N) ∼= HomF(M,PK(N))

because Pop
K is left adjoint to PK by Proposition 9.10. □

Proposition 9.14. Let K be a category. Then

PK ◦ H(−,−) ∼= H(−,PK(−)) ∼= H(Pop
K (−),−).

Proof. Evaluating at biset functors M and N and at a category C we
have

(PK ◦ H(M,N))(C) ∼= H(M,N)(C × K)
∼= HomF(M,PC×K(N))
∼= HomF(M,PC(PK(N)))
∼= H(M,PK(N))(C)

and this establishes the first isomorphism. For the second isomorphism
we do a similar thing with the first variable. Starting with the second
term of the above isomorphisms, we have (using Proposition 9.13)

H(M,N)(C × K) ∼= HomF(P
op
C×K(M), N)

∼= HomF(P
op
C (Pop

K (M)), N)
∼= H(Pop

K (M), N)(C),

which gives the second isomorphism. □
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Corollary 9.15. Let M be a biset functor, let FJ and FK be the rep-
resentable biset functors at categories J ,K, and let B be the Burnside
ring functor. Then

H(FK,M) ∼= H(Pop
K (B)M) ∼= PK(M)

In particular, H(B,M) ∼= M and H(FK, FJ ) ∼= FJ×Kop. It follows that
if P and Q are projective biset functors, then so is H(P,Q).

Proof. We already know from Proposition 9.9 that FK ∼= Pop
K F1

∼= Pop
K B

so that by Proposition 9.14 it suffices to show that H(F1,M) ∼= M .
Evaluating the left side of this at C we get

H(F1,M)(C) ∼= HomF(F1,PC(M)) ∼= PC(M)(1) ∼= M(1× C) ∼= M(C),
which is what is needed. For the penultimate statement we apply
Proposition 9.9. □

9.4. Structures on biset functors: tensor product.

Definition 9.16. If L is a right biset functor over R (that is, an R-
linear functor Bop → R-mod) and M is a (left) biset functor over R,
we will write L⊗BM for the R-module

⊕
D∈B L(D)⊗RM(D) modulo

relations (a · EΩD)⊗R b = a⊗R (EΩD · b) when a ∈ L(E) and b ∈M(D)
and EΩD is a (E ,D)-biset.

This construction produces the coend
∫ D

L(D) ⊗R M(D) described
in [16]. The notation ⊗B that we propose to use is consistent with
the usual notation L⊗ΛM for the tensor product of a right Λ-module
L and a left Λ-module M , when Λ is an R-algebra. In our situation
L and M may be termed right and left B-modules, that is, functors
L : Bop → R-mod and M : B→ R-mod.

In the next definition we use the duality τ on B defined in Defini-
tion 9.3 to turn a left biset functor into a right biset functor.

Definition 9.17. We define the internal tensor product of (left) biset
functors L and M to be the biset functor

L⊗M := (P•(L) ◦ τ)⊗B M

where the functoriality on B is obtained via the subscript •. Thus the
value of L⊗M at a category C is

(L⊗M)(C) = (PC(L) ◦ τ)⊗B M = L(τ(−)× C)⊗B M(−).

Theorem 9.18. For all biset functors L,M and N we have

(1) HomF(L⊗M,N) ∼= HomF(M,H(L,N)), and
(2) H(L⊗M,N) ∼= H(M,H(L,N)).
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Proof. 1. We will show that

HomF((P•(L) ◦ τ)⊗B M,N) ∼= HomF(M,HomF(P
op
• L,N)).

The term on the left consists of natural transformations ϕ that are
families of R-module homomorphisms

ϕC : (PC(L) ◦ τ)⊗B M → N(C).

The tensor product is spanned by basic tensors a⊗Bb where a ∈ L(Dop×
C) and b ∈M(D) for some category D, and each such tensor determines
an element ϕC(a⊗ b) ∈ N(C).

From this we may construct a natural transformation

ψ :M → HomF(P
op
• L,N)

as a family of maps ψD : M(D) → HomF(P
op
D L,N) as follows. If b ∈

M(D) and a ∈ Pop
D L(C) = L(C×Dop) ∼= L(Dop×C), let â ∈ L(Dop×C)

be the element corresponding to a under this isomorphism, determined
by the canonical isomorphism C × Dop ∼= Dop × C. We define ψD(b) to
be the natural transformation Pop

D L → N that is the family of maps
ψD(b)C : (Pop

D L)(C)→ N(C) where ψD(b)C(a) = ϕC(â⊗B b) ∈ N(C).
We similarly construct an inverse mapping in the opposite direction

from the right to the left of the second line of this proof, by reversing
all the constructions just indicated. This establishes 1.

2. We deduce this from part 1. We have

H(L⊗M,N) = HomF(L⊗M,P•(N))
∼= HomF(M,H(L,P•(N))

= HomF(M,P•H(L,M))

= H(M,H(L,N))

using Proposition 9.14. □

Corollary 9.19. For all biset functors L,M the functors L ⊗ − and
−⊗M are right exact.

Proof. It is a corollary of Theorem 9.18 that L ⊗ − is right exact,
because it is the left adjoint of the functor H(L,−).

To see that − ⊗M is right exact we employ a separate argument.
We show that if 0 → U → V → W → 0 is an exact sequence of
biset functors, then 0 → U ⊗M → V ⊗M → W ⊗M → 0 is exact,
and to test this it suffices to check on each evaluation. The evaluation
U ⊗M(C) is (PCU ◦ τ)⊗B M and this is the composite of the functors
PC (right adjoint PCop), τ (right adjoint τ), and − ⊗B M . This latter
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has a right adjoint by the standard argument for tensor products: if
K : Bop → R-mod is a right biset functor, we claim

HomR(K ⊗B M,V ) ∼= HomF(K,HomR(M,R))

via an isomorphism

(ϕ : K ⊗M → V ) 7→ (ψC : K(C)→ Hom(M(C), V ))

where the natural transformation ψ = (ψC) is specified by

ψC(a) = (b 7→ ϕ(a⊗ b)).
There is an inversely defined morphism in the opposite direct that
shows we have an isomorphism. It follows from all this that − ⊗M
has a right adjoint, and so is right exact. □

Theorem 9.20. For all biset functors L,M and N and categories J ,K
we have

(1) FJ ⊗ FK ∼= FJ×K,
(2) L⊗M ∼= M ⊗ L,
(3) B ⊗ M ∼= M ∼= M ⊗ B where B = F1 is the Burnside ring

functor,
(4) (L⊗M)⊗N ∼= L⊗ (M ⊗N), and
(5) PJ (L⊗M) ∼= (PJL)⊗M ∼= L⊗ (PJM).

Proof. 1. For any biset functor N we have

H(FJ ⊗ FK, N) ∼= H(FK,H(FJ , N))
∼= H(FK,PJ (N))
∼= PJH(FK, N)
∼= PJPK(N)
∼= PKPJ (N)
∼= PJ×K(N)
∼= H(FJ×K, N).

Noting that H(M,N)(1) = HomF(M,N) we deduce that

HomF(FJ ⊗ FK, N) ∼= HomF(FJ×K, N) ∼= N(J ×K),
so that HomF(FJ ⊗ FK,−) is isomorphic to the representable functor
HomF(FJ×K,−). Because the Yoneda embedding is faithful we have
FJ ⊗ FK ∼= FJ×K.

2. When L and M happen to be representable functors L = FJ and
M = FK the result holds by part 1. From this the result holds when
L and M are projective functors. For general L and M we employ
an argument with projective presentations. Let P1 → P0 → L → 0
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and Q1 → Q0 → M → 0 be exact sequences, where the Pi and Qi

are projective. Now L and M are the zero homology of the complexes
P1 → P0 and Q1 → Q0 and, using right exactness on both sides of ⊗,
L⊗M is the zero homology of (P1 → P0)⊗ (Q1 → Q0). This complex
is isomorphic to (Q1 → Q0)⊗ (P1 → P0) because ⊗ is commutative on
projective functors, and this has zero homology M ⊗ L, which is thus
isomorphic to L⊗M .

3. When M is a representable functor M = FK then F1 ⊗ FK ∼=
F1×K ∼= M ∼= FK ⊗ F1 by parts 1 and 2. Thus B ⊗ − is the iden-
tity functor on projective functors. If M is arbitrary we resolve it by
projectives P1 → P0 → M → 0 and apply the right exact functor
B ⊗− to get an exact sequence P1 → P0 → B ⊗M → 0 showing that
B ⊗M ∼= M , and similarly with M ⊗B ∼= M .

4. For any biset functor Q we have

HomF((L⊗M)⊗N,Q) ∼= HomF(N,H(L⊗M,Q))
∼= HomF(N,H(M,H(L,Q)))
∼= HomF(M ⊗N,H(L,Q))
∼= HomF(L⊗ (M ⊗N), Q)

so that the two representable functors HomF((L ⊗ M) ⊗ N,−) and
HomF(L⊗(M⊗N),−) are isomorphic. Because the Yoneda embedding
is faithful the result follows.
5. Using Propositions 9.13, 9.14 and Theorem 9.18 we have

HomF(PJ (L⊗M), N) ∼= HomF(L⊗M,Pop
J N)

∼= HomF(M,H(L,Pop
J N))

∼= HomF(M,H(PJL,N))
∼= HomF((PJL)⊗M,N)
∼= HomF(L⊗ (PJM), N) similarly.

The representable functors HomF(PJ (L⊗M),−), HomF((PJL)⊗M,−)
and HomF(L⊗ (PJM),−) are all isomorphic, so the result follows be-
cause the Yoneda embedding is faithful. □

To summarize:

Corollary 9.21. With the product operation ⊗ and unit B the category
of biset functors F is a symmetric monoidal tensor category. Further-
more, if P and Q are projective biset functors then P ⊗Q and H(P,Q)
are also projective.

Proof. The last sentence is a consequence of Theorem 9.20(1) and
Corollary 9.15. □
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9.5. Structures on biset functors: a contravariant equivalence.
For each biset functorM we define another biset functorM∗ asM∗(C) :=
HomR(M(τ(C)), R), by pre-composing M with the contravariant func-
tor τ and post-composing with the contravariant functor HomR(−, R).
Then M∗ is a dual biset functor of M in a certain sense, not to be
confused with the notation of a dual object in the context of tensor
categories. When M(C) and M(Cop) are finitely generated projective
R-modules, we have M∗∗ ∼= M .

9.6. Green biset functors and modules. Green biset functors are
biset functors with a product and unit that make them behave like
rings. The development of their theory given in section 8.5 of [8],
where they are defined on groups, works also for biset functors defined
on categories. We sketch briefly how this goes, referring to [8] for
greater detail.

Definition 9.22. A Green biset functor is a monoid A in F .

This means there are maps of biset functors

µ : A⊗ A→ A, e : B → A

where the Burnside ring functor B is the unit of ⊗. There is a require-
ment that the following two diagrams commute, one ensuring that µ is
associative, and the other that B multiplies as the identity:

A⊗ (A⊗ A) Id⊗µ−→ A⊗ A
µ
↘yα A

µ
↗

(A⊗ A)⊗ A µ⊗Id−→ A⊗ A

B ⊗ A e⊗Id−→ A⊗ A Id⊗e←− A⊗B
λ
↘

yµ ρ
↙

A

where α, λ and ρ are the isomorphisms that are part of the symmetric
monoidal structure.

By the adjoint property of ⊗ and H (Theorem 9.18), the map µ
corresponds to a natural transformation of biset functors ν : A →
H(A,A). It means that for each category D there is a map of R-
modules

νD : A(D)→ H(A,A)(D) = HomF(A,PDA)

so that, for each element b ∈ A(D) and for each category C, there is a
map of R-modules

νD(b)C : A(C)→ A(C × D).
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Putting this together, µ determines for each pair of categories C,D a
bilinear map of R-modules

A(C)× A(D)→ A(C × D)
that sends each pair of elements (a, b) to νD(b)C(a).

Definition 9.23. Let a ∈ A(C) and b ∈ A(D). We define

a× b := νD(b)C(a) ∈ A(C × D)
We also define εA ∈ A(1) to be the image of the single point in B(1)
under the map e (at 1).

This specification satisfies the following conditions:

• (Associativity) Let C,D and E be categories and

α : C × (D × E)→ (C × D)× E
the canonical isomorphism functor. Let Ωα be the biset for
these two product categories determined by α (as in Section 4).
Then if a ∈ A(C), b ∈ A(D) and c ∈ A(E)

(a× b)× c = A(Ωα)(a× (b× c)).
• (Identity element) For each category C Let λC : 1 × C → C
and ρC : C ×1→ C denote the canonical isomorphism functors,
and ΩλC ,ΩρC the corresponding (C,1×C)- and (1×C, C)-bisets.
Then for every a ∈ A(C)

a = A(ΩλC)(εA × a) = A(ΩρC)(a× εA).
• (Functoriality) If C′ΩC and D′ΨD are bisets, then for any a ∈
A(C) and b ∈ A(D)

A(Ω×Ψ)(a× b) = A(Ω)(a)× A(Ψ)(b).

Proposition 9.24. A biset functor A is a Green functor if and only
if there are bilinear maps of R-modules A(C)×A(D)→ A(C ×D) and
an element εA ∈ A(1) satisfying the conditions just listed.

Proof. We leave the verification of this discussion to the reader. □

Definition 9.25. Let A be a Green biset functor. A (left) A-moduleM
is a biset functor equipped with a morphism of biset functors µM : A⊗
M → M , with the requirement that a certain two diagrams commute
imposing associativity and the unital property. See [8] for details.

Again, it is equivalent to require that there are bilinear maps

A(C)×M(D)→M(C × D)
satisfying conditions described in [8].
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Example 9.26. As with Green biset functors defined on groups, the
Burnside functor B is a Green biset functor. The map B(C)×B(D)→
B(C × D) sends a pair (Ω,Ψ) consisting of a C-set and a D-set to the
(C × D)-set Ω × Ψ. Not only that, but every biset functor has the
structure of a B-module, where the maps B(C)×M(D)→M(C × D)
are specified as follow: if CΩ1 is a C-set in B(C), regarded as a (C,1)-
biset, and u ∈ M(D) ∼= M(1 × D), then the pair (Ω, u) is sent to
M(Ω× DDD)(u) ∈M(C × D). Thus biset functors are the same thing
as modules for the Green biset functor B.

There is a very useful category PA associated to a Green biset functor
A with the property that A-modules may be identified as R-linear
functors PA → R-mod. In the context of groups it appears as part
(5) of [8, Prop. 8.6.1] and is described more fully in [21, Sec. 2.1],
where it plays an important role in describing simple A-modules. The
description given there also works for categories in general, not just
groups, provided we distinguish appropriately between a category and
its opposite.

Definition 9.27. Given a Green biset functor A, we define a category
PA whose objects are finite categories, and if C,D are finite categories
then

HomPA
(C,D) = A(D × Cop).

The composition of β ∈ A(E×Dop) and α ∈ A(D×Cop) is the following:

β ◦ α = A(EEE × 1DDop×D × CopCopCop)(β × α).

Here β × α denotes the image of (β, α) under the map

A(E × Dop)× A(D × Cop)→ A(E × Dop ×D × Cop)

that is part of the Green biset functor.

Proposition 9.28. Given a Green biset functor A, the specification
of PA defines an R-linear category. At each category C the identity
morphism of C in PA is equal to A(C×CopC1)(εA) ∈ A(C×Cop). It has the
property that the category of A-modules is equivalent to the category of
R-linear functors PA → R-mod. That is, A-mod ≃ Fun(PA, R-mod).

Proof. The proof is the same as that of Proposition 2.11 of [21], writing
categories instead of groups, and making use of opposite categories as
appropriate. The dictionary that translates [21] to the situation of

categories is as follows. For each biset DΩC the notation D
−→
Ω C is replaced

by D×CopΩ1, and D
←−
Ω C is replaced by 1ΩDop×C. Groups G,H should be

replaced by categories C,D and a product G×H is replaced by C×Dop.
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There is one place in [21] where a biset XH = (H×H)/∆(H) appears,
and this should be translated as D×DopD1.

To give the essence of the proof, we describe the functors in the
equivalence. We define a functor A-mod→ Fun(PA, R-mod) as follows.
Given an A-module M we construct an R-linear functor FM : PA →
R-mod by FM(C) = M(C) on objects; for morphisms α ∈ A(D × Cop)
we define FM(α) :M(C)→M(D) by

FM(α)(m) =M(DDD × 1CCop×C)(α×m).

In the opposite direction, if F : PA → R-mod is an R-linear functor
we define an A-module M as follows. On objects, M(C) = F (C).
On a biset DΩC we use the unit e : B → A to obtain an element
e(D×CopΩ1) ∈ A(D×Cop) and now M(DΩC) :M(C)→M(D) is defined
to be F (e(D×CopΩ1)). This establishes M as a biset functor, and to
makeM an A-module we define A(C)×M(D)→M(C×D) by (a,m) 7→
F (A(CCC × D×DopD1)(a))(m). The verification that these are functors
establishing an equivalence follows the lines of [21, Prop. 2.11]. □

9.7. Functors to categories other than Set. We have developed
a theory of functors with values in Set because this is the classical
situation and the questions that arise occur at their most basic level.
We may, more generally, take a symmetric monoidal category S with
product ⋄, and with the property that finite colimits exist and commute
with −⋄X for all objects X in S. We will write X⊔Y for the coproduct
of X and Y in S. There is a monoidal functor σ : Set → S that sends
a set X to σ(X) :=

⊔
x∈X 1S, the coproduct of copies of the unit 1S

indexed by X, and sends a morphism of sets to the induced map on
the coproducts.

Definition 9.29. For each category C we define a C-object in S to be a
functor C → S, and a (C,D)-bi-object in S to be a functor C×Dop → S.

We can now form the Grothendieck group AS(D, C) of (D, C)-bi-
objects with respect to ⊔, extend the scalars to R giving AS

R(D, C), and
construct the bi-object category BS whose objects are finite categories,
and where Hom(C,D) = AS

R(D, C). In this category, the composition
of two bi-objects is defined by the same formula as in Definition 3.2,
with the direct product of sets replaced by the ⋄ product of objects of
S. It is associative. The unit bi-object at a category C is the composite
σ ◦ CCC : C × Cop → S.

Definition 9.30. Bi-object functors with respect to S are defined to be
R-linear functors BS → R-mod. These are the objects of a category
FS in which the morphisms are natural transformations.
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The functor σ : Set→ S gives rise to an R-linear functor Σ : B→ BS

that is the identity on objects (which are categories in both cases)
and which sends a morphism Ω : D × Cop → Set to the composite
Σ(Ω) := σ◦Ω. Composition with Σ now provides a functor FS → F , so
that bi-object functors with respect to Smay be regarded, by restriction
along Σ as biset functors.

All of the categories we consider have monoidal structures. On cate-
gories C,D the tensor product in B and in BS is given by direct product
C×D. Using this structure we may define Yoneda-Dress functors PC on
FS and hence a symmetric monoidal structure on FS in the same way
as in Section 9.4. From this we may construct Green bi-object functors
with respect to S in the same way as in Section 9.6. We leave the details
to the interested reader, and merely summarize some of the key points.

Proposition 9.31. Let S be a symmetric monoidal category with prod-
uct ⋄, and with the property that finite colimits exist and commute with
⋄.

(1) The bi-object category BS is a category.
(2) The specification of σ defines a functor.
(3) The functors σ and Σ, as well as the restriction FS → F along

Σ, are all monoidal.
(4) Every bi-object functor with respect to S can be regarded also as

a biset functor and every Green bi-object functor with respect to
S can be regarded as a Green functor.

9.8. Fibered biset functors. As an example of the use of bi-object
functors with respect to a category S other than Set we show how a
(modified) theory of fibered biset functors may be extended to cate-
gories. The theory of A-fibered biset-functors was defined in [4], where
A is an abelian group. For groups G,H, an A-fibered (H,G)-biset is an
(H,G)-biset with a commuting action of A, such that the orbits under
the action of A are free. The Grothendieck over R of (H,G)-bisets with
respect to disjoint union is denoted BA

R(H,G) in [4], and the fibered
biset category, which is denoted CAR there, has finite groups as its ob-
jects and Hom(G,H) = BA

R(H,G). Now A-fibered biset functors are
R-linear functors CAR → R-mod.
In order to realize this for categories, a first thought is to take S

to be category whose objects are free A-sets, with A-equivariant maps
as morphisms, and a certain product ⋄. The trouble with this is that
finite colimits do not exist in this category: the colimit of a diagram
of A-sets with free orbits need not have free orbits, as remarked in [4].
The solution there is simply to remove any orbits that are not free
after taking the colimit, using the fact that commuting group actions
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of G and H preserve free orbits. In the context of categories, where
the action of a morphism in a category on orbits under a commuting
action need not be invertible, it is no longer always the case that free
A-orbits are sent to free A-orbits, and we have to be more careful. The
solution to this issue that we provide here is to start by allowing all
A-orbits, not just the free ones.

Definition 9.32. Let A be an abelian group and let S be the category
of A-sets with finitely many A-orbits. If C,D are categories then we
will call a C-object in S, namely a functor Ω : C → S, a weakly A-fibered
C-set. A (C,D)-bi-object in S, namely a functor Ω : C × Dop → S, is a
weakly A-fibered (C,D)-biset.

The category S just defined does possess finite colimits (take the
colimit of the diagram of sets, with the induced A-action). We define
a product on A-sets X and Y by X ⋄ Y := (X × Y )/ ∼ where the
equivalence relation ∼ is specified by (ax, y) ∼ (x, ay) for all x ∈ X,
y ∈ Y and a ∈ A. Thus X ⋄ Y is the set of orbits of the subgroup
{(a, a−1)

∣∣ a ∈ A} ≤ A × A on X × Y , including the orbits that are
not free. If [x, y] denotes the equivalence class of (x, y) then a[x, y] =
[ax, y] = [x, ay] defines an action of A on X ⋄ Y . With this definition,
S is a symmetric monoidal category, where the unit is the set A itself,
permuted regularly.

Definition 9.33. We call the bi-object category BS in this situation
the weakly A-fibered biset category, and R-linear functors BS → R-mod
weakly A-fibered biset functors.

Example 9.34. If the categories C,D, E are groups and EΨD, DΩC are
bi-objects in S with free A-orbits, then forming the product Ψ ◦Ω and
subsequently removing the non-free A-orbits we obtain the product of
A-fibered bisets defined in [4].

Proposition 9.35. Let A be an abelian group, let BS(Groups) be the
full subcategory of the weakly A-fibered biset category whose objects are
groups, and let the categories C,D be groups. Let I(C,D) be the span
in HomBS(C,D) of the indecomposable weakly A-fibered (D, C)-bisets Ω
that have a non-free A-orbit. Then

(1) I is an ideal in BS(Groups), and
(2) A-fibered biset functors on groups may be identified as the weakly

A-fibered functors on groups that vanish on the ideal I.

To say that I is an ideal means that if the A-fibered biset Ω has a
non-free A-orbit, then so do Ψ◦Ω and Ω◦Θ, whenever Ψ,Θ are weakly
A-fibered bisets for which the composite is defined.
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Proof. The proof in [4] that A-fibered bisets with free A-orbits span the
space of morphisms in a category is equivalent to showing that I is an
ideal. We see that the quotient category BS(Groups)/I is equivalent to
the A-fibered biset category of [4], and from this statement (2) follows.

□

The quotient category in the last proof has the same objects as
BS(Groups) and

HomBS(Groups)/I(C,D) := HomBS(Groups)(C,D)/I(C,D),
which identifies as the span of indecomposable (D, C)-bisets with free
A-orbits. The simple A-fibered biset functors have been studied ex-
tensively in [4], [21] and elsewhere. The next corollary shows that this
is part of the study of weakly A-fibered biset functors defined on all
categories.

Corollary 9.36. Simple A-fibered biset functors defined on groups are
also simple weakly A-fibered biset functors defined on groups. They
extend uniquely to simple weakly A-fibered biset functors defined on all
categories.

Proof. The extension to all categories is a consequence of Proposi-
tion 7.2. □
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