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Abstract

We study the homotopy type of mapping spaces from Riemann surfaces to spheres. Our main result is a stable splitting of these
spaces into a bouquet of new finite spectra. From this and classical results, one may deduce splittings of the configuration spaces
of surfaces.
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1. Introduction

Mapping spaces with Riemann surfaces as domains have been an object of much recent interest. In physics, such
spaces describe the worldsheets of a string evolving through time. In algebraic and symplectic geometry, one puts
algebraic or analytic restrictions on the types of maps allowed, and studies the resulting moduli space; this is Gromov—
Witten theory. When we put no requirements on these functions other than continuity, remarkable results in stable
homotopy theory have been obtained.

Strikingly, in homotopy theory as in the other theories, much less is known for Riemann surfaces with genus greater
than O than in the case of the Riemann sphere. Much of what we do know is comprised of several works. In [3],
Bodigheimer, F. Cohen, and Taylor compute the ranks of the cohomology groups of these mapping spaces when the
target is a sphere (as well as a host of other mapping spaces with different domains). F. Cohen, R. Cohen, Mann and
Milgram prove a periodicity of their stable homotopy type as the dimension of the target sphere varies in [8]. Finally,
in [2], Bodigheimer, F. Cohen and Milgram construct some stable and unstable splittings of these spaces, particularly
at primes greater than 3. Missing from these calculations is a full understanding of the cohomology operations on
these spaces, an essential part of the homotopy theory of these function spaces. On the other hand, this information
was known for genus 0 as early as 1976 in F. Cohen’s work in [9].

This is the main subject of the present paper: We study the stable homotopy type of the function spaces
Map, (X,, S") of continuous based maps from a compact, orientable surface X, of genus g without boundary to
a sphere of dimension n. That type determines all generalized cohomology information about the space, such as
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K -theory, cobordism groups, and cohomology operations. In many cases we will split these function spaces into
recognizable finite complexes; in the remaining cases we will state some conjectures on extending these results.

The genus 0 case (the spaces £225") has been studied by many authors, including [1,6,9,10,13,16], evidencing the
great interest of homotopy theorists in the theory of loop spaces. There have been some spectacular results, including
Mahowald’s construction of an infinite family of elements in the stable homotopy groups of spheres detected at
filtration 2 in the Adams spectral sequence (thus disproving the so-called Doomsday Conjecture in stable homotopy
theory) in [16], and the realization in [16,12] of the Eilenberg—MacLane spectra HZ, and HZ/2 as Thom spectra,
amongst others. Thus, we will focus on the genus > 0 case.

We will restrict our focus to 2-primary information regarding the stable homotopy types of the spaces
Map, (X, $"), i.e., unless we indicate otherwise, coefficients for all homology and cohomology theories are taken
to be the field IF, of two elements. We focus on the prime 2 because rationally and for odd primes, odd dimensional
spheres are H -spaces; thus a collapse like Proposition 1.1 below occurs. Even-dimensional spheres are more difficult;
away from 2, an important spectral sequence fails to collapse (see [2, Theorems 10.2 and 11.4]).

Let us now be more specific. . A* will denote the Steenrod algebra of cohomology operations for H*(-; F2). In [4],
Brown and Gitler introduced the cyclic module

M (k) := A*JA*{x(Sq') |i > k}

(here x (Sq') denotes the conjugate of Sqg’ in A*), and a 2-local spectrum B(k) whose mod 2 cohomology is M (k).

Snaith’s stable splitting [21] of £2¥ X% X was utilized by Mahowald to construct his family 5; € rczsl-. For n > 2,
the stable wedge summands of £225" are equivalent to Thom spaces of certain vector bundles over the configuration
spaces of R2. Mahowald identified the cohomology of these summands as that of suspensions of Brown—Gitler spectra
(for n odd). He conjectured that at the prime 2, they were in fact Brown—Gitler spectra, and in [6], Brown and Peterson
proved this to be true. They also extend the results to the configuration spaces themselves, as well as the case of n
even.

To extend these results to a stable splitting of Map, (X,, S") for g > 0, a good place to begin is with n = 3. The
following was noted in [2] and, employing the group structure in 3, is not difficult to show:

Proposition 1.1. The function space of maps from X, to 3, Map, (X, $3) is homotopy equivalent to %83 x
(2 S3) ><2g_

Since 253 is stably equivalent to a wedge of spheres, it follows that Map, (X, $3) stably decomposes into a
wedge of suspensions of Brown—Gitler spectra. A result of [8] implies that (for n > 2) the stable homotopy types
of the Snaith summands of Map, (X, §"*) are 4-periodic in 7, up to suspension. Thus the stable homotopy type of
Map, (X, §™) is understood for n = 3 mod 4 and all g.

We focus, then, on n # 3 mod 4. In these cases, new spectra are needed. They are certain elaborations of the
Brown-Gitler spectra in the presence of the mod 2 Moore spectrum MZ/2 and the cofiber Cn of the Hopf fibration
n:8' — S0 Let X" denote the n-fold smash power of X.

Theorem 1.2. For each g, k > 0, there exist spectra Ng(k), Pg(k), and Lg4(k).

(1) H*(Ng(k)) is the quotient of >km I_%J ® H*(MZ/2"8) by the A*-submodule generated by the set {x(Sq") @ x |
dimx =n, t > Lk%”J} (ignoring the suspension coordinate). Moreover, this quotient is realized by a map

k k A
Ny(k) —> ¥ BbJ A(MZJ2)"8.

(2) H*(P,(k)) is the quotient of 23]‘M|_§J ® H*(Cn"™8) by the A*-submodule generated by the set {x(Sq") ® x |
dimx =n, t > Lk%”J} (ignoring the suspension coordinate). Moreover, this quotient is realized by a map

Py (k) — E3kBH A(Cy)"8.
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(3) H*(Lg(k)) is a quotient of

k

Dk (@ H*(Ng(i))> ® H*(Cn™%). (%)
i=0

Write H*(MZ/2"8) and H*(Cn"8) as exterior algebras on g generators xi,...,xg of dimension 1, and

Y1s ..., Vg of dimension 2 respectively. So if we write H*(Ng(i)) as a quotient of M| 5| ® Alx1,...,x¢] - e;

(where e; is a generator of dimension i), H*(Lg4(k)) is the quotient of (x) by the A*-submodule generated by

Yiv o Yin€ion = Xjy o Xj,€i.

So, for instance, the cohomology of P, (k) is the same as the cohomology of the 3k suspension of

\g/ 2 {k —2j J

) 2

j=0

but with cohomology operations perturbed by the presence of the cohomology of the C#’s. Similarly, the description
of H*(Lg(k)) implies that it is isomorphic to Tk @{‘(:0 H*(N,(i)) as vector spaces, as all of the new elements (mul-
tiples of y;) are identified with elements of PR @f:o H*(Ng(i)). However, the Steenrod operations on H*(Lg(k))
are different; as constructed, there are operations which connect the ith copy of H*(N,(i)) with the (i 4 1)st.

The construction of these spectra employs the stable decomposition of £225” and its structure as a ring spectrum.
More specifically, they are cofibers of maps defined between the stable summands of £2%S” using the loop multipli-
cation on that space. Specific details of their construction occur in Section 6.

One can easily see from its construction that N1 (2k) splits into a wedge of Y% B(k) and X%+ B(k — 1), and that
Ni(2k + 1) = Z***1B(k) A MZ /2. We are lead to conjecture similar splittings of N, (k) for all g, but as yet do not
have a proof.

Consider Map, (X, $%). This space decomposes as a union of (homotopy equivalent) components, given by the
degree of the map. Take Map, (X, 52),, to be the component of maps of degree n. Let X4 denote the addition of a
disjoint basepoint to a space X, and let X V" denote the n-fold wedge of X.

Theorem 1.3. Map, (X,, S?)o4 is stably equivalent to

g 0 V2! (f) 00 N2g
o) ™) (35)”
=0

i=0 k=0

One can use Theorem 1.3 to give a complete description of the stable homotopy type of the configuration spaces
of punctured surfaces. We give this splitting explicitly in Section 7.2.

Let us describe how the theorem is proved. The 1-skeleton of X, is a wedge of 2g circles, (51)V28, Restriction of
maps from X, to (S V22 gives a fibration

Map*(Xg, S") — (.QS")ng

with fibre £225". In [2] Bodigheimer et al. define Y, n to be the pullback of this fibration over the map
(Sn—l)XZg E_XZf (_an)XZg

where E : §"~! — 25" is the suspension map (in the case n = 2, we define Y, ¢,2 to be the restriction of this pullback to
Map, (X, $2)o). A result of [2] is that Map, (X, $?)o = Y, 2 x (£253)*28. It is well known that 253 ~\/ i>058%,
so to prove Theorem 1.3, we must split Y, > into the first term of (xx); this is done in Section 6.

The equivalence Map,, (X, §2)9 =~ Yoo x (£2 §3)*2¢ is proven using the Hopf-James fibration £25%" — 2§41
(with fiber $*"~!, given by E) and the action of $3 on $2. Consequently, the same methods do not apply in an attempt
to do the same for Map, (X, $") with n > 2 (unless, as in [2], one inverts 6 to give $*=1 an action on S2. As we are
concerned solely with 2-primary information in this paper, this avenue is inappropriate here). However, we do have
the following result.
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Proposition 1.4. As a module over A*,

H*(Map*(Xg, S")) x~ H*(Yg,n) ® H*(Qszn71)®2g'

Recall that the Steenrod operations on H*(§£25™) are trivial for any m, since §£25™ is stably equivalent to
\ k>l §kn=1) "On the basis of this cohomological evidence, we make the following conjecture:

Conjecture 1.5. Map, (X, S") is stably equivalent to Y , x (£2 §2n—1yx2g

Currently we do not have a proof of this conjecture. We can, however, stably split Y, ,,+ in a fashion similar to the
splitting of Map, (X, 5%)o:

Definition 1.6. Let M, >(2k) = N, (k) and Mg >(2k + 1) be contractible. Let Mg 4(2k) = Lg(k) and Mg 4(2k +
1) = Z2M, 4(2k). Set My 5(k) = P, (k). Define M, ¢(k) = S* \/*_) M, 1(i), and for n > 2 and n # 3 mod 4, set
Mg,n+4(k) = 24kMg,n(k)~

Theorem 1.7. For n > 2 and n # 3 mod 4, Y, ,,1 is stably equivalent to

g 00 V2 ()
\/(Zm—l)i \/ Mg—i,n(k)> )

i=0 k=0

We ask the reader’s patience with a splitting in which some of the summands (in the case n = 2 mod 4)
are contractible. Defining M, >(k) as we have allows the coordination of the index k with a certain filtration on
Map, (X, 52 defined in [18]. We refer the reader to Proposition 6.2 for more details.

The spectra My ,, (k) are easy enough to construct; to show that they form the stable summands of the mapping
space is more difficult. To do this, we need a computation of the Steenrod operations on the mapping spaces. Sta-
bly, these spaces are (wedges of) Thom spaces of bundles over certain configuration spaces. Thus to understand the
Steenrod operations we need to know the cohomology operations on the base, the Stiefel-Whitney classes of the
bundles, and how they interact—the ring structure of the cohomology of the configuration spaces. This information is
computed in Section 4 and assembled into a splitting in Section 6, using some preliminary work in Section 5.

In Section 2 we summarize some necessary background, and in Section 3 introduce a multiplicative structure
which is used countless times in the proofs. Section 7 consists largely of the construction of a certain filtration on
the homology of Map, (X, 52)o. It is used in 7.3 to give a proof of Proposition 1.4. Finally, in Section 8, we make
some remarks towards extending these results to spaces of unbased maps. Cohomology groups are computed, and the
natural splitting one is led to conjecture is shown to be naive.

2. Background
2.1. Configuration models of mapping spaces

A theory of approximations for mapping spaces has been developed in numerous papers, including [17-19,21];
a good cumulative reference is [5]. There are, for sufficiently nice spaces X and Y, combinatorially defined models
for the mapping space Map(X, Y). These models are defined quite similarly to the models for £2"" X"Y constructed
using the little n-cubes operad in [17]. Snaith, in [21], takes advantage of an evident filtration on these models to
provide stable splittings of these mapping spaces into wedges of filtration quotients of their models. In this section we
give the briefest of introductions to this theory.

Recall that for a space X, the kth ordered configuration space of X is the space of k distinct labelled points in X,
defined as gk(X) = XK\ A, where A ={(x1,...,x;), Ji # j, xi = x} is the “fat diagonal”. There is an action of the
kth symmetric group, X%, on this space by permutation of coordinates. Notice that by removing A, we have removed
the fixed points of this action. The quotient C k(X )= ck (X)/ Xy is called the kth (unordered) configuration space of
X and the map Ck(X) — Ck(X)isa covermg map. We will use the notation x; + - - - 4+ x; for the equivalence class
of (x1,...,xx) in C k (X). Also, let y; = ck (X) x5, R* be the “permutation bundle” on C k (X), where the action of
% on R¥ is by permutation of coordinates.
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Let X and Y be spaces, and suppose Y has a basepoint *. Define the space C(X;Y) to be the quotient of
]_[k>0 C(X,k) xx, Y*¥ via the identifications:

(XL ooy XS VLo Yhe 10 %) ™~ (X1 ooy Xk 15 V1o o+ -0 Yi—1)-

The following theorem may be stated in more generality, but for our purposes this will suffice, since we are only
concerned with models for based mapping spaces. Its proof may be found in [5], and is an elaboration of ideas in [18]
and [17].

Theorem 2.1. Let X be a compact n-manifold such that the punctured space X \ {*} is parallelizable, and let Y be a
path-connected space. Then there is amap r: C(X \ {x}; Y) — Map,(X, X"Y) which is a weak equivalence.

The equivalence r should be thought of as sending a labelled configuration (x1, ..., Xx; ¥1, ..., Yx) to the map from
X to X"Y which wraps a small n-disc in X centered at x; around the n-sphere X" (x ][ y;) in XY and collapses the
complement of these discs to the basepoint .

We notice that this theorem agrees with the approximation theorem in [17] by taking X = S"; the resulting con-
figuration model employs the (ordered) configuration spaces of R" = S§” \ {%}, which are X-equivariantly homotopy
equivalent to the spaces of the little n-cubes operad.

There is a natural filtration on C (X; Y) by the length of the configuration: let F), be the image of | [}_, c (X, k) xx,
Y* in C(X;Y). The following theorem was proved originally in [21] for the case of the little n-cubes operad and
X = §". The generalization to arbitrary manifolds X is straightforward, and may be found in [5].

Theorem 2.2 (The Snaith Splitting). For any manifold X and CW-complex Y, there is a stable equivalence

C(X:Y)—> \/ Fi/Fio1.
k=0

For our purposes, we will always take X to be a closed orientable surface and ¥ = S”, n > 0 (the case n =0
is discussed below). Since all punctured orientable surfaces are parallelizable, and Y is path-connected, the models
described above do work. One can see (noted, for instance, in [7]) that for such Y, the filtration quotient Fj/Fjy_1 is
the Thom space of the n-fold sum of the permutation bundle over C¥(X \ {x}). Consequently, for a closed, orientable
surface X and n > 0, the space Map,, (X, §"+2) stably splits as a wedge of Thom spaces

Map, (X, §"*2) >~ \/ Ck(x\ {x})"".
k>0

Notice that for a compact, orientable surface of genus g, Xg, the map r: C(X, \ {*}; §"") — Map, (X, $"*2) is
only an equivalence if n > 2. When the dimension n of the target sphere is the same as the dimension of the domain,
X, C(X \ {*}; $°) decomposes into a union of configuration spaces. And though r fails to be an equivalence, we still
have maps

ri: CH(X \ (#}) — Map, (X, S").

In fact ry carries CK(X \ {x}) into the component Map, (X, S")x of Map, (X, S*) consisting of maps of degree k.

We may retract X \ {*} away from its puncture via a retraction isotopic to the identity. Subsequently adding a point
to a configuration in Ck(X \ {s}) near the puncture defines a map iy : ck X\ {x}) — lelag (X '\ {*}). The maps ry tend
to a homology isomorphism as k tends to infinity over the maps ix:

Theorem 2.3. [18] Let X be a closed n-manifold with X \ {x} parallelizable. The maps C*(X \ {x}) — Map, (X, S")k
induce an isomorphism

Jim H.(CH(X\ {%})): 2) = Jim H,(Map, (X, §");: Z) = H.(Map, (X, §"); Z).

If we let C°(X \ {x}) be the homotopy limit of the maps C*(X \ {*}) — C*¥*1(X \ {x}), then McDuff’s theorem
can be interpreted as saying that the induced map C*(X \ {*}) — Map, (X, S")¢ is a homology isomorphism and
hence a stable equivalence.
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These models admit a stable splitting as well; if we define
DF(X \ {x}) := cofiber(CK™ (X \ {x}) — C* (X \ {%})).
Then it follows from work of Cohen et al. [11] that there is a stable splitting
Map, (X, §"), >~ C®(X \ (}) = \/ D*(X \ {+}).
k>0

This restricts to splittings of the finite configuration spaces.

Results of F. Cohen, Mahowald, and Milgram in [10] and F. Cohen, R. Cohen, Mann, and Milgram in [8] give the
order of the permutation bundles over the configuration spaces of surfaces, thus giving a periodicity theorem for the
homotopy type of the Snaith summands of Map, (X, $"):

Theorem 2.4. [10,8] 2y is a trivial bundle over ck (Rz) [10], and 4yy is a trivial bundle over ck (Xg \ {*}) [8].
2.2. Cohomology of mapping spaces

The cohomology of Map, (X,, S*) (and a wealth of other mapping spaces whose codomain is a sphere) has been
determined in [3] en route to determining the homology of configuration spaces. The restriction of maps from X, to
S§" to the 1-skeleton of X, a wedge of 2g circles Stv...v §! induces a fibration r, (g) : Map, (X, S") — (2 §my*28
with fibre £225". In [3] it is shown using the configuration model of this mapping space that this fibration gives

Proposition 2.5. [3] For n > 2, as a vector space over 3,
H*(Map, (X,, ")) = H*(225") ® H*(25")%.
Proposition 2.6. For a group G, Map,. (X, G) is homotopy equivalent to 022G x (2G)**8.
Proof. G admits a classifying space BG, and G = 2BG. So Map, (X, G) =~ Map, (X' X,, BG). But XX, ~ §3v
(SZ)\/Zg, SO

Map, (X,, G) ~ 2°BG x (2*BG)** ~ 2%G x (2G)**®. O
Notice that we obtain Proposition 1.1 as a corollary to this result.
2.3. Homology of 22S° and Brown—Gitler spectra

In this section we collect known facts about H,(£225%) as a Hopf algebra and comodule over the dual of the
Steenrod algebra.

The Brown-Gitler spectra B(n) are defined in [4]. H*(B(n)) is the module M (n) := A*/A*{x(Sq¢*), k > n}.
Here x (S¢*) denotes the conjugate of Sg* in .A*.

It is well known from [9] that, if we write a; for the image of the fundamental class [S Nin H 1(9253) under the
map S' — 22525!, then

H,(2%8%) =Fala,, n> 1]

where a, = Q1(a,—1) and Q1 is the first (and in this case, only) Kudo—Araki—Dyer-Lashof operation. Note that |a, | =
2" — 1. Also note that we may write a, = Q'l' _l(al) = an_] - 0%0%a;. A computation with the diagonal Cartan
formula for Dyer-Lashof operations shows that a;, is primitive. We summarize some known facts about H *(§2283):

Theorem 2.7.

(1) Ho(£225%) =TFslan, n > 1] is a connected, primitively generated, commutative, cocommutative Hopf algebra of
finite type [9].
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(2) The Snaith splitting is a stable equivalence 2°S> ~ \/k>0 Fi/Fi_1; here Fy/Fy_y is 2-equivalent to X* B L%J.
Alternatively (as per the comments after Theorem 2.2), one may describe Fy/Fy_1 as the Thom space of the
permutation bundle yy. on Ck(R?) [16,1].

(3) The space of primitives in H, (£2283) is the span of{a,%k; n>1, k >0} Since H,(£2%5%) is primitively generated,
one can conclude that its dual is an exterior algebra on generators by i of dimension 2k(2" — 1) dual 1o a,%k in
the monomial basis of H*(£2%S°).

(4) In [9] or [3] a weight filtration is put on the H (2253 assigning w(a,) = 27=1 " and extending via w(xy) =
w(x) + w(y). The subspace of filtration k is the homology of the stable summand Fy]Fy_1. Write k = 2k +
.o+ 2% as the binary expansion. If we define a weight filtration on H*(§22S%) by duality, then we see that
W = b1k, - b1k, (dual to all‘) is the unique class of filtration k and dimension k. It is therefore the Thom class
of k.

The reason for the notation wy; will be explained in Section 4.3.
3. Multiplicative properties

For any space Y, the nth loop space, £2"Y, is the prototypical example of an H-space via the loop product.
To be more picturesque, the collapse of the equator of S” gives a map S” — S” v §” which induces the product
2"Y x 2"Y - 2"Y.

One can do similarly for maps from closed orientable surfaces if one is willing to consider all surfaces simultane-
ously. Consider maps (for each g, h > 0)

k:Xgin—> XgV Xy
which collapse a circle in X, which separates the surface into X \ disk and X}, \ disk. This induces a map
k*:Map, (X,,Y) x Map, (X, Y) = Map, (Xg44, ¥).

Taken together over all choices of g and £, this defines an H-space structure on the union

[ [ Map, (X,.v).
=20

One may choose the maps k appropriately to ensure that this is a homotopy associative product. It is natural at this
point to ask what sort of algebraic structure (e.g., operad) governs this product. Such a gadget should at least encode
the way that separating circles lie inside X,5. Though we will make a few remarks, it is beyond the scope of this
article to explore this question in detail; for the splittings we will need only the product, not the finer structure.

We note that | [Map, (X,, Y) contains £27%Y as a sub- H-space. One might therefore expect some sort of action of
the little disks operad on these spaces. However, we will show in Corollary 4.3 that in homology the product is not
generally commutative (in particular when Y = §™). Hence the little disks action must not extend. It is clear, however,
that the construction makes | [ Map, (X ¢» Y) a module over £22Y; in fact, it is a module over £22Y (in the operadic
sense) as an algebra over the two-dimensional little disks operad.

It is easy to show that the product on | [ Map,, (X, S") restricts to a product on | [ ¥, ,. We can also see this product
geometrically in the configuration models; define a map

Kk :CH(Xg \ disk) x C/ (X, \ disk) — C' (X g4, \ disk)

as follows: think of X, \ disk as X, \ disk and X}, \ disk glued along two boundaries of a pair of pants. Then
configurations of i points in X, \ disk and j points in X, \ disk give the desired configuration in Xz \ disk. Since
ck (X \ {xh) = ck (X, \ disk) this gives rise to an H-space structure on

[T c*(xe\ 1)

8.k=20

which in turn induces one on the configuration models for | [ Map, (X,, >2Y). In summary:
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Proposition 3.1. The spaces | [Map,(X,,Y), [[Ygn and [[C(Xg \ {x};Y) are all H-spaces, and the inclusion
Yo n — Map,(X,, S") and approximation map C(Xg \ {*}; Y) — Map, (X, X2Y) preserve the product up to ho-
motopy. The product on the configuration model preserves the filtration coming from the number of points in the
configuration.

Notice that restricting the permutation bundle on C'*/ (X445 \ disk) to C'(X, \ disk) x C/ (X, \ disk) via « is
precisely the product of permutation bundles:

K* Vit ) = Vi X Vj-
This is immediate when one thinks of the total space of the permutation bundle over C¥(X) as k points in X labelled
by real numbers. Thus «*(y;4 ;) is pairs of i-tuples of labelled points in X \ disk and j-tuples of labelled points in
Xy \ disk.

Note that X \ disk = disk. Picking an arbitrary point xg € C 1 (X0 \ disk) = disk and restricting « to xg x C I(Xp, \
disk) gives an alternate construction of the map

ij:Cl(Xp \ disk) — C/T (X \ disk)
from Section 2.1. Consequently, i;()/j+]) = 1@ y;. We conclude by noting that the choice of x¢ does not matter up
to homotopy, as C!(Xg \ disk) is contractible.

4. General computations

This section comprises some preliminary (largely cohomological) computations necessary for the proofs of
the main theorems in the next sections. Using the Hopf fibration, we compute the Fy-vector space structure of
H*(Map, (X, $2)) in Section 4.1. This has been computed using different methods in [15, Theorem 4.13]. In Sec-
tion 4.3 we introduce and compute certain characteristic classes which will allow us in Section 4.4 (along with some
facts about the second braid group of the punctured torus) to determine the ring-structure of H*(Map, (X1, S?)).
Knowledge of the case g = 1 allows us to finish the computation for g > 1 in Section 4.5 using the multiplicative
structure described in Section 3.

Throughout this section, we use the isomorphism between H*(C™ (X, \ {})) and H*(Map, (X, $2)0) (Theo-
rem 2.3). Thus the computations in Section 4.4 and Section 4.5 give the ring structure of the cohomology of the
configuration spaces of X \ {*}.

4.1. Cohomology of Map, (X, $%)o as a vector space
The Hopf fibration 5 : S3 — §? gives fibrations 7 from mapping spaces induced by postcomposition. Using the

fibration r,, (g) : Map, (X,, §") — (£25") *28 given by restriction, we get the following commutative diagram of fibra-
tions:

Q28! ~ % Q253 (£228%)y

l ;
Map, (X, ') ——=Map, (X, §%) —>Map, (Xg. $%)o

Zi rs(g)i rz(g)l

(Qsl)XZg - (Qs3)><2g ; - (Qs2)><2g

Looking at the right column, we see that 7 defines a map of fibrations from r3(g) to r»(g). For the moment, we restrict
ourselves to the case g = 1. Write

H*((25%)%) = Aoy yyil, 0,20
and

H*((25%)%) = Alxy, yoil, i,j>1



2842 C. Westerland / Topology and its Applications 153 (2006) 2834-2865

where |x,i | = 2/ = |y,i|. The notation is justified, since 77* : H*(£25%) — H*(£25%) is an isomorphism in even degrees
(and 0 in odd degrees). Therefore (77 x 7)*: H*((£25%)*?) — H*((£253)*?) carries x; and y; to 0, while carrying
all other generators x,i, y,; to classes of the same name in H*((£25%)*?). For simplicity, if k =271 4 - .- 4 2/ is the
binary expression for k, write xg = X,i| - - - Xpin . Do similarly for yy.

Proposition 4.1. The cohomology Serre spectral sequence for ry(1) collapses at the E, term. On the E, terms, the
map 1 :Map, (X1, $3 > Map,, (X1, S2) induces the homomorphism

H*((225%),) ® Alxyi, o1 = H*(£225%) ® Alxy, yi]
given by the identity on the fibre, and () x 1)* (described above) on the base.

Proof. The restriction of 7 to the fibre £225> of r; is an equivalence. It is clear from the discussion above that the map
on the E; term is as described. Since the spectral sequence for r3 collapses at the E; term, and n* is onto, the subspace
H*((2225%)0)® (x21 y21) must persist in the spectral sequence for r». The remaining classes are of the form z ® (x,, y»,),
where z € H*((£225%)0) and at least one of m and n is odd. We now show that such elements must also persist.

Consider the spaces F| = X1/S! x % and F, = X/ x S' defined as the quotients of X; by collapsing sin-
gle circles ¢; and ¢, respectively in the 1-skeleton. The quotient map X| — F; define maps f; : Map, (F;, S2)o —
Map, (X1, 52)0. Note that F; is homotopy equivalent to S$2v St so Map*(Fi, 52)0 2 (§2252)0 x £252. Restriction of
maps to the one circle left in the 1-skeleton of F; again provides a fibration Map, (F;, $?)o — £2.52, but the previous
remark shows that it is trivial.

It is obvious that in the map of E, terms given by fi, the restriction to the fibre is the identity, and that on the
cohomology of the base A[x,i, y,;] = Aly,i], x,; = 0 and y,; — y,;. Since the spectral sequence for F; collapses
at the E term, and the map f}* is an surjection, all of the elements z ® y, persist. Examining /> shows that z ® x,
also persist. Since this is a spectral sequence of algebras, all elements must therefore persist. So the spectral sequence
for rp(1) collapses at E». O

We next show that the Serre spectral sequence for r;(g) collapses for all higher genus using the product described
in Proposition 3.1. Iterated multiplication gives an inclusion

k*:Map, (X1, $%); ¥ < Map, (X, §%),.

Note that the two fibrations r,(g) and the g-fold product r,(1)*8 have the same base, (£2 $2)*28 Since k collapses
curves not in the 1-skeleton of X,, k* is a map of fibrations from r,(1)*8 to r>(g).

Corollary 4.2. The cohomology Serre spectral sequence for r2(g) collapses at the E, term; there is an isomorphism
of Fa-vector spaces

1 (Map, (X, 8%),) = H*(2°5) @ H*((25°) ).

Proof. We show that the map that k* induces on the respective E, terms is an injection. Since the spectral se-
quence for rp(1)*8 collapses at the E» term, so too must the sequence for r,(g). Since £* is a map of fibrations over
(£252)*28, we need only show that k* induces in injection on the cohomology of the fibres. Restricting to the fibre of
ra(1)%8, (§228%)%8, k* is precisely the g-fold loop product on $£2253. Therefore k* is simply g-fold comultiplication
in H*(£225%), which is injective. O

These arguments give a computation of the multiplicative structure in homology:

Corollary 4.3. For each n, the homology of
]_[ Map,, (Xg, S”)
20

is isomorphic as a ring to
H,(£2°S") ® T(H, (25" x £25"))

where T(V) is the free unital associative (tensor) algebra on V.
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Proof. First, notice that, for any space Y, the space
Fy=]]rx¢
g=20

is the free associative monoid on Y with unit, and that its homology is the free associative algebra on H*(Y).
As above, the multiplication

p=k*:Map, (X, S") x Map, (Xp, $") = Map, (Xg4n, S")
is a map of fibrations over (£2.5")*>@*+")_Consequently the map
[ [ : [ ] Map, (X,.5") > [ [ (25" x 25") "% = F (228" x 228")
820 820 220
is a map of H-spaces. As in the proof of Corollary 4.2, on the fibre y is loop multiplication in £225". Since the Serre

spectral sequence for r,(g) collapses, the corollary follows. O

This sort of result of course holds for any target space Y for which the Serre spectral sequence for Map, (X, Y)
collapses.

Convention 4.4. Notation for the homology and cohomology of Map, (X, $").

As we will be using these vector spaces throughout, we standardize notation here. We have identified the homology
and cohomology of £2253 in Theorem 2.7. H,(£2S5") is a polynomial algebra on a single generator in dimension n — 1,
so in the case n = 2, we may write (as a vector space)

H,(Map, (Xg, $%),) EFalan, n > 11®Falz1, 22, ..., 22¢-1. 22]

where |z;| =1, and z3; and z;_; come from the ith handle of X,. For cohomology, H*(£25") is a divided power
algebra on a generator in dimension n — 1, thus isomorphic to the exterior algebra A[x,i, i > 0], where the dimension
of x,i is 2'(n — 1). The Steenrod structure is trivial: Sq(x) = x, for all x. So we write

H*(Map, (X, 52)0) = Albnk1® A[xg), y;f)]

where, in the latter term, the superscript (j) identifies the handle from which the term comes.

In the cases n > 2, we will only need notation for the homology of Map, (X, $"); using Proposition 2.5 we will
write

H,(Map, (X,. S")) = H,(27S") @ Fall1. La. ... . log—1. o]

where [; are of dimension n — 1. We will also use this notation in the case n = 2 if we are making statements about
all n simultaneously.

4.2. Homology of Yg

Recall that Y, , is the total space of a fibration over (S7~1)*2¢ with fiber 225" (£2253 in the case n = 2), defined
as the following pullback:

Yg,n —>Map*(Xg, S")

T

(Sn—l)x2g Eng; (an)x2g

We may identify H,((S"~1)*28) C H,(£25")*?8) as the subspace

Agi= (I L iy =0,1) CFall1, ... Ipg]

(as a vector space, Ag >~ A[ly,...1[g]).
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Proposition 4.5. H,.(Y, ) = H.(225") ® A,.

Proof. The commutative diagram above shows that Y, , — Map, (X, S") is a map of fibrations, so induces a map
on the E; terms of the respective (homology) Serre spectral sequences. The E; term for Yy , is H (22 ® A ¢>and
the map is the obvious inclusion. Since the spectral sequence for Map, (X, $") collapses at the E>-term, so too does
the spectral sequence for Y, ,. O

4.3. Characteristic classes for permutation bundles

We now define “conjugate Stiefel-Whitney classes” for bundles, and compute them for the permutation bundles y; .
Recall that the Stiefel-Whitney classes of a bundle £ on a space ¥ with Thom class u are defined by

w; (&)u = Sq' (w).

Definition 4.6. Define the conjugate Stiefel-Whitney classes w; (§) € H'(Y) by the formula
w; (§)u = x(Sq") ().

For instance, since 1 = 1, x(Sq") = Sq', and x(S¢%) = Sq?, wo =1, w; = w1, and wr = wy. Let w = 1 + w; +
w1 + - - - denote the “total conjugate Stiefel-Whitney class”.

Since conjugation is an anti-automorphism of 4*, in principle, {w; } carries as much information as {w; }. Moreover,
they are uniquely suited for bundles whose Thom space is a Brown—Gitler spectrum. The w; enjoy most of the
properties of the w;; they are natural and satisfy the same Cartan formula for products. In terms of the axiomatic
description of Stiefel-Whitney classes given in Chapter 4 of [20], the conjugate Stiefel-Whitney classes satisfy all of
the axioms but the requirement that w,, (§) = 0 for n > dim(&). For instance, if y is the tautological line bundle RP°°,
w3(y) = Sq*Sq'u #0, where u € H' (RP>)?) is the Thom class.

Recall that the Snaith splitting of £2 zSg ~ 2253 gives

k k
* (00 (M2Y) k I - A -
H*(C*(R*)=P = MLZJ _@MbJ Wi
k>0 k>0
where we suggestively write wy for the k-dimensional cyclic generator of >km L%J. H*(C/(R?)) is the (split) sub-
module of terms with k < j/2. See Theorem 2.7 for an equivalent definition of wy.

Lemma 4.7. The kth conjugate Stiefel-Whitney class of y; over C J(R2) is wy for k < j/2, and 0 otherwise.

Proof. Let uj; be the Thom class of y,. Normalize Thom spaces so that their Thom classes are in dimension 0. We
include iy : C¥(R?) — C*T!1(R?) via the maps iy defined in Sections 2.1 or 3. Consider the diagram induced by
Ik—10I2k—2:

Y2k

|

C2k_2(R2) - CZk(RZ)

Vau—2®2

Upon passage to Thom spaces, this map is C2¥—2(R2)72%-2 — C2K(R2)72 In cohomology this induces the surjec-
tion in the short exact sequence of .A*-modules

0— Mm - x(Sg*) — MKy —> MGk —1) -0

(see [16] for details). Consequently, x (Sg¥)(uzt—2) = 0, but x(Sg*)(ua) # 0. Equivalently, wy(y2—2) =0 and
wi (v2r) # 0. Therefore
k

T (ya) € H(C2(R2))/H* (C* 2 (R2)) = szM.
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There is only one class of dimension k, the generator of X*M L%J, which is precisely the class that wy €
H*(C*®(R?)) restricts to. So wy is the kth conjugate Stiefel-Whitney class of yy, and therefore for y; for any
J = 2k by naturality. O

For configurations in positive genus, the approximation r; : C/ (X, \ {*}) — Map, (X,, S?) realizes H*(C/ (X, \
{x})) as a quotient of

H*(Map, (X, $%),) = H*(225%) @ H*(252)%%.
See Section 7.1 for an explicit description the kernel of the map.

Corollary 4.8. The kth conjugate Stiefel-Whitney class of y; over c/ X\ {xD) iswr ®1 fork < j/2, and 0 otherwise.

Proof. Proposition 1.1 implies that as a module over the Steenrod algebra,
H*(Map, (X, $%)) = H*(225%) ® H*(25%)%*.

The Thom class of y; over c/ (X¢ \ {*}) lies in this cohomology, since the spectra c/ (X g\ {*})?/ are stable summands
of the mapping space. Moreover, it restricts to the Thom class of y; over C/ (R?). Since the conjugate Steenrod oper-
ations on the Thom classes are the same for genus 0 and g, the conjugate Stiefel-Whitney classes are the same. O

4.4. Cohomology of Map,, (X1, $2) as a ring

We compute the ring structure of H*(Map, (X1, S%)o) using the computations in the previous section, a fact about
the braid group of the punctured torus, and an action of Map, (X1, S*) on Map, (X, § 2)) via the Hopf fibration.

Theorem 4.9. There is a ring isomorphism
H*(Map, (X1, 52)0) = Albug; (n,k) # (1,00 ® Alxyi, ypi1® Fz[bl,o]/(b%o =x1)1).

In other words, the cohomology of Map, (X1, §2)q is that of 2253 x 25% x 25 except that b% 0= 17% =X1)1-
Proof. We have shown that the spectral sequence for the fibration r5(1) computing H*(Map, (X1, $%)o) collapses
at the term E, = H*(£225%) @ H*(£25% x $25%). This a spectral sequence of algebras, so the ring structure on the
graded algebra associated to H*(Map, (X1, S 2)o) is that of E5. E, is an exterior algebra, so to determine the actual
ring structure of H*(Map, (X1, S?)¢) we simply need to determine the squares of all of the ring generators of E.

The fibration r2(1) makes H*(£25% x 252%) a subalgebra of H*(Map, (X1, $2)0), so the squares of all elements
coming from H*(£25?% x £25?%) are 0. So we need to only determine the squares of the elements b, ; ® 1. In the next

lemma, we will show that (w; ® l)2 =1® x1y;. We show in Lemma 4.13 that this is the only nonzero square of
a generator. Therefore the construction of the isomorphism is immediate. O

The following computation is crucial to everything that follows.
Lemma 4.10. The element w; ® 1 € H' (Map, (X1, $*)o) has Sq' (w1 ® 1) = (w1 @ 1)> =1 @ x1y1.
Proof. Letx e RZ2C X 1\ {*} € X. Consider the commutative diagram:

RZ \ {x}JH62(R2)$R2

N

X \{x}?@(xl)T)Xl
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Here p; is the fibration given by projection onto the first factor, and the vertical maps are induced by inclusions
i :R% C X;. Applying 7 gives a commutative diagram of exact sequences:

~.

*

0 A 1 (C2(R?)) —2 0

0 ZxZ—; 71 (CE(X1))

IR

Plx Z@Z O

Let d be the generator of 71 (R? \ {x}). Then i.(d) is homotopic to the attaching map for the 2-cell in X1, so if
m1(X1\ {x}) =Z % Z is generated by a and b, then

is(d)=aba b7,
Thinking of these elements as lying in the appropriate pure braid groups via j., we have the same equality in

71 (CH(X1)).
Descending to the unlabelled configuration spaces, we have a commutative diagram of extensions:

0——m1(C2(R?)) —m (C2(R?)) —=Z/2—=0

0——m (C2(X1) —=m(C*(X1)) —=2Z/2—=0
If ¢ is the generator of my (C2(R?)) =X Z, then ¢ =d. Let e = i,(c), so that in 71 (C?(X)) the following equation
holds:

e =aba"'b7!.
For an alternative approach to this sort of result, see Theorem 1.4 in [15].

After abelianization, this implies that in H(C 2(X1); Z), there is a class h(e) coming from H{(C 2(R?); Z)
with 2h(e) = 0 (here & is the Hurewicz map). Since c is the generator of 71 (CE(R?)) = 7, h(e) is the image in
Hi(C23(X1); Z) of the generator of H; (C%(R?); Z). So the reduction mod 2 of A (e) is the class a; ® 1, where, follow-
ing [3], we can write

H,(C2(X1)) € Ho(Map(X1, §%),) = H.(225%) ® H,(25%)%* ® H,(5?).
Since 2h(e) = 0, we conclude that the dual to a; ® 1, w; ® 1, admits a nontrivial Sql.
Moreover, the same statement holds in H*(C?(X \ {*})). This follows from a 2-local stable equivalence
F:CH X\ {%)) v §2 = C3(X)).

The first component of f is induced by the inclusion X \ {*} € X1, and the second component is the composite
s> 5 Map(xy, $), <> C2(X1)

where k carries a point in S to the constant map at that point, and 7 is projection onto a stable summand. That f is a
2-local homology isomorphism follows from the computations in [3] of the homology of configuration spaces.

Note that Sql(ﬁl D) =@ ®1?is a square. Examine the cohomologies of the subspaces 2283 and
Map, (F;, §?)¢. Since these are I, exterior algebras (see the proof of Proposition 4.1), and every square in such
an algebra vanishes, we must have that S¢'(w; ® 1) vanishes upon pullback to these cohomologies. The class is of
dimension 2, so it must lie in the span of

{w®1, w1 x1, Wi y1, 1@x1y1, 1 ®x2, 1 ® ¥}
The only element in this span which will vanish in H*(£225%) and H*(Map, (F;, $2))is 1 @xiy1. O
To show that (b, x ® 1)2 =0 for (n, k) # (1 > 0) we will need the following construction: S> acts on S since
5% = §3/S! is a homogeneous space of S* via the Hopf fibration. This defines an action
A:Map*(Xg, S3) X Map*(Xg, SZ)O — Map*(Xg, S2)0
by pointwise action: A(f, g)(x) = f(x) - g(x). We therefore get a module structure in homology:
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Proposition 4.11. Let a ® b € H,(Map, (X1, $°)) = H,(£2°5%) ® H,((£25%)*?) and ¢ ® d € H,(Map, (X1, $%)o)
using the form Ey = H,(225%) ® H,((£25%)*?),

ri((@®b) @ (c®d)) =ac® i (b)d

where multiplication in the left term is via the loop product iy on $2°S3, and on the right by the pairwise loop product
wi on 25% x 252

Proof. The following diagram commutes

92S3 X (9252)0%(9252)0

| |

Map, (X, $3) x Map, (X, §2)o ——=Map, (X, $2)o

r3(1)xra(1) \er(l)
A
(QSS)XZX(QSZ)XZ 1 > (QSZ)XZ

where X; are defined as X is defined with differing domains to the mapping spaces. Therefore computation of the
formula above reduces to the computation of A;,. For the fibre, we have the commutative diagram

2283 x 2283 —— 2283

lxr‘;lz ﬁi:

02283 x (9252)0?2 (£2252),

where the top line is induced by multiplication in S3. Since any two H -space products are homotopic, we may as well
take it to be the loop product uy. So A, behaves as expected on the fibre. The same sort of argument computes the
module structure on the base of the fibration. O

From this proposition and Proposition 4.1, we obtain the following corollary.
Corollary 4.12. H,(Map, (X1, 52)0) is a free module over H,(Map, (X1, S3)) on generators {1, z1, 22, 2122}

We can use this module structure to get at the product in cohomology. Let ¢ : H,Y — H,Y ® H,Y be the comul-
tiplication map. Since A, is induced by maps of spaces it is natural with respect to .

Lemma 4.13. For (n, k) # (1,0), bg’ . =0.

2/

k k .
5 ® a,% does not appear in ¥ (x) for any element x €

Proof. This is equivalent to saying that for (n, k) # (1,0), a
H,(Map, (X1, $%)). Lemma 4.10 implies that

V(z122) =18 7212204+ 2120Q® 14+ 21 Q@220 + 20 ® 21 + a1 D ay.

Also, by dimensional considerations, ¥ (z;) =z; ® 1 + 1 ® z;.

Since Map, (X1, $3) ~ £225° x (£253)*2, its cohomology is an exterior algebra. So for any « € H,(Map, (X1, S°)),
¥ () does not include any terms of the form 8 ® .

We have shown that any x € H*(Map, (X1, 5%)0) may be written as x = A (o ® y) for some y € (1, z1, 22, 2122),
so by naturality

¥ () =AY (@) @Y (1))

The only element of the form 8 ® B which can appear in ¥ (x) is therefore a; ® a; (coming from y =z1z2). O
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4.5. Cohomology of Map, (X, $2) as a ring

We will compute the ring structure on H*(Map, (X,, 52)0) using the computations made in the previous sections
and the multiplication defined in Proposition 3.1. For notational clarity, we will denote the nth permutation bundle in
genus g by y,(g) since we will be discussing several genera simultaneously. Also, let w;(g) denote the jth conjugate
Stiefel-Whitney class of y,,(g) for n > 2 (that this is well defined follows from Corollary 4.8).

Iterated multiplication (Section 3) provides a map

k* :Map, (X1, S2)8<g — Map, (X, 52)0
which is approximated by configuration models
e CT X\ ) X oo x O (X \ () = CIF e (X \ ().
Recall that the permutation bundle pulls back under « to products of permutation bundles:

(Vi (@) = vj (1) X == Xy, (D).

Thinking of X as the connected sum X # X in g + 1 different ways provides g + 1 different collapse maps
Xg11— X, and hence g + 1 distinct inclusions

ij:Map,(X,. SZ)O — Map, (Xg+1, SQ)O.
We have configuration models for i; as well; consider the g + 1 maps
1j:CH(X g\ disc) = CK(Xgy1 \ disc)

given by the g + 1 inclusions X, \ disc — X, \ disc. Notice that l;’fyk (g + 1) =y (g). The maps extend to k = oo,
and we get the homotopy commutative diagram

l'.
Map, (X, $%)o ——Map, (X411, $H)o

Cm(Xg\disc)?Coo(XgH \ disc)

Write H*((225")%) = Alx} v, ... x% 3% i > 0] where |x”)| = n. The following lemma is immediate
from the above discussion.

Lemma 4.14. i%: H*(Map,(Xg+1, 52)0) — H*(Map,(Xg, $*)o) is the identity on H*($2>S%), and carries
H*($25%)%28%2 onto H*(£25%)%%8 by mapping x,ﬁ{) and y,(nj) to 0. z;‘ consequently does identically.

Definition 4.15. Define o; € A[xl(l), yl(l), e, xl(g), yl(g)] - H*(.QSZ)®2<5’ forO0< j<gas
i i @) ;)
I

where the sum is over sequences I = (i1, ..., i;) where each i, is a different element of {1,2,..., g}. o; is the jth
. . . . (i) (@)
elementary symmetric exterior polynomial in the variables (x, "y, ).

Lemma 4.16. In H*(Map, (X,, 52)0), w; (8)>=0for j > g, and wj(g)2 =0jfor0<j<g.

Proof. Using the Cartan formula, we see that

W)= Y w1 x - x wj (1)

ji+etje=i
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We know the ring structure on H* (Map,, (X1, $?)o): w1 (1)> = xil) yf]), and the squares of all higher conjugate Stiefel—
Whitney classes are 0. Therefore «*(w; (g)?) # 0 if and only if j < g. ™ is an injection (see the proof of Corol-
lary 4.2), so w;(g)? # 0 if and only if j < g.

We will show that w; (9)*=0o ; by inducting on g; we have shown this in the case g = 1. Assume it for g. Since
(g + 1D =v(8),

U (Wa (g + 1)?) = a(g)?
which, for n < g, is the nth elementary symmetric exterior polynomial in the g variables (xf)yfi) ), i # j. Thus
. . . - +1 +1
(e + 17 = Y on( 5D () )
J

where E € Nker:;. By examining F; (see the proof of Proposition 4.1), E must be divisible by xfj )yfj ) for each J.
But then |E| >2g +2,s0 E=0if n < g. So wy(g + 1)? is as described. For n = g + 1, the same argument implies
that We41(g + 1)2 =0pt1. O

Theorem 4.17. Let d = [log,(g)]. H*(Map,, (X, $2)0) is isomorphic to the following ring:
Albu s (.8 ¢ (1,0), ... (1.d)] ® A[x @ Falbro, ... bral/ (b}, = 03).

In other words, the cohomology of Map, (X, $2)q is that of 2253 x (£25%)*8 except that w; =ojfor0<j<g.

Proof. The only elements whose squares are in question are by, . We have shown that w; g)?*=0 jfor0<j<g,
and since w; = by j, - -- by, j, (where 2/! + .- 4 2/r is the binary expansion of j), we get, for 0 <i <d,

2
bl,i = 0ji.

We must now show that the remaining b}% « = 0. As in the proof of Lemma 4.13, the result will follow if we show
that there is no element x whose coproduct expansion v (x) contains a,zlk ® a,zlk for the remaining n and k. As for
genus 1, H,(Map, (X, $2)0) is a free module over H, (Map,, (X, $3)) with generators

A= 252 1in =0,1),
Since

e el e ),
the coproduct

i i i ing—1 i

V() =k (U (e 27) @ ¥ (2 12),
cannot contain any terms of the form 8 ® B except for B = af, and in that case, n < g. This result is extended to all
of Hy(Map, (X, 52)0) using the Hopf fibration as in Lemma 4.13. O

5. The second configuration space of the torus

In this section we study the stable homotopy types of the spaces C*(X1 \ {*})"2 for n = 0, 2, 3. These computations
are fundamental to the proofs of the splittings in the next section. The main results are Lemmas 5.1 and 5.5.
First examine H,(C2(X; \ {*})). As a subspace of H,(Map, (X1, 5%)0),

H (C*(X1\ {*}))) = (1, a1, 21, 22, 23, 2122, 23)

(by (S), we mean the [F, subspace generated by a set S). This follows from Proposition 7.3 or direct calculation. Here
the first term has dimension 0, the next three dimension 1, and the last three dimension 2. Dually, we can write

H*(CH(X1\ {%})) = (1, w1, x1, y1, %2, X1 )1, ¥2)
(recall that w; = by ).
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Lemma 5.1. 2-locally, C*(X1 \ {*}) splits stably as
C*(Xi\{x), =S'vs'vslvs?y IMzZ)2.

Proof. We begin with the inclusion C' (X1 \ {*}); — C?(X1\ {*}). The domain is simply X1 \ {*}+ ~ SOv S!v S!.
In homology, the image of this map is clearly (1, z1, z2).
The stable map

285 x 28 > 25> x 28> x Yy > Map, (X1, 5%),~ C®(X1 \ {x})
may be restricted to $? v 2 (a stable summand of £253 x £25%) and followed with a projection onto the summand

C2(X1\ {*}), giving a map $2v 82 — C2(X1 \ {}) whose image in homology is (z%, z2)
Finally, we need to account for the ¥ MZ/2. The inclusion

jiSt=CHR?) — C*(X1\ {*))

carries the fundamental class [S'] to the class a1, which pairs against a cohomology class w; which supports a
nonzero Sq', according to Lemma 4.10. Therefore, there is a copy of the cohomology of ¥ MZ/2 in the cohomology
of C2(X1 \ {*}). Collecting these facts together, we have shown that as a module over .A*,

H*(C*(X1\ {«}),) > H*(S" v S' v S v §? v §* v £ MZ)2). (*)
We will show using the Adams spectral sequence that j extends to amap X MZ/2 — C>(X1 \ {*})+.
To do this, we must show that the composite
s' 2 5L (X \ ()
is 0. Since the element kg € Exti’ti (H*(SY), H*(SY)) (representing the map 2: S — S1) becomes 0 in
Extx (H*(ZxMZ/2), H*(S")),

it is carried to 0 in Exti"i(H*(C2(X1 \ {*})), H*(S!)) under j. We claim that the image of A is not detected in a
higher filtration of the spectral sequence. Therefore the composite j o2 is zero, and so j extends to a map X MZ/2 —
C%(X 1\ {*}). Moreover, it is clear from Lemma 4.10 that the image of H.(¥XMZ/2) in H, (C2(X1\ {*})) is (a1, z122).
Wedging these maps together gives an isomorphism in homology, and thus an equivalence.

Let us examine the possible classes that could detect j o 2 in the spectral sequence; these lie in

Ext';iZ(H*(cz(Xl \ {+}),). H*(S")

for n > 1. This is identifiable from the cohomological splitting (x): the only nonzero classes come from the H*(S! v
S1) component:

Bt (17 (5" v 8", H(5")) = (1) @ ().
But we know that S' v S! splits off C2(X \ {*}), so these cannot be targets. [

Now consider the Thom spaces of multiples of the permutation bundle, C2(X \ {*})"?2. We do not study the case
n = 1, given that we know that Map, (X1, S°) ~ £2283 x £25° x £253, so we already have a perfectly good splitting
of the Thom spaces of the configuration bundles in this case.

H.(C%*(X; \ {*})"*72) is [F>-isomorphic to the 2n-fold suspension of H,(C3(X, \ {#})), described above. We would
like to split C?(X1 \ {*})"?2 in the same fashion as above, using the Steenrod operations on the cohomology to indicate
the pieces it splits into. We will content ourselves with the following partial results. Let C(n + 2) be the cofiber of the
map n+2:5' — S0v sl

Lemma 5.2. H*(C?(X1 \ {})?"2) is isomorphic as a module over A* to the cohomology of the spectrum

T*Cm+2)v S vsivsivss.
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Proof. Let uy be the Thom class of 2y,. The conjugate Stiefel-Whitney classes of y, were determined in Section 4.3.
The computation in Theorem 4.9 of the ring structure of H*(Map, (X1, $2)0) (and hence H*(C%(X; \ {*}))) allows
us to determine the conjugate Stiefel-Whitney classes of 2y». Specifically, w(y») = 1 4+ wy, so

w2y =1 +w)*=1+x1y1.

We can compute conjugate Steenrod operations in H*(C 2(X1 \ {#})?"2) from this information:
x (Sq)(xuz) = x (Sq) () w(2y2)u3.

So specifically,
x(Sq") ruz) = (x (S¢") (o) + x (S¢" %) ()1 y Juz.

The only element of H*(CQ(XI \ {*})) with any nontrivial Steenrod operations is wp, with X(Sql)wl =X1)1.
Moreover, the only element whose product with x1y; is nonzero is 1. Consequently (xju3), (yiu2), (xauz), (y2u2),
are all split (trivial) A*-submodules in dimensions 5 and 6, and (luj, wiuy, x;yju2) has the cohomology of
>4C(m+2). O

There is a map ¢ : S — MZ/2 which is the inclusion of the bottom cell. Consider the composite 71 given by
st-L 501y m7/2
and let Cnj be its cofiber. The referee has pointed out that Cn; is the 2-dual of C(n + 2).

Lemma 5.3. H*(C%(X1 \ {+})372) is isomorphic as a module over A* to the cohomology of the spectrum

poalel AVESAVEYAVALAVA LY

The proof is identical to the previous, with the modification that
BBy = +w) =1+w +xy1.
Definition 5.4. Define g»:S' — C?*(R?) = S' to be multiplication by 2. For n > 2 and n # 3 mod 4, define
gn: 83— CEHR2) =272 a5 follows: First, set g4:5° — S* Vv §° be T*(n + 2) and set g5: 57 — XOB(1) =
YOM7Z/2tobe X0n;. Let gg: S° — S8 v 57
$9 2 5% 5 s8v s,

Then, for n > 6, since C2(R2)"+272 ~ $3C2(R2) =272 set g4 = X3g,.

Lemma 5.5. There are maps
Cgr— D*(X1\ {})
and for n > 2 and n # 3 mod 4
-2
Cgn— C*(X1\ ()77

which for n > 2 induce an isomorphism of the homology of the domain with the subspace H,(C?(R?))"=272 4 (I11).
For n =2 the map is an isomorphism onto H,(D*(R?)) + (l112). Moreover, after composing these maps with the
stable inclusions into Map, (X1, S"), we may factor them through Y1 .

Proof. The case n = 2 is handled by Lemma 5.1. C>(R?), ~ S% v S! so C?>(R?)?”2 ~ §* v §°. So the map
CZ(RYH22 — C2(X; \ {*})?2 extends to Z*C(n + 2) for the same reason that S' — C2(X; \ {%}) extended to
YXMZ/2 in Lemma 5.1. That is, the element of Exti"l,{(H*(S4 v §2), H*(8Y)) defining 1 + 2 is carried to O in
EXtL\l (H*(C*(Xy \ {x)?72), H*(S?)) for cohomological reasons. A sparsity argument similar to that of Lemma 5.1

shows that 142 is not detected by an element in a higher filtration of the spectral sequence. Consequently the inclusion
CI(RH)22 — C2(X; \ {x})?2 extends to Cg4 = X*C(n +2).
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Similarly, C>(R?)3"2 ~ £9M7Z/2 and so C*(R?)3"2 — C%(X 1\ {*})?"2 extends to £®Cn in the same fashion. We
get the map Cgg — C>(X1 \ {x})*2 from Cgy — D?*(X| \ {*}) = C>(X1 \ {*}) and the fact that C>(X \ {x})*”2 ~
Z8C? (X1 \ {*})+. We extend for n > 6, again using the fact that 4y is trivial for surfaces.

That the image in homology is as described is clear for n = 2 from the proof of Lemma 5.1. For n > 2, that the
map is an injection follows from Lemmas 5.2 and 5.3. The argument to show the image is as described is similar to
the proof of Lemma 4.10—the class does not come from H, (C 2(R2)"=272) and must be symmetric in [ and /5.

Finally, these maps exist because copies of the cohomologies of Cg, exist in the cohomology of the configuration
models. Examining what survives in

H*(Map*(xl, Sn)) — H*(Yl,n)

we see that the same modules also exist in H*(Y] ), so the maps must factor. O
6. Construction of new spectra and proofs of the main theorems

In this section we construct certain spectra M, , (k) described in the introduction and demonstrate that they form
stable summands of Yy 4 for n % 3 mod 4. Both the construction of these spectra and the proofs of the splittings are
inductive in g: we need the splitting of Y, ,,+ in order to construct the spectra for genus g + 1. We wonder if there
might be a more formal construction of these spectra which exists without recourse to the geometry of the spaces
being split.

The proofs of the splittings of Theorems 1.3 and 1.7 are in two steps. First, we split Y, , into a finite wedge of
suspensions of spectra we call M}, ,, (for h < g). We then split M}, into a wedge \/@0 Mp, q (k).

6.1. Splitting Y n+

The construction of the spectra My , is not dissimilar from the construction of the Smith-Toda complexes when
possible. Let us outline the general philosophy. Let R be a (homotopy) commutative, (homotopy) associative ring
spectrum with multiplication u, and let f : S” — R be an element of 7, R. One may try to construct various R-module
spectra R, for g > 0 from this data. Let Ry = R. Define R; as the cofiber of the map

1
RAS" L RAR R

Since R is associative, the multiplication i : R A R — R extends to a map 0y : R A Ry — R via the diagram

IANIAS 1
RARAS" I L g n RARS RAR—=RAR,

o Wl l o

RAS" Iy RAR— R Ry

It is not obvious that amongst the possible choices of #; that we can find one that makes R; into an associative left
R-module. If so, we can construct a spectrum R; as the cofiber of

INf 0
RAS" L RIARD RAR - R

The commutativity of R and the associativity of 61 induce a map 6> : R A R, — Rj. Again, there may or may not be
a choice of such maps which gives an associative module structure on R;. One may clearly iterate this process at this
point—to construct such R, for all g requires the verification of associativity at each level.

The ring spectra R that we will employ in constructing certain module spectra M, , are the suspension spectra
of 2 2Si with the loop product (clearly associative and commutative). However, we make this important (but mild)
exception: whenever the space £225" is used in a statement, for n = 2, we mean to take the connected component
(£225%)9 ~ 2253 instead. In general,

o
92S2n+1 ~ \/ 2(211—1)](3 E
" - k=0 2
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andifn > 1
o
2020 A, Qn—=2)k qk (T2
2257~ \[) ZCrPkC(R?)
k=0
ol o
where CK(R?), ~ \/2 Bli].
Define f>:S! — 2253 as the composite
s D2(R?) - 2253
and for n > 2 and n # 3 mod 4, define f, : $2*~3 — 225" as

§2n=3 ﬂ)cz(Rz)(n—%m_)QzSn

Lemma 6.1. There exist spectra M, , (for n # 3 mod 4 and all g) defined in the fashion above using the ring spectrum
My, = Q2Si (in the case n =2, we use My = 9253_) and the element f, € m2,—3(Mo ). They are associative
module spectra over My . Moreover, 2-locally, Y, 4 splits stably as

g .
—Di v2i(8
Yot = V(E(n l)lMg—i,n) ®
i=0
and the action of My, on My, is inherited from the action of Mo, on Yg 4.

Proof. The result is tautologically true in the case g = 0, since £225" = Y ,. So fix n and assume that the result is
true for Y}, ,, for all h < g. We construct My ,, as suggested above: let it be the cofiber of the map
— l/\fn 12
Mg_1.0 N §n—3 Mg_1n AMoy —> Mg_1n

where p is the module structure map for M,_; , (which we have assumed to be associative).
To obtain the terms of the splitting involving M}, , for h < g one maps them in from Y,_; ,4 in the following
fashion. We have g different maps

Map, (X1, S") x Map, (X4—1, S") = Map, (X, S")
corresponding to the g different ways to collapse X, — X1 V X,_1. These maps restrict to maps

Yipge ANYg1nt = Yot ()

There is amap §"~!' v §"~! — ¥} . whose image in homology is (1, [) : the two projections p; : X; = §! x S —

S! give maps

st L @9m L Map, (X, S7).
Clearly these maps factor through Y ,; the wedge of the two gives the desired map. Then composing this map with
the one given by (x) gives a family of g maps

(8" PV S" YA Yoo it — Yons
These maps inject in homology; the ith has image consisting of all multiples of l5;_1 or [3;, but not both (i.e., every-
thing is divisible by /»;_1 or /5; but not I; _1l5;. Wedging all g maps together defines

be: (SIS ) AYgo104) 8 = Yout

This induces an isomorphism of the homology of the domain with the subspace

Ho(228") @ {I}' -+ 15F 13 st inj 1 =1, iz =0, orizj 1 =0, inj =1}.

We may rewrite the domain of ¢, as (E"_lYg_ 1.ns) V28, Employing the lemma for Yo_1,n+ and juggling indices
appropriately allow us to write this as

8 :
(=" W) 2 (5O M) 0,

i=1
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So to complete the theorem, we need to produce a map ag: Mg, — Y, ,4 that induces an isomorphism of
H, (Mg ) with the subspace

H*(.stn) R Al -1, 1314, ..., g1 I2g]

since the direct sum of this space and the image of ¢4y is Hy (Y, 4 ). Then the wedge of o and ¢ is a homology
isomorphism, proving the splitting. From this splitting, M, ,, inherits an associative My ,-module structure from
Y¢ n+. This completes the inductive step, as it allows us to define Mg 1 .

Let j denote both the inclusion .QZS_’fr C Y1,n+ and any of the g inclusions Yg_1 ,4+ — Yy ,4. Then the following
diagram homotopy commutes:

_2 1IN m
Yg—l,n+ A S2n 3 Yg—l,’l+ A YOJI+ — Yg—l,n+

o b

Yg—l,n+ A Yl,n+ o Yg,n+

We can, of course, replace Y1 ,4 with the split summand M, | ,. Examining the definition of f;,, we can replace it
with g,, allowing us to rewrite the diagram as

1Ag; _
My 10 ASP3 28 by A CERYD Lo My,

] lj

Mg_10 A Y10t ——— Yo+t

Now, j o g, = 0: the content of Lemma 5.5 is that j extends to the cofiber Cg, of g,. Since the cofiber of the top
row is My ,,, the map j on the right side of the diagram extends to a map My , — Y, »4. The indeterminacy of this
collection of maps is the set [Mg_1 , A §7=2y, ¢.n+1; if we specify an element B, in this set we fix a particular map
ag:Mg — Yo ny.

To choose this map, note that since j o g, =0, 1 A j extends to the cofiber of 1 A g, (which is Mg_1, A Cgy).
Again, we have a number of choices for this map, governed by the indeterminacy [My_1 , A §7=2 M e—1n AY1nt]
However, Lemma 5.5 provides us with specific maps Cg, — Y1 ,+. Smashing with M, | , gives specific extensions
of 1 A j, thus fixing a particular element ﬁé of the indeterminacy [Mg_1 , A §2n=2 Mg_1,n AY1 4 ]. Composing with
the map p: Mgy _1 5 A Y1 nqy — Yg nt defines the element B, and hence o.

To finish, we need to prove that o, . induces the claimed map in homology. As a graded vector space, Hy (Mg ;) =
Hy(Mg_1,) + yn=2p (Mg_1,,). We know that this commutes:

g—1
Mg—l,n — Yg—l,n-i—

| b

8:n ag Yg»n+

Inductively, we assume that oy 14 : He(Mg—1,n) — H*(.QQS”) Al -1, 1314, ... 123125 2], is an isomorphism.
So we need to only show that ag, carries 22”_2H* (Mg_1,,) isomorphically onto

H (2°S") @ Ally 1o, 13+ la, ..., log—3 - lag 2] - Iog 1 - Ing.
Our choice of o, implies the commutativity of this diagram:
My 10 ACgn—E> M, ,
| I
Mg—l,n A Y],n—i— e Yg,n+

If x € H>,—»(Cgy) is the generator coming from the extension (i.e., the nonzero class not in H,(C 2(R%)(=212)) then
the top row carries Hyx(Mg_1 ) - x onto the subspace Ezn_zH*(Mg_l,n) € Hy(Mg ). By Lemma 5.5, the composite
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of the left and bottom rows carries x to lpg—1 - I2g, SO Qg4 carries Ezn_zH*(M,,l,n) onto H*(.QZS”) ® Al - 1o,
I3-1g,..., lzg_3 . lzg_z] . lZg—l . lzg, as desired. O

6.2. Splittings of the spectra M ,

The purpose of this section is to show that the spectra M, , naturally split into a wedge of simpler spectra. Recall
that this is true of My ,. Because the multiplication in My, respects these wedge gradings, it is reasonable to believe
that M ,—cofibers of maps defined by the multiplication in My ,—also split into wedges. Another heuristic argument
is that overlaying the splitting of Y, , in the previous section with the Snaith splitting should give a sharper splitting
of Y, . The first approach—exploiting the multiplicative structure—is easier to implement.

We rewrite the stable splittings of .QZSQ as

Mo~ \/ Mo (k)
k=0

with Mo, (k) = CX(R%) =% if n > 2. For n =2, set Mo »(k) = D*(R?). Again, Mo 2 > \/; 5o Mo2(k), but there is
some redundancy; Mo 2(2k 4 1) is contractible (and Mo 2(2k) =~ kB L%J). Then the loop multiplication on My, is
given by

Mo,n (i) A Mo,n(j) = Mon(i + j).
Proposition 6.2. There are spectra My ,, (k) defined forn > 2, n #3 mod 4 and all g, k > 0, so that
Mgn=\/ Mgn(k).
k=0

The composite of ag: Mg, — Y, and the inclusion Yq , — Map, (X, S") carries M, (k) into the summand
ck (Xg\ {*})(”_2)7/" ifn>2(ifn=2, Mg>(k) maps into Dk (X \ {*})). Consequently, the My ,-module structure on
My , respects this wedge grading: the action w: My, AN Mg, — Mg, is given by a wedge of maps

MO,n(i) A Mg,n(j) g Mg,n(i + ])

Finally, for g > 1, Mg (k) is constructed as the cofiber of the map
_3 1Ingn
My 1k =2 A S 28 My 1 (k—2) A Mop(2) 55 M1, (k).

Proof. As usual, we induct on g. For g = 0, the result is already known. So assume the proposition for all M, with
h < g. Then the following diagram commutes:

_ 1/\f "
Mg 1.0 N s Mg_1.n N Mo Mg 1,

: | w=

_ 1Agn
Vim0 Mg—1.0(k) A SP73 L8N/ Mgy (k) A Mo (2) —"\/ 59 Mg—1,n (k)

The cofiber of the top row is My ,,. Since the action My , A Mg_1, — Mg_1 , respects the wedge grading, the bottom
row is a sum of the maps defining M, , (k) in the statement of the proposition. So the cofiber of the bottom (and hence
the top) row splits as the wedge \/k>0 Mg (k).

For the remainder of the proof, we treat the cases n > 2; the reader can make the obvious modifications for n =2,
noting that g» maps into the summand D*(R?) = Mo 2(2). To show that M, , (k) maps into ckx ¢\ {(xH @D g
equivalent to saying that the following composite ag (k, 7)

Mg n(k) = Mg p BN Yon— Map*(Xg, S”) —C’ (Xg \ {*})(”—2))4

is 0 if r # k. By assumption, the restriction of ag(k,r) to Mg_1 ,(k) is ag_1(k,r) (composed with the inclusion
C"(Xgm1 \ (¥D27 — C7(X, \ {#})®=27), and hence zero if r # k. So ag(k, r) lifts to Mg_1 ,(k —2) A S22,
This lift is a component of the map B,, so might be denoted B¢(k,7). B, is the indeterminacy of the map
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Mgy, (k—2) ACgy — Y, which extends the map from M,y ,(k —2) A CE(RH=2»2 1o Yo 1, given by oy
and multiplication. Inductively, this last function maps into C¥(X e—1\ {%})"=2% So the indeterminacy is 0 if r # k.
Hence ag(k,r) =0if r #k. O

6.3. Periodicity results for the spectra Mg ,, (k)

In this section, we employ the results of [8]—that 4y is trivial for surfaces—to prove a similar periodicity for the
stable summands of Yy ,,. As usual, the case n = 2 is a slight exception.

Proposition 6.3. For n #£ 2,
Mg,n+4(k) =~ 24kMg,n (k)

Also,

k

Mg (k) ~ £ \/ Mg (i)
i=0

Combining the results of this proposition, Lemma 6.1, and Proposition 6.2 gives Theorem 1.7 and hence Theo-
rem 1.3.

Proof. First, take n # 2. For g = 0, this is known—2yy is trivial over C*(R?) so certainly
2 -2
MO,n+4(k) — Ck (RZ)(’H' ) Vk ~ E4ka (R2)(” 23 — 24kMO,n (k)

Recall that 4y is trivial over C¥(X, \ {*}) for each g and k. Thus C*(X, \ {27 ~ 2 Ck (X, \ {x}) =27,
We therefore defined g,14 = X8g,.
Assume the result for i < g. Take the sequence whose cofiber is My ,,14(k),

Myt pialk —=2) A ST Moy yalh —2) A Mo pya(2) — Mg_1 nya(k), (*)

and precompose it with the equivalence T (My_1 , (k —2) A S?"~3) > My_1 pia(k —2) A S> =3 Postcomposing
with My_1 pia(k) = Z%M,_y , (k) gives a map

¥ (Mg_1n(k =2) AST73) — %M,y (k).

This is in fact the map whose cofiber is 34 Mg , (k). This is because we have defined g, 14 = Z‘Sg,, (the first map
in (%)), and because the configuration model for multiplication (the second map in (x)) in dimension n + 4 is just a
suspension of the model in dimension 7. Since we bracketed the defining map for M, ,44(k) with equivalences to get
the defining map for >4 M ¢.n(k), these spectra are equivalent.

The difference between the cases n =2 and n # 2 arises at the base of the induction:

k
Mos(k) = CH(RY)M* = s¥Ch(R?), ~ % \/ D'(R?).
i=0
Since we have defined D' (R?) = My (i), this gives the result for g = 0. Again, assume that the result holds for 2 < g;
we have the commutative diagram

My_16(k —2) A S° 1786 Mg 1,6(k —2) A Mo 6(2)

- l:

RN 2 M 156) A S RO My_120) AC2RY) )

24 (1ng2)

In fact go maps into the summand D2(R?). So we may replace C 2(R2)+ with D2(R?) = My 2(2) in the diagram.
Then the same inductive argument as in the case n > 2 may be used to prove the equivalence forn =2. O
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It is worth noting that Mg 4, (k) splits into a wedge as Mo 244, (k) does. However, the argument in the latter half of
the proof above cannot be modified to split M 4, (k) into even smaller pieces because g4, unlike g2, maps into both
summands of C2(R?)@—2%  whereas g2 just maps into Mo 2(2).

6.4. Characterization of the cohomology of My ,, (k)

Write H,(MZ/2) = (1, e) and H,(Cn) = (1, ) where e and f have dimensions 1 and 2, respectively. The fol-
lowing has as a corollary parts (1) and (2) of Theorem 1.2 via repeated application.

Lemma 6.4.

(1) Mg 22k + 1) is contractible.
(2) Thereis amap Mg 2(2k) — Mg_12(2k) AN MZ/2 whose image in homology is

Ho(Mg_12(2k)) - 1 + H(Mg_1 22k —2)) - e.
(3) Thereis amap Mg 5(k) — Mg_1 5(k) A Cn whose image in homology is
Hy(Mg—15(K)) - 1 + Hy(Mg_15(k —2)) - .

Proof. For the first item, note that it holds for g = 0 and that M >(2k + 1) is constructed as the cofiber of a map from
St A Mg 122k — 1) to My_1 2(2k + 1). The result holds by induction.
The following commutes:

Mg 122k —2) A ST —22 0 M1 22k —2) A Mo 2(2) > My 2(2K)

Myg—122k =2) A Mo2(2) —— Mg—12(2k) ————— M1 2(2k)

The cofiber of the top row is M, »(2k), and the cofiber of the second map on the bottom row is M, _12(2k) A
MZ/2, thus providing the desired map. That the image in homology is as described is clear, since H, (Mg 2(2k)) =
H(Mg—12(2K)) + 2 Hy(Mg—12(2k —2)).

A similar diagram gives the result for n = 5:

My 15k —2) A ST—255 o M_y sk —2) A Mo,5(2) —"> My_1 5(k)
S (1A1) =

XMg 15k —2) A Mos5(2) —= XMg15(k) A o—1,5(k)

where 1 : §¢ — My 5(2) is the inclusion of the bottom cell. O

We now address part (3) of Theorem 1.2, the computation of the cohomology of Lg(k) = Mg 4(2k). Since the
stable summands of Map, (X, $4) are Thom spaces of bundles over the configuration spaces of X ¢ \ {*}, they have
the same cohomology (as vector spaces) as the configuration spaces, with different Steenrod operations. Our goal

is to say the same for the cohomology of M, 4(k) and \/{'(:O Mg >(i). We will use the notation aén) for the map
ag: Mg (k) — Map,(X,, S") as we will examine n = 2 and n = 4 simultaneously.

Lemma 6.5. The composite
@

Hy(Mg.a(0)) =5 Ho(CH(Xo \ (0)7) > Ho(CH (X \ (+)),)

(Where T is the homology Thom isomorphism) carries H,(Mg 4(k)) isomorphically onto the image of
Hy(\i—g Mg 2(i) in Hy(CK(Xg \ {+})1).
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Proof. In the case g = 0, this holds since ozé"

k k
~\/ D'(R*) =\/ Mo2().
i=0 i=0
So assume the result for each & < g. Recall that

H( gn(k)) ( g— ln(k))+22n 2H( g— ln(k 2))
and that

o) (Ho(Mgn () = ot (He(Mg-1.0(0))) + 0t (He(Mg—1.0(k = 2)))l2g-112.

So, by induction

k
Taéi)(H*(Mg,n(k))) =a§2_)1*<H*<\/Mg_1,2(i)>> + ( §4)1*(H*(Mg—1,n(k - 2)))128—112g)'
i=0

) is the identity for each n, T is an isomorphism, and

We claim that the last term is aézzl*(H*(szo Mg_12(i)))z2g—122¢- Let

i C (Xgmn \ (#)™ A CT (X0 \ 1) = €7 (X \ ()

be the multiplication map. This is induced by a multiplication on the level of configuration spaces; hence the Thom
isomorphism respects these multiplicative structures in homology (compare with the proof of Proposition 7.3). We
may use ( in our case:

T(a ;4)1*(1"1 (M1 (k = 2)))ag-112) = (M*(“fgégl*(H*(Mgflvn(k_2)))®l2gfll2g))‘

It is clear that T (lg—1/2¢) = 22¢—122¢, and since multiplication and 7 commute, this is

P (e (Mg 10— 2))) 2251224

By induction, this gives the claim. The result follows. O
We now demonstrate part (3) of Theorem 1.2.

Proof of Theorem 1.2(3). The previous lemma showed that, as graded vector spaces,

Ho (Mg a(k)) = (\/Mgzo))uk

i=0

where u% is the (homology) Thom class for 2yy. H. (Mg 2(i)) € Hy (Y 2), SO aéz, allows us to identify H, (Mg 4(k)) as

a subset of H*(Ck (R2)) ® Alziza, .- - z2g_1zgg]u,% (see the proof of Lemma 6.1). So if v,% is the cohomology Thom
class, H*(Mjg 4(k)) is a quotient of

H*(C"(RZ)) ® A[Xfl)yl(l), B (g)ygg)]

The Steenrod operations on this space are given by
ka Z x(S (x)u), (2Vk)vk

We have calculated these conjugate Stiefel-Whitney classes:

Ty = () =1+ T+ W3+ =1+01+ 0y +

(the o; are defined in Section 4.5), so

2 2
ka ZX n=a (x)aivk.
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Consequently we may write H* (M, 4(k)) as a quotient of
k
T H* ( \/ Mg,z(i)) ® H*(Cn)®*
i=0

where, if we write H*(Cn)®% = Alry, ..., 1,] (with dim(s;) = 2), #; is identified with x\”y(", and hence the jth
elementary symmetric exterior polynomial in the #; with o;.
This is precisely what part (3) of Theorem 1.2 says. O

7. Filtration arguments

In this section we construct a weight filtration v on H,(C*° (X, \ {*})), the homogeneous summands of which are
the homology of the stable summands of C*° (X \ {%}), DX ¢ \ {¥}). We employ this to give a stable splitting of the
configuration spaces and a proof of Proposition 1.4.

7.1. A filtration on H,(C* (X, \ {*}))

In [3] a filtration w is put on the homology of Map, (X, 5%). We may write
H, (Map, (X, 5%)) = H,(225%) ® H,(25%) % =Falay, n > 11@Fally, ..., I]
where |a,| = 2" — 1 and |/;| = 2. Then the filtration w is defined by assigning w(a,) = 2"~!, w(l;) = 1, and extending

multiplicatively: w(ab) = w(a) + w(b). In [3], a theorem is proven with the following proposition as a corollary:

Proposition 7.1. [3] The homology of the kth stable summand of Map, (X, S3) given by the Snaith splitting,
H (CK(Xg \ {x})7), is the subset of Hy(Map, (X, S*)) of filtration w equal to k.

Recall that H,(C™ (X, \ {*})) = H,(Map, (X,, 52)0). Corollary 4.2 allows us to identify H (C®(X, \ {*})) as
isomorphic to H,(225%) ® H,(£25%)®%8 as vector spaces. Write H, (£25%)%% =TF»[z1, ..., 224] where |z;| = 1.

Definition 7.2. Define a filtration v on
H,(C®(Xg \ (%)) EFalan, n 2 11®@Falz1, ..., 2]
by setting v(a,) =2" and v(z;) = 1 and extending via v(ab) = v(a) + v(b).
Notice that if we identify H,(Map, (X, S*)) with its image in H.(C® (X, \ {*})) = H.(Map, (X, S*)o) under
the Hopf fibration 7, a,, is carried to itself, and /; is carried to zl.z. Therefore for x € H,(Map, (X, s3 ))
v(x) =2w(x).

Proposition 7.3. H*(Ck(Xg \ {*})) is the subset of H,(C™ (X ¢ \ {*})) of filtration v < k. Therefore ﬁ* (Dk(Xg \ {x}))
is the subset of filtration precisely k.

Proof. Clearly, the filtration w restricts to the filtration on H, (£2253) defined in Theorem 2.7, whose kth filtered
piece is the subspace A (k) := H, (C¥(R%)x). Therefore the part of H,(Map, (Xg, $3)) of filtration w =k is

H(CH(X A\ )) = P Ak —Zt) @115,
X<k

We need to find the subspace of H,(C kx ¢ \ {*¥})) corresponding to this subspace under the Thom isomorphism.
Specifically, we have the diagram

H,(C*(X, \ {x}))7) —=> H,(Map, (X,, $3))

Tklé

H(CH(Xg \ (%)) —=> H(CF (X \ (%))
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where T} is the (homology) Thom isomorphism for yy. We want to compute the image of Ty in H,(C® (X, \ {*})).
We have seen that the module maps m; ; : C* (R%) x C/ (Xg\{x}) — citJ (X g\ {*}) are covered by maps y; x y; —
Yi+; So the maps induced by m; ; upon passage to Thom spaces

i1 CH R A CT (X \ (%)) — CTH (X, \ (%))
commute with the Thom isomorphism. That is,
Tigj (i js(x ® ¥)) = mi j«(Ti (x) ® Tj(y)).

Briefly, write the products x and m by a dot -; it will be apparent from the context which product is being used, and
the previous equality shows that it does not matter much anyway.
Pick an element o € H, (Ck (Xg \ {x})7), and write

o= Zui,kﬂ' (aiui(RZ) ® biuk—i (Xg \ {x})) = Z(aiui(Rz)) (biuk—i (Xg \ {%}))
i i
where u; (R?) is the Thom class of y; over C' (R?), and uy_; (Xg \ {*}) is the Thom class of y;_; over cki (Xg \ {x}).
Moreover, do this in a fashion in which it is impossible to write b;u;_; (X \ {*})) as a product with some xu, (R?%)

for some n > 0 using the maps u.
Then b; € H,(£25%)®%¢. By assumption,

(e (B2)) - (i \ (1)) =k
and w(a;u;(R?)) =1i, so wbjug—i (Xg \ {*})) =k —i.In general, w(x) > %|x|, SO
2(k — i) = |biug—i(Xg \ {¥})| = |bi] +k —i

andso v(b;) = |b;| <k —1i.
We know (using Brown and Peterson’s computation [6] of the homotopy type of the configuration spaces of R?,
for instance) that H, (C* (R?)) is the subspace

L3]
P am).
n=0
These elements are of weight v <i. So v(a;) < i. Therefore v(a; - b;) < k, and so

v(Tk(a)) = U(Za,‘ -bi) <k.

Consequently T maps ﬁ*(Ck (Xg \ {x})*) injectively into the space v < k; by dimension counts, this is a surjection
aswell. O

7.2. Splitting configuration spaces
Via McDuff’s work in [18] we obtain the following as a corollary to Theorem 1.3:

Corollary 7.4. The rth configuration space, C" (Xg \ {*})4 of the punctured surface X \ {*} is stably equivalent to
the wedge of

(Eng—i,z(k))VZI () A 201+ +120)

over all nonnegative choices of i, k, and ji, ..., jog sothati +k +2(j1 + -+ jog) <.

Proof. Since C*(X ¢ \ {*¥})4 is a stable summand of Map, (X, 52)04., it is equal to a wedge of a subcollection of the
summands of

g 00 v2' (%) 00 A2g
Map, (X, 5%),, ~ (\/ (21' \/ Mg_l»,z(k)) > A ( \/ 521'> : (%)
j=0

i=0 k=0
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We determine which subcollection by examining the homology of these summands.

First, we note that H, (M, >(k)) € H,(Map, (X, $2)0) is homogeneous of fixed weight k, since we know that
M > (k) maps into DF(x ¢ \ {*¥}) via ag. Secondly, any of the terms H, (§%/) coming from one of the copies of
H,(£25%) are of weight 2j. Similarly, any of the terms H*(Z”'Mg_,-gz(k)) is therefore of weight i 4+ k. Since the
definition of v is multiplicative, we obtain all of the terms listed in the corollary. O

7.3. A proof of Proposition 1.4

Recall the Hopf-James map
st 2 g

whose fibre, at the prime 2, is given by the suspension map E : §"~! — 25", This leads to the defining diagram of
Yo n:

Yen —i>Map*(Xg, N

T

(Sn—l)x2g Eng; (an)x2g P N (Qs2n—l)><2g

The composite (H %8 o r,(g))* makes H*(Map, (Xg, S")) a H*((£25%"~1)*28)-module. We will define a subspace
Zqn S H*(Map, (X, S")) and show that it is a free basis for the action of H*((£2 §2n=1)%28) The proof of Proposi-
tion 1.4 will then essentially follow by showing that i, carries Z, , isomorphically onto H*(Y, ).

Recall that Map, (X, 52)0 ~Yy 2 x (82 $3)%2¢ and that r denotes the approximation map

ri: C* (X \ {%}) — Map, (X, $H)o.

Definition 7.5. Define Z, , € H*(Map,.(X,, S")) as the span of the set
{rE U2, Vk, Vx € H*(Yy2) C H*(Map, (X,. 5%),) }

where ”2_2 is the Thom class of the bundle y,?_z over CK(Xg \ {*}).

In other words, Z, , is the part of H*(Map, (X, 52)0) coming from Y, > lifted to H*(Map,(Xg, S*)) via the
various Thom isomorphisms from the stable summands Map, (X, $").

Lemma 7.6. Z, ,, is an A*-submodule of H* (Map,(X,, S*)).

Proof. We compute the total conjugate Steenrod operation on a generator using the definition of w and naturality
with respect to r:

X (S (rE ) =2) = (7 (x (Sq) () w((n — 2)yic)uf 2.

Bodigheimer, Cohen, and Milgram have shown that Y, > is a factor of Map, (X,, SZ)O; hence H*(Y,>) is a sub
A*-algebra of H*(Map, (X,, 52)0). So since x € H*(Yg )

X (8q)(x) € H*(Yy2).

Moreover, Corollary 4.8 implies that w((n — 2)y) € r;:(H*(Yg,z)). Since H*(Yy ) is closed under multiplication,
this implies that

(rf (X S )))w((n —2),) € rf (H* (Yg,2))

and so

XS(rf ) € Zg .
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Since A* is generated by the conjugate Steenrod operations, this demonstrates that Z, , is closed under the action of
the Steenrod algebra. O

Denote by T} the Thom isomorphism
Ty : Ho (CH(Xg \ (1) " 777) = Ho(CH (X \ (%))

We need the following computational lemma.
Lemma 7.7. For a ® l‘f' . -lg;g € Hy(Yg ) € Hi(Map, (Xg, §")) (hence 0 < o; < 1) of filtration k + ) «;,

Teayo (@@ 155) = Ti(@) ® (' -+ 25" + HO)

where HO are terms involving powers of z; greater than 1.

Proof. We begin with the case a = 1, g = 1; that is,
Tortar (I7'15") = 2725 + HO.

If only one of the «; are nonzero, this follows from the fact that
Ci(X1\ {x}) =St vs!

so there is no choice but to have 77 (/;) = z;.
Next examine 7> (I1/2). The only possible targets lie in

H(C* (X1 \ {+})) = (1. 2122, 23)

72 acts on X1 = R?/Z? by switching coordinates; this interchanges the two loops in the 1-skeleton. By symmetry
with respect to this action, in fact

Ty(lih) € (2] + 23, 2122)-

The subspace (l%,l%) is free Z/2-module, hence (Tz(l%), Tz(lg)) must be as well. The only free subspaces of
Hy(C*(X1 \ {#))) are

(¢1.23) and (2] +z2122.23 +2122).
Thus 7> (/1/2) must lie in the complement of one of these two subspaces. In either case, this implies that
Ty(lilp) = 2122+ r (2} + 23)

for some r € [F5.
The general case now follows from the multiplicative properties used throughout this article. In particular, we use
the multiplication

Ck(Rz) « CU1ter (Xl \ {*}) X o) C%2-1100g (Xl \{*}) s Cktla (Xg \ {*})

and the induced map on Thom spaces to obtain the class a ® l‘f“ . ~l;§g The result then follows from the fact that
multiplication commutes with the Thom isomorphism. 0O

Corollary 7.8. Z, ,, is carried isomorphically onto H*(Yy ;) via i*.
Notice that, since i is a map of spaces, this isomorphism is one of .4*-modules.

Proof. An equivalent formulation of this fact is the statement that the Kronecker product
(.+): Hy(Map, (X, S")) ® H*(Map, (X, S")) > F2
remains nonsingular when restricted to i (Hy (Y, ) ® Zg . A typical generator of iy (Hx (Y, »)) is of the form
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where a € H*(QZS”), 0 < a; < 1. A typical generator of Z, ;, is of the form
B=r(b® xﬂ)u’gfzﬁi

where b € H*(.QZS(%), B=(Bi1,..., Pag) is a sequence of {0, 1}, and
= (P 1) () (1)

Then
(A, B) = (Tk+Zﬂi (a ‘X’lll)tl “-lgﬁg)v r]f—‘rZﬂi (b ®xﬂ))
=(Ti@ ® (21" - 255 + HO), 1}y p, (b ® xP))

(Te@). rf () (57252 + HO, xP)

8
={a, g byu %) - T] 85 )
i=1

The first term in the last line of (1) is the Kronecker product on £225". This form is nonsingular, as is the form given
by the second term. So (T) implies that the Kronecker product on i (Hy (Y ,)) ® Zg , is the tensor product of two
nonsingular forms, and is thus also nonsingular. O

Proof of Proposition 1.4. We claim that H*(Map, (X, S")) is a free H*(£2S 2n—1y®2¢_module on the subspace Zg ;,;
that is, multiplication in H*(Map, (X, $")) induces an isomorphism

H* (28" 1)** © 7, , — H*(Map, (X, 5")).

Since this isomorphism is induced by multiplication, it is necessarily an isomorphism of .4*-modules. Then Proposi-
tion 1.4 follows from Corollary 7.8. Consider the cohomological Serre spectral sequence of the fibration

Yen —> Map, (X, 8") —L> (2521-1)*%
where j = H*?¢ 0 r,(g). The E; term is of the form
Ey = H*(257")*% @ H*(Y,,).
The spectral sequence must collapse at E3, since (as vector spaces)
E) H*(QSZ"*l)@zg ® H*(Sn—l)®2g ® H*(stn) ~ H*(an)®2g ® H*(stn)

which we know to be isomorphic to Es, = H*(Map, (X, S")). More carefully, since E> is locally finite dimensional,
any nonzero differential would reduce the dimension of each graded piece of E to less than that of E>. But since E»
is abstractly isomorphic to H*(Map, (X,, S")) = E this is not possible.

Restricting the multiplication in H*(Map,. (X, $")) ® H*(Map, (X, S")) to the subspace H*(25*'~1)®% g Z, ,
gives a map

H* (28> 1** ® 7, , — H*(Map, (X, 5")).
Reducing this multiplication to the filtration quotients from the spectral sequence gives
H*(952n7])®2g®H*(Yg,n)_) EZgEOO

since, by Corollary 7.8, H*(Y, ,) = Z, . The spectral sequence is one of algebras; thus this multiplication is an
isomorphism. Since the filtered multiplication is an isomorphism, so too is the original multiplication. O
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8. Unbased mapping spaces

We compute the cohomology of the unbased mapping spaces Map(X,, $"). The main tool is the Serre spectral
sequence for the fibration

Map(Xg, S") o5n
given by evaluation of functions at the basepoint of X,. The fibre is Map, (X, S"). We first treat the special case
g=landn=2:

Lemma 8.1. The Serre spectral sequence for Map(X1, S*)4 collapses at the E term for maps of every degree d.

The proof of this follows an approach to these sort of collapsing results described in [14]: one uses the suspension
E:S? — 253 to map the homology spectral sequence under consideration injectively to one that collapses. For a
careful exposition of this proof for g =0, see [15, Lemma 2.5].

Proposition 8.2. For n > 2 and g > 0, the cohomology Serre spectral sequence for the fibration ev collapses at the
E> term; there is an isomorphism of vector spaces

H*(Map(Xg, S")) = H*(Map, (X,. S")) @ H*(S").
Proof. For genus 1 and n > 2, since X is parallelizable, this follows (like Proposition 2.5) from the main result
of [3]; if n =2 we use the previous lemma. For genus 0, consider the commutative diagram of fibrations over S":

025 —>Map, (X1, ")

|

Map(Xo, §") ——Map(X1, S")

St———=—"—>5"

Since the Serre spectral sequence collapses for the right-hand fibration, and the induced map on the cohomology of
the fibres is a surjection, the spectral sequence for the left-hand fibration collapses.

For genus g > 1 we have a two step process to proving the collapse of the spectral sequence. Consider the commu-
tative diagram

Map, (X1, S")*8 <——Map, (X1, S")*8 L>Map*(Xg, S™)

| | |

Map(X1, §")*¢ <——Map(X,’®, §") ——Map(X,, ")

(Sn)xg = NG — Sn

Here A is the g-fold diagonal, and the center fibration is a pullback of the left one over A. The map from the center
fibration to the right one is induced by the iterated multiplication described in Section 3 and its obvious extension to
Map(X, ¢, $™).

Since the spectral sequence for the left fibration collapses and A* is a surjection, the spectral sequence for the
center fibration collapses. Since the map w on the fibres is an injection in cohomology (as in Corollary 4.2), the
spectral sequence for the right-hand fibration collapses. O

The arguments of Proposition 2.6 can be modified to show that Map(X,, $3) is equivalent to Map, (X, $3) x §3.
Despite the evidence of the previous proposition, the analogue for target spheres of arbitrary dimension is not true
(even stably) in general:
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Proposition 8.3. If n is even, then Map(X,, S") is not stably equivalent to Map, (X, S") x S".

Proof. S! is a factor of Xi; this induces a retraction Map(Xy, S") — LS" (the free loop space of S"). So LS" is
a stable summand of Map(X1, $"). Were Map(X1, ") equivalent to Map, (X1, S") x S", this would give a stable
splitting LS" >~ 28" x §". While this is true for n odd, it is false for n even. Briefly, LS" admits a configuration
model, and hence a Snaith splitting. The second term is

CH(SY), Amy (ST AT =S Ag, (87T A ST,

If n is even, this is X2 "2M7Z/2, whereas £25" x S" is a wedge of spheres. One may propagate this splitting failure
to higher genus using the multiplicative techniques described in previous sections. [
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