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singularites for the following fuctions:

1 Find the residues at all
(a) -;.5-

gin z

®) 7-n)

zet?

(c) (P

345

@)

(a) There are four poles, the fourth roots of —1, which are 1—}2‘& ‘7"5‘ :% and :E-" Each has
order 1. For 20 = —‘ﬁ, we calculate
z 141
p— = 1i ) —
RES,_Le 7711 .oi ’ ﬁ) 2 +1
= lim __________-—-—-—-—-—'_'_____)-

e 1C )0‘_Hq(z‘1f

ACEICEICEED
20— Lo
(20)2(2i +2) 4

Similarly, for 20 = L7 we calculate

Res _f = lim |z- -y _Z2
’_L\?Ez“+1_5473 2 )+l

:
S (—f)(rf)

={—Qi}2{—2i+2] - Th 4




Similarly, for zo = =2* we calculate

R o lim =14 z
ESI='—$f§—'z4+1_H-; TV )T

L z
Rl [ ==)
—l+i
— 2
(F-%) (FH-%) (2 -29)
2(~1+14) 1

@) (-2 @2i-2) &

Finally, for z; = ‘—El we calculate

Res : lim —l :
. = z -
R B o I V2 41

= (- %) (- %) (- =)
(-%) (2 -%) (2 -2)
2(—1—1) 1

TR (22 & q
(b) There are poles at () and 7. The pole at z; = ( has order 2, and we calculate

Res._, sin 2 _ _Ei 2 sin =z
2(r—2) di 22(m-2) i
_d sinz
S dz(m-2)|,,
_cos(z)(m—z) —sin(z)(-1)
- (m— 3}2 2=}
cos (0) (7)) +sin(0) =« 1
N w2 - 72 - 7
The pole at z; = 7 has order 1 and we calculate
sin z ) sin z
Resﬂ,rzz (r—2z) P—Iﬂr (z=m) 22 (7 — 2)
— fim —Si02
T 22
—sin (m ]
= _—'ﬂzi ) =5 = (.
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(c) The only pole is z; = m with order 2. Then we calculate

Zﬂi“' d i .,Ei'z
Res,_— = — (2 —7)* —= 5
(z—m)" dz2 (z =),
— dikeia
z zf'lT .
= ' ize‘*|3=ﬂ_ =& +ime'™ = -1 — im.

(d) The poles are at 1, —1, ¢ and —i. We start with z; = — 1, which has order 2, Then the residue
is given by
245
(B—224z2-1)(z+1)
i 2+ 5
dz (28— 2242 —1)| __,
3z2(3 =2 +2-1)= (322 -2+ 1)(* +5)
(23— 2242 —1)°

245

RS A a1 1)

d 2
= E{E-Fl]

r=—1

_ (- ®) ) _ 36 _ -9
(—4)? 16~ 4
The other poles all have order 1, and we calculate for z; = 1
245 245
R = - ].i. — 1
S AN e ) RV T ErD
: 2 +5
= lim 5 - -
= {z+ 1) (z—1)(z+1)
1+5 i 3

TA(1-)(1+1 2(1+1) 1
At zp = 1, we have

Res._; Z+5 = lim(z — 1) G
Tt = 1) (z241) e (2 =1)(2+1)

. 245
= lim = -
=+ 1) (2= 1)(z+41)
- —i 45
(=142 4+ D) (-1-1—i—14)
__ —i+5 _ —i45 3 i
(2)(—=2—2i) —4i+4 4 2
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Finally, at zo = —i, we have
Res.__i- __.___-—:3 +5 = lim (z +1) _-—-—-—-—:3 +9
ETN - 1) (z+ 1) === =12 1)
, 245
= lim 3 -
i (z 4 1) (2= (2= 1)
- i+D
B {—1—2?'.+1){—-1—1-—-¢'—F-¢'}
o —ikbd i i
=@y (-2+2i) d+d 1 2
"

2 Lel C denote the unit circle, iraversed counter-clockwise. Compute each of the fnllowinE||
|imﬂgrals:

{.::I'I'z E;
—dz, —_———dz
| j;filﬁi"rldz' /:; {3'24_2._5}3 J|

L_ 4

For the first integral, we have poles at zg = +=. Then we calculate the residue of zp = 3. which
has order 1:

E"TZ .i| 1:-\:.1'4'.-
Res_ _ : =lmlz—=1|—57>
=i422+1 =4 ( 2) 4zt + 1

2
lim ( f -
= i == | =
24 2/ (22 +1) (2z — i)
ﬁ:I'I't

I

Y (25 — i) ——————
zl‘_’f%{- )22 - )

1. g™ %3 i 1
= = ].HI'I. — = - — = — = 7.
2 28 2z +1 2(i+i) 4i 4
Similarly, for zp = —3, we have
Res e lix - : -
eSS __i . = T z -
=T a1 s\ 2/ 42741
1 N ,!' E.'I'I'-
= 1 A -_ —
z_!. i 2) (2z+1) (22— 1)
1 e
== lim (224+1)—=——79.
3 (52 DG 2z —0)
i e’ ez —1 1
= = I — T = — ==,
p i ey A
Then by the Residue Theorem, we have
[ < { 2mi ! + ! i
s = 3 - - = k.
LA+ 1 ‘\17 1

e ——
s
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For the second integral, there are pules at zy = 5 and z0 = —3 2 Since n (€ -3

Res e* d ( l)2 e
i —=721%*"3
z_"(z*—l—z—%j2 dz 2) (2+z-% 3,

\J|.—

B _d_ 4e*
dz (22 +3)°| =

-46 (23+3} —-4{22+3]e \

(2z + 3!
e* (22 + 3) — 4e7 \
(2:+3)° L,
2:—1
{2: +3)°

SENC

—
T2

=3

=

=10

[1 +3)°
Therefore, by the Residue Theorem,

c {z2+z-—f—ﬂ

= (), we only
need to calculate the residue at 2 = 1. The pnles = 3 has ﬂi'df.r 2, so we calculate



3 Riemann integrals of a real variable f of the form

2
f (cosf,sindl) af
0
can sometimes be solved by changing variables to a complex contour integral. Indeed, setting
- — ¢ then as # runs from 0 to 27, = traverses the unit circle counterclockwise. Moreover,

2 21 d
cosl = +l, sinﬂ=z — d,ﬁ'z,—z.
2z 2iz iz
Show that such a change of variables allows one to @valuate:
2r {f&
o 2+sinf

via a complex countour integral, upon using the residue theorem.

We make the substitutions suggested to get

[z” dg j dz - ] dz _ f 2dz
0 2 +sinf Ciz(2+%‘-]|_ C-iz{‘“z‘;if—]‘]_ Cz2+4z'z—1'
Then the poles z; of the integrand can be found using the quadratic formula:

zﬂ:r4tivg_lﬁ+4—_-—E‘i;.i--w"_=i(—2:|:\/'_d)- >
-0
Since |i (—2 — v/3)| > 1. we have n (C;i (~2 — v/3))7and we only need to compule the residue
of g =i (—2+ \.f’?} . The order of the pole is 1, 50 we compute

9 2
R [ (:: —if-2 3)) _—
es""‘(‘”"’ﬁ] 22 4+ diz — 1 z—ri{lll;]+\nﬁ} i ( +V8 2t 4 diz — 1

. 2
B H.-{lﬁlﬁ} z—i(=2-3)
2 2
T2+ V) +i(2+V3)  2iV3

—i
V3
Therefore, by the Residue Theorem,

fﬁw———dﬂ —Eri:i—
. Ztsnf V3
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