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Twisted Morava K-theory and E-theory

Hisham Sati and Craig Westerland

ABSTRACT

For a class H € H""?(X;Z), we define twisted Morava K-theory K (n)*(X;H) at the prime
2, as well as an integral analogue. We explore properties of this twisted cohomology theory,
studying a twisted Atiyah—Hirzebruch spectral sequence, a universal coefficient theorem (in the
spirit of Khorami). We extend the construction to define twisted Morava E-theory, and provide
applications to string theory and M-theory.
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1. Introduction

Examples of twisted cohomology theories have been growing in recent years. One favourite
example is the twisted K-theory K*(X; H) of a space X; here the twisting H is usually taken
to be an element H € H3(X,Z) (for example, [1, 2, 6-8, 11, 16, 17, 23, 45, 53]). Periodic
de Rham cohomology may be twisted by any odd degree cohomology class (see, for example,
[14, 34, 52]), and Ando-Blumberg—Gepner [2] have recently shown that the theory tmf of
topological modular forms admits twistings by elements of H*(X,Z).

Twistings of a suitably multiplicative (that is, Aw,) cohomology theory E* are governed by a
space BGL1(E). While universal in this respect, its topology is far from being transparent. One
may, however, summarize the above examples by saying that there exist essential, continuous
maps

K(Z,3) — BGL{(K), K(R,2n+1) — BGL,(HR[u,u"']), and
K(Z,4) — BGL1(tmf),

where u is the periodicity element and K(G,n) is an Eilenberg-MacLane space whose
sole homotopy group is G in dimension n. Since these spaces represent the cohomology
functor H™(—, @), such cohomology classes give rise to twistings of the indicated generalized
cohomology theories.

One naturally begins to ask what sort of twistings other familiar cohomology theories
support. It is the purpose of this paper to investigate this question for Morava’s extraordinary
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K-theories K (n), their 2-periodic variant, K,, and E-theories E,, introduced in [37]. These
cohomology theories exist for each prime number p and n € N. Their value on a point is

K(n). =F,[vE), K., =Fpuu*'], and E,, = Wk)[u,. .., u,_1]u*"].

Here, |v,| = 2(p™ — 1), |u;| = 0, |u| = 2, and W(k) is the ring of Witt vectors over a perfect field
k of characteristic p (often taken to be Fpn»). Furthermore, these theories are complex-oriented,
and support height n formal group laws. Constructed via homotopical methods, they do not
as yet admit geometric descriptions akin to K-theory or cohomology. Concomitantly, there is
no geometry at hand to provide twisted versions of these theories (in contrast to K-theory,
where the map K(Z,3) — BGL; K has a natural description in terms of tensor products of
line bundles).

Nonetheless, we may approach the study of twistings of K(n) (by cohomology classes) via
homotopy theory. As indicated above, we do so by studying the space of maps from K(Z, m)
to BGL1K(n) or BGL1K,. (This philosophy and some of the methods are resonant with the
recent paper of Antieau-Gepner—Gdmez [6].) We find that there are no nontrivial twistings by
H™(X,Z) when m > n + 2. More interestingly, we find that when m = n + 2, there are many
such twistings.

THEOREM 1.1. For 2-periodic Morava K-theory K, each component in the space of maps
K(Z,n+2) — BGL1 K, is contractible, and the set of components is canonically isomorphic
to a group of algebra homomorphisms:

[K(Z,n+2), BGL1 K, = Hompg, —a1g(Kn, K(Z,n + 1), K,,).

Further, the latter group is isomorphic to the p-adic integers Z,. The same holds for K(n) at
the prime p = 2.

A representative u : K(Z,n + 2) — BGL1 K,, of a particular topological generator of this
group will be called the universal twisting. This allows us to define, for any space X and class
H € H""2(X), the twisted Morava K-theory K (X;H) (and K(n)*(X; H), when p = 2).

We give two natural methods of computing these twisted cohomology groups. First,
we construct a twisted form of the Atiyah—Hirzebruch (AH) spectral sequence for K(n)*
(Theorem 5.1), and prove a formula for the first nontrivial differential in this spectral
sequence. Second, we prove a universal coefficient theorem (Theorem 4.3) along the lines
of Khorami’s result [24] for twisted K-theory. This allows one to compute the twisted K-
homology K,.(X; H) quite explicitly in terms of the untwisted K,-homology of the principal
K(Z,n + 1)-bundle over X defined by the class H.

While K,, and K(n) are only Ay-ring spectra, E,, has an E.-multiplication, so its space of
units GL; F,, deloops to a spectrum of units gl, E,,. A similar result holds in this setting.

THEOREM 1.2. For each n > 1, there are canonical isomorphisms
moMapy,_ (K(Z,n+2), BGL\E,) = [S"" HZ,gl, E,)]
= Homg,, alg(Ens K(Z,n + 1), E,.),

and again the latter group is isomorphic to the p-adic integers Zi,.

Here HZ is the integral Eilenberg—MacLane spectrum. Choosing a topological generator
Yn : HZ — gl, B, the map induced on infinite loop spaces allows us to twist E,, by a class in
H"*2 as we do for K,,. We will also show that twisted Morava K-theory is, in some sense, a
reduction of twisted Morava E-theory.

The proofs of Theorems 1.1 and 1.2 rely heavily on the computations of the Morava K-theory
of Eilenberg—MacLane spaces, originally due to Ravenel-Wilson [41], and recently revisited in
Hopkins—Lurie [20]. We compute the homotopy type of the space of these maps using an
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obstruction theory due to Robinson, Goerss—-Hopkins, and others [18, 19, 44]; the Ravenel-
Wilson computations yield a vanishing of the obstruction groups and an identification of the
set of components in terms of a set of algebra homomorphisms. Using [20] or the work of
Buchstaber—Lazarev [13], one may identify the p-divisible group associated to K, K(Z,n + 1)
with the top exterior power A"G of the formal group G of K,,. Further, there is a noncanonical
isomorphism A"G = G,,, from which the isomorphism of the group of twists with Z, may be
derived. For those who are unenthusiastic about obstruction-theoretic arguments, we conjecture
(see Conjecture 6.6) that ¢, may be constructed directly using a splitting in the spaces
constituting the Johnson-Wilson spectrum BP(n). N

At the prime 2, Morava K-theory K(n) is the mod 2 reduction of an ‘integral lift” K (n)
with coefficient ring K(n), = Za[v,, v, ']. It turns out that the twisted cohomology theory
K(n)*(X; H) also lifts to an integral version K (n)*(X; H). Since K (n) is constructed from an
appropriate choice of FE, by killing certain generators, this twisting comes about as a direct
consequence of the E-theory twistings. The integral theory is also computable via an AH
spectral sequence. We do not yet have an analogue of Khorami’s theorem for the integral or
E-theories; we expect that if such a result holds, then its proof will be much harder than the
mod 2 version, and more akin to Khorami’s.

Nonetheless, the integral theory is much more suited to applications in physics. We conclude
the paper with examples and applications motivated by physics within string theory and M-
theory. In [26], it was shown that an anomaly cancellation condition of the form W7 = 0 can be
interpreted as an orientation condition with respect to second integral Morava K-theory at the
prime 2, hence characterizing admissible spacetimes in M-theory. We show that in this setting,
as well as in heterotic string theory, we get conditions of the form W7 +a =0 € H"(X;Z); we
interpret this via the AH spectral sequence as an orientation with respect to twisted second
integral Morava K-theory of spacetime, thus providing a twisted version of the results in [26].
We employ the full relative version of twisted integral Morava K-theory. We will also make
connection to twisted String structures [49, 55] and twisted Fivebrane structures [49].

2. Twistings of cohomology theories

We will study twistings of a cohomology theory E*. For such a theory, we write F for the
associated omega spectrum; that is, F = (E,,)necz, where E, are topological spaces equipped
with homeomorphisms f : E, — QF, . The cohomology theory is represented by F: the space
E™(X) = [X, E,] is the abelian group of homotopy classes of maps X — E,..

All of the cohomology theories that we will consider will have E*(X) a ring; this endows
the spectrum F with a multiplicative structure. In the case of complex K-theory and Morava
E-theory, the resulting spectrum is an Es ring spectrum (that is, homotopy commutative in
a highly structured sense) while that of Morava K-theory is noncommutative, and is only an
Aso-spectrum (that is, homotopy associative).

2.1. Units of ring spectra

Now assume that E is an A, ring spectrum. The ring structure on the homotopy groups of E
allows one to define the topological space GL1 E of units in E as the fibre product

GLE ——=Q®E =E,

.

mo(E)* —C>7T0(E>

where mo(E)* C mo(E) is the group of units of the ring 7o (E).
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The Ayo-structure on E equips GL1 F with a grouplike A.-multiplication. This allows us to
define a classifying space BGL1E. We recall that GL; participates in an adjunction with the
suspension spectrum functor (see [2, (6.12)]):

moMap, (X*°Z,, E) = moMap,_(Z,GL1E).

Here Z is an A, space, and Map,__ denotes the space of A, maps (of spaces on the right,
and of spectra on the left). This should be compared to [3], where an E., version (which we
will also use in Section 6) is proved.

It is worth pointing out that an A, map f:Z — GL1E defines a continuous map Bf :
BZ — BGL1 E of classifying spaces. If Z is a loop space (that is, Z ~ QBZ), then the homotopy
class of f may be recovered as the loop map f ~ QBJf. Indeed, there is a bijection between
homotopy classes of such maps. Thus we may conclude the following proposition.

PROPOSITION 2.1. For a loop space Z, there is a natural bijection

moMap,_(3%Z,,E) = [BZ, BGL,E).

2.2. Twistings

A general homotopy-theoretic description of twisted spectra can be found in [3, 35].

DEFINITION 2.2. For an A, -ring spectrum F, a twisting of E by a space Y will be a map
Y — BGL,E. Two twistings are isomorphic if they are homotopic. (We note that this gives
the usual definition of isomorphic twists in the case of K-theory.) We will write twg(Y") for the
set of isomorphism classes of twistings of E by Y’; that is,

twp(Y) := [Y, BGL,E] = mo(Map(Y, BGL, E)).

Let F' denote the homotopy functor from topological spaces to sets represented by Y'; that
is, F(X) = [X,Y]. Then any twisting u € twg(Y") defines a twisted cohomology theory (see
2, 35])

ue : {(X,H), H € F(X)} — E*-modules.
We will write E*(X; H) for u.(X, H).

Let us outline the construction of E*(X; H), following [2]. In order to minimize technology

(for example, the language of oco-categories), we employ their definition using Proposition

6.14. The composite uo H : X — BGLE defines a principal GL;(F) bundle p: Py — X.
The generalized Thom spectrum is

X" = 5%(Py)+ As~cLi(p), B,
where E is made into a X°°GL;(F)-module via the counit of the adjunction defining GL;.
Note that X# is an E-module by action on the right.
DEFINITION 2.3. The nth H-twisted E-(co)homology groups of X, are defined to be the
homotopy groups
E.(X;H) :=m,(X") and E"(X;H)=n_,Fg(X" E),

where Fg(A, B) denotes the spectrum of E-module maps A — B.
For a subspace i : A C X, there is an induced map i : A#°* — XH The cofibre C of this
map remains an E-module, and the relative twisted (co)homology groups are defined as

E,(X,A;H) :=m,(C) and E"(X,A;H)=n_,Fr(C,E).
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REMARK 2.4. An important caveat is in order. The bundle Py depends upon the choice of
representative fg : X — Y of the homotopy class H. Although different choices give isomorphic
bundles, the isomorphism is noncanonical, unless u, F'(XX) = 0. Thus different representatives
of H give rise to noncanonically isomorphic twisted cohomology groups E,(X; H). This is a
familiar phenomenon in twisted K-theory (for example, [12]), where the group depends upon
the (deRham) representative of the twisting class H.

We recall that in the case of twists of K-theory, this rather homotopy-theoretic definition
reduces to the construction of Atiyah—Segal in terms of sections of bundles whose fibres are
the terms in the K-theory spectrum.

Twisted generalized cohomology resembles cohomology with local coefficients. This leads to
a fairly general framework for twisted generalized cohomology theories, which we now describe,
following the presentation in [28]. See also [54].

Let Top, denote the category of pairs of CW-complexes. For each sequence of integers and
abelian groups (n, G) := (n;, G;)1<i<k, we define the category (n, G)-Top, of spaces with (n, G)-
twist. This is the category with pairs of objects (X, A) of Top, and a sequence (a;)1<igk of
maps a; : X — K(G;,n; — 1), that is representatives for cohomology classes H™ (X;G;) and
morphisms from (X, A4, (a;)) to (Y, B, (b;)), with morphisms f : (X, A) — (Y, B) in Top, such
that f*bl = bl o f = a;.

DEFINITION 2.5 (Twisted generalized cohomology theory, after [28]). An (n,G)-twisted
cohomology theory is a sequence (E™,0™),cz of contravariant functors E™ : (n,G)-Topy, —
AbGrps and maps " : E"(A, 0, (i*a;)) — E"T(X, A, (a;)), natural in objects (X, A, (a;)),
such that the following properties hold.

(1) (Excision) For (X, A,(a;)) and U C X such that U Cint(A), if i:(X/U, A/U,
(1%/rai)) — (X, A, (a;)) is the inclusion, then all E"(i) are isomorphisms.

(2) (Homotopy invariance) For two homotopic maps f and g, E™(f) = E"(g) for alln € Z.

(3) (Multiplicativity) For each indexing set J and set of pairs {(X;, A;,(a))}jes in
Top,, we have an isomorphism E™([];c;)(X;, 45, (a})) = [[;c s E" (X}, A;, (a])) given by the
product of the maps induced by the inclusions.

(4) (Long exact sequence of a pair) For (X, A, (a;)), let the maps i: A — X and j: X —
(X, A) be the inclusions. Then the sequence

s BY(X, A, (05) 2 B (X0, (05) —— 2L B (A, 0, (i%a:)) — o EM(X, A, (a5)) ——= -+

is exact.

The set Hle H™(—,G,;) is called the set of twists of the twisted generalized cohomology
theory.

There is of course a similar set of axioms for twisted homology theories. When the set of
twists is empty, the above definition reduces to the usual Eilenberg—Steenrod axioms for a
cohomology theory. Definition 2.3 is immediately seen to satisfy these axioms, as it is given by
the homotopy groups of a spectrum.

Before discussing twists for Morava K-theory and E-theory, we recall twists of complex
K-theory.

Topological K-theory. Complex K-theory is represented by the Q-spectrum {X, },>0, where
K, =7Zx BU if n is even and K, = U if n is odd. The infinite loop space K, =Z x BU is
an F.-ring space for which the corresponding space of units GL; K = Kg is the infinite loop
space Z/2 x BUg, where BUg denotes the space BU with the H-space structure induced by
the tensor product of virtual vector bundles of virtual dimension 1. Hence, if X is a compact
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connected space, then units in the ring K*(X) under tensor product are represented by virtual
vector bundles of dimension +1. The determinant defines a splitting

GL} (K*(X)) = Pie(X) x SLi (K*(X)) ,

where Pic(X) is the Picard group of topological line bundles and SL;(K*(X)) denotes one-
dimensional virtual bundles with trivialized determinant line. At the level of the spectrum
BUg of one-dimensional units in the classifying spectrum for complex K-theory one has the
following factorization [32]:

BUg = K(Z,2) x BSUs.

A twisting of K-theory over X is a principal Z/2 x BUg bundle over X. Altogether, twistings of
K-theory over a compact space X are classified by homotopy classes of maps X — K(Z/2,1) x
K(Z,3) x BBSUg, and so correspond to elements in H'(X;7Z/2) x H3(X;Z) x [X, BBSUg].
Such an element is then a triple («, 3,7) consisting of a Z/2-twist «, a determinantal twist (3,
which is a K(Z,2) bundle over X, and a higher twist -y, which is a BSUg-bundle.

In the following sections, we will explore similarities and differences between the above and
the case of Morava K-theory and E-theory.

2.3. Obstruction theory
Proposition 2.1 implies that, for Z = QX there is a natural bijection
twp(X) =twp(BZ) =2 moMap,_ (X7, E).

Therefore, in order to explore such twistings, we must get a handle on the set of homotopy
classes of Ay-maps X°°Z, — E. There is an obstruction theory developed by Robinson [44] to
compute the topology of the space of such maps. We will follow Goerss—Hopkins’ presentation
[18] of these results.

We work over a base Ay, ring spectrum R, and take F to be an R-module. We will perform
a number of homological algebraic computations over the ring R, of coefficients of R. In
particular, if A is an R,-algebra, and M an A-bimodule, then we will write HH*(A, M) for
the Hochschild cohomology of A with coefficients in M in the category of R.-modules.

PROPOSITION 2.6. If the groups HH*(R.Z,Q°E,) vanish for s =k —1 and k — 2, and
every k > 2, then the Hurewicz map

twp(X) = mo(Map,_ (X7, F)) — Homp, -aig(R+(2), Ex)

is a bijection.

Here Q°E, is E, shifted down in degree by s. This result is [18, Corollary 4.4] (or rather, a
version of it incorporating Theorem 4.5) applied to the case F = A, along with the recognition
(for example, [19, Example 2.4.5]) that the Goerss-Hopkins obstruction groups Dy, (4. (A, M)
are the Hochschild cohomology groups HH*T1(A, M).

A special case is given when E = R and E,.(Z) is flat over E,. The Hochschild cohomology
groups in question are then

HHk(E*Z, Q?E*) = Ext%*(Z)®E*E*(Z)OP(E*(Z)7 QQE*) o Ext%*(z)op (E*, QQE*)

We note that since we have assumed that E,(7) is flat over E,, products of Z admit a Kiinneth
isomorphism (this is always the case when E is a Morava K-theory or singular homology with
field coefficients). Thus the latter may be identified as the Eg *-term of the E, cobar spectral
sequence converging to the E*-cohomology E*(BZ).
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COROLLARY 2.7. If E.(Z) is flat over E,, then the obstructions to the existence and
uniqueness of the realization of a ring map E.(Z) — E, as a map BZ — BGL1(E) of spaces
lie in the Es-term of the cobar spectral sequence:

Ext}, gy (Bs, Q°E,) = E**(BZ), k>2ands=k—1, k—2.

3. Twistings of K (n)-local theories

In this section, we consider twistings of Morava K (n)-theory as well as of K (n)-local theories,
such as Morava E-theory. We will work mod p; that is, we are considering the rings K(n), =
Fplvn, v, 1], where v, is a generator of degree |v,| = 2(p"™ —1). Later in Section 7 we will
consider the integral case. Throughout, we equip K(n) with its homotopically unique A
structure, as in [5].

3.1. Vanishing results

In this section, we show that there are no nontrivial twistings of Morava K-theories K(n) by
K(Z,m) when m > n+ 2. Our tools are the computations of Ravenel-Wilson [41] and the
obstruction theory described in Subsection 2.3.

We recall from [10, 39] that the Bousfield class (E) of a spectrum E is the collection of
E-acyclic spectra (E) = {X : EA X = 0}. The collection of Bousfield classes form a poset,
wherein (E) < (F) if (E) D (F'), so that if F A X =0, then F A X is also 0.

THEOREM 3.1. Let E be an A ring spectrum whose Bousfield class is (E) < (K(n)).
Then if m > n+ 2, then the constant function c : K(Z, m) — * induces an isomorphism
twg(x) 2 twg(K(Z,m)).
Hence there is a single (trivial) twisting of E by K(Z,m).
Proof. We use the techniques developed above for Z = QK (Z,m) = K(Z,m — 1). We need
to compute the Hochschild cohomology groups
HHME,Z,Q°E,) 2 Exty gz m_1)(Ex, QE,).

Now Ravenel-Wilson and Johnson-Wilson [22, 41] show that ¢ induces a ring isomorphism
cr : K(n) (K(Z,m — 1)) = K(n). Since (E) < (K(n)), we must then have that E,(K(Z,m —
1)) & E,. Then the obstruction groups vanish, since the base ring is E, itself. We conclude
that there is a unique A,, map

S®°K(Z,m—1)4 — E

up to homotopy, since there is a unique F,-algebra map E, — FE.. Of course, there is an obvious
such map, given as the composite

SoK(Zm—1);—>S0—">F
of the constant map and the unit. Thus,
moMapy (K (Z,m —1)1,E) 2 myMap,_(S°, E)
is a single element, and therefore so too is twg (K (Z,m)). O
There is no need to restrict our attention in this proof to K(Z,m). Indeed, any space with

finitely many nonzero homotopy groups, all concentrated in dimensions strictly greater than
n + 2 will have trivial K(n), (see, for example, [21]), and so the same proof applies.
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3.2. Existence results

Let us now examine the boundary case of twistings of Morava K-theory K (n), that is, twisting
by K(Z,n + 2). We will require the following computations from Ravenel-Wilson, Johnson—
Wilson, and Hopkins—Lurie [20, 22, 41]. (The original reference [41] yields these results at
odd primes. This is briefly extended to p = 2 in the appendix to [22]. See also [20, Theorem
2.4.10] for a more recent point of view on these computations.)

(i) The ring K(n)*K(Z,n + 1) is the power series ring K (n),[z], where |z| = 2((p" — 1)/
(p—1)).
(ii) For each integer k > 0, let R(b) be the ring
R(b) == K (). [bx] /(B = (—1)" " 08 by) = By [bw, 0]/ (b — (=1)" 108 by),
where the class by has dimension 2p*((p™ — 1)/(p — 1)) and is dual to the class (—l)k("_l)xpk.
Then

K (n).(K(Z,n+ 1)) = Q) R(br)-
k>0

REMARK 3.2. In Ravenel-Wilson’s notation from [41, Theorems 12.1 and 12.4], z = zg,
where S = (1,2,...,n— 1), and by, = by, where J = (nk,1,2,...,n—1).

THEOREM 3.3. The components of the space Map(K(Z,n+ 2), BGL1K(n)) are con-
tractible. Furthermore,

(1) for p > 2, there is a single trivial twist of K(n) by K(Z,n + 2);
(2) for p =2, the set tw () (K(Z,n + 2)) is a group isomorphic to the 2-adic integers, Zs.

Proof. As in Theorem 3.1, we need to understand the obstruction groups

Extfe (., k@ni1) (K (n)e, K(n)4[=s]).

According to Corollary 2.7, these obstruction groups are part of the Fs-term of the cobar
spectral sequence converging to K(n)*K(Z,n + 2) = K(n)*. That spectral sequence collapses
(see the proof of [41, Theorem 12.3]), and the target is K(n), occurring in filtration k = 0.
Consequently, the obstruction groups vanish, and we conclude that

tW g (n) (K (Z,n + 2)) = Homp, ,-ag (K (n)« K(Z,n + 1), K(n).).

This also proves that the space of twistings is homotopically discrete.

To dispose of the cases p > 2, we note that every degree-preserving map K (n).K(Z,n +
1) — K(n). must carry each by to 0, as there are no nonzero classes in the target in degree
20 ((p" - 1)/(p — 1))

For p = 2, we first note that since

K(n).(K(Z,n+ 1)) = X) R(br), (3.1)
k>0
a K (n).-graded algebra homomorphism f;, : K(n).(K(Z,n + 1)) — K(n). is uniquely specified
by a potentially infinite sequence of increasing, nonnegative integers k = ki1, ko, ks, .. .; then fi
carries each by, to vfbki, and all other b; to 0.

Note that the set of algebra maps in question is contained in the larger set of K (n).-module

maps

HomK(n)*—mod(K(n)*K(Za n+ ]-)7 K(n)*)

By the universal coefficient theorem, this is isomorphic to K(n)*K(Z,n + 1). We are looking
for maps K(n).K(Z,n+1) — K(n), which do not shift degree. These lie in the subring
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K(n)°K(Z,n + 1), which is
Kn)°K(Z,n+1)=Fy[y] wherey = v, 'x.
Under this identification, fj is the product

fo= 0+ )+ )+

From this, it is easy to check that the map Homg,,,-alg(K (1)K (Z,n + 1), K(n),) — Zo which
carries fi to 2% +2%2 4 ... is an isomorphism. O

REMARK 3.4 (Monoid structure on twists). Since K (n) is an Ay ring spectrum, GL; K (n)
forms an A..-monoid and consequently we may form BGL;K(n). However, K(n) is known
not to be an E,,-ring spectrum for any m > 1. Consequently, BGL,K (n) is not an H-space,
so it admits no further deloopings. Consequently, it is unexpected that maps into it (that is,
twistings) should form a group.

However, we will show in Section 6 that these twists are descended from Morava E-theory,
which admits an E., ring structure, and thus its set of twists admit a group structure. The
multiplication described above is inherited from that structure.

DEFINITION 3.5. The universal twisting of K(n) by K(Z,n + 2) is the topological generator
u of the group of twists

twK(n)(K(Z,n—FQ)) > 7.
That is, u =1+ y.

3.3. Odd primes and two-periodic Morava K-theory

In the previous section, the nonexistence of twists of the Morava K-theories associated to odd
primes was a function of the sparsity of their homotopy. There is a variant on the spectrum
K(n) (which we will notate as K, ) whose homotopy is 2-periodic; in this section we will
construct twistings of K, for all primes.

Now, K, is an A, ring spectrum whose homotopy groups are given by

F*Kn = Fpn [Uil],

where u has dimension 2. This may be constructed as the quotient E, /m, where E,, is the
Morava E-theory associated to the Honda formal group law (see Section 6 for details), and
m = (p,uy,...,u,—1) is the maximal ideal in its homotopy.

There is a map of ring spectra K(n) — K,, which presents the latter as a free module over
the former; in homotopy, the map F,[vF!] — F,»[u*] is the natural inclusion of F, into Fn,
and carries v, to u?" ~!. The flatness of this map extends the results of [22, 41] to give

K;K(Z,n+1) = Kp.[z] and  K(n).(K(Z,n+1)) = Q) R, (be),
k>0
where

RE (bk) = Fp bg, ]/ (] — (=1)" 1 "~ Diy),

When n is even, we note that Fy» (which consists of 0 and p™ — 1% roots of unity) contains
a primitive 2p — 2nd root of unity, £. Define

br, misodd,
Cp ‘= b .
&b, n is even,

so that in fact we always have

R (bi) = RE: (i) = Fyn [e, u™]/(ch —u?" "~ Vey). (3.2)
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With these data in hand, essentially the same argument as in Theorem 3.3 gives the following
theorem.

THEOREM 3.6. The components of the space Map(K(Z,n+2), BGL1K,) are con-
tractible. Furthermore, the set twg, (K(Z,n + 2)) of components is a group isomorphic to
Hompg, , -alg(Kpn+ K (Z,n + 1), K,,,) which is in turn isomorphic to the p-adic integers, Z,,.

To see that Homg,, , alg(Kpn+ K (Z,n + 1), K,,,) = Z,,, one can use the work of Buchstaber—
Lazarev or Hopkins—Lurie [13, 20] to identify the p-divisible group of K (n).K(Z,n + 1) as the
top exterior power of the formal group associated to K,. More concretely, and following the
proof in Theorem 3.3, the element a = 3" a;p’ € Z,, corresponds to the element

(1+y)* = H(l + ypi)ai € Homg,, ,-alg (K  K(Z,n+ 1), K,,) C K} K(Z,n+1).
This theorem can in fact be reduced under a Galois action to give corresponding results for
a 2-periodic form of K,, whose zeroth homotopy is any extension of I, containing &.

3.4. Nonsplitting of the space of twists

One might hope that Theorem 3.3 can be extended to show that K(Z,n + 2) is a factor of
BGL,K(n) as, for instance, is the case with topological K-theory (cf. Subsection 2.2):

BGL,(K) = K(Z,3) x K(Z/2,1) x B>SU.
For n > 1, this is quickly seen to be false by the fact that
. _ ’/TO(E)X» 1 =0,
mi(GLiE) = {m(E), i>0.

Thus the universal cover of BGL; K (n) is (2" — 2)-connected, so BGL; K (n) cannot contain a
K(Z,n + 2) factor. The same result holds for BGL; K, since the map K(Z,n + 2) — BGL1 K,
cannot split in 7,12, the codomain being either 0 or Fyn».

ProOPOSITION 3.7. Morava K-theory does not admit a determinantal twist.

There is a partial exception in the case n = 1. Recall that K3 is a mod p version of topological
K-theory with K. =T, [uT!], where u is a reduction of the usual Bott generator of degree 2.
While it is impossible to split K(Z, 3) off of BGL, K}, it is apparent that one can do so on the
integral form of K;, namely K.

3.5. Universal and nonuniversal twists

The results of Theorems 3.3 and 3.6 allow us to define, for any twist v € twg, (K(Z,n + 2)) and
a class H € H""2(X), the twisted Morava K-theory K (X;v(H)). In this section, we explore
how the resulting group changes as we vary the twist v.

Let d € Z~q, and consider the diagram

xXd
0X M K(Zon+1) —2 K(Zon +1)%¢ = GL K4

el

K(Z,n+1) GL,K,.

v

Here A, is an iterated diagonal, mg an iterated product (in a loop space), and d : K(Z,n+ 1) —
K(Z,n + 1) represents d € Z = H""'(K(Z,n + 1),Z). The square commutes up to homotopy
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because v is an Ay, map. The same diagram holds for d = 0, if we choose to interpret A, as
the constant map and mg as the unit in a loop space.

Applying the classifying space functor B and passing along the top right of the diagram gives
the twist v¢(H) (where the power v? is performed in the group of twists). Passing along the
bottom left gives v(dH). We conclude that all twisted K,, may be obtained from the universal
twisting.

PROPOSITION 3.8. Ifu € twg, (K(Z,n + 2)) is the universal twist and H € H""2(X), then
there is an isomorphism

Ki(X;u(H)) = K3 (X;u(dH))
for each d € Z.

With this result in mind, we ignore all the nonuniversal twists, and make the following
definition.

DEFINITION 3.9. For H € H""2?(X), define the H-twisted Morava K-theory as
K}(X;H) = K}(X;u(H)), where u is the universal twist.

One may of course make the same definition at p = 2 of H-twisted K(n), K(n)*(X; H) using
a topological generator u of Zs.

4. Properties of twisted Morava K-theory
4.1. Basic properties

Twisted Morava K-theory satisfies the axioms of Definition 2.5. Furthermore, we have the
following basic properties, analogous to those detailed in the case of twisted K-theory in [11,
12, 33].

THEOREM 4.1 (Properties of twisted Morava K-theory). Let K(n)*(X;H) be twisted
Morava K-theory of a space X with twisting class H. Then:

(1) (Normalization) if H =0, then K(n)*(X;H) = K(n)*(X);
(2) (Module property) K(n)*(X; H) is a module over K (n)*(X);
(3) (Cup product) there is a cup product homomorphism
Kn)P(X;H)® K(n)Y(X; H') — Kn)P"(X;H + H'),
which makes @, K(n)*(X; H) into an associative ring (where H ranges over all of
H"2(X;7)).
(4) (Naturality) if f : Y — X is a continuous map, then there is a homomorphism

[T Kn) (X5 H) — K(n)" (Y5 f7H).

Proof. If H =0, then the GL;K(n)-bundle Py over X determined by H is trivial.
Thus the Thom spectrum X that it defines is, too: X# ~ X, A K(n). The homotopy of
Fr(n) (X" K(n)) is thus precisely the untwisted K (n)-cohomology. This gives Property
(1). Property (4) is standard for twisted cohomology theories, and Property (2) follows from
Properties (1) and (3).

To prove Property (3), first note that if pr; denote the two projections,

A" (prf (H) + pr3 (H')) = H + H',
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where A : X — X x X is the diagonal. Thus A induces a natural map on Thom spectra
A xHYH | (X x X)prT(H)ﬂDr;(H/) ~ XH AK(n) xH"

Applying Fg ) (—, K(n)), we have

’7 /A\* ’ m* i
Fre (o) (XFTH K (n))<——Fp(n) (X7 Ag(n) XF', K(n))<——Fgn)(XT, K(n)) A Fie () (XH, K(n)),

where m is given by multiplication in K (n). The induced map in homotopy A*m* induces the
desired cup product; its associativity and unitality follow from the corresponding properties of
m and A. |

REMARK 4.2. There was nothing particular about K(n) in this proof; Theorem 4.1 will
also hold for the twisted Morava E-theory we define in Section 6, as well as K, at any prime.

4.2. A universal coefficient theorem

In this section, we will prove an analogue of a theorem of Khorami’s [24] for twisted Morava
K-theory. Let H € H"*?(X), and let p : Py — X be the principal K(Z,n + 1)-bundle over X
corresponding to H. The results of this section will be stated for the ‘big’ Morava K-theory
K, but also hold for K(n) when p = 2.

THEOREM 4.3. There is an isomorphism
K. (X5 H) = K (Pr) @k, (kKZn+1)) Kna-
We recall from Subsection 3.3 (cf. expression (3.2)) that K,,(K(Z,n+1))=

®k20 R(cy), where R(ck) := Ky [ci]/(c] — w’k(?”"*l)ck)7 and the class ¢, has dimension
2pF((p™ — 1)/(p — 1)). For brevity, write

up, = upk((p"—l)/(:v—l))’
so that ¢} = uﬁflck, and define two cyclic R(ck)-modules My and Ny by

My := R(ex)/(er) and Ny := R(cr)/(cr — ug).

LEMMA 4.4. Fori > 0 and any R(c)-module @,
Tor™ ) (Q, My) = 0 = Tor™“)(Q, Ny,).

Proof. An explicit periodic free resolution of Mj is given by

p—1__ p—1 p—1__ p—1

R(er)<-—"—R(c) <=~ R(cy,) <~

Ck

0 My<——R(cx)
S0
R(C}C) o _ p—1 p—1

Tor 44" (Q, M) ={q € Qlecrg=0} /(e —up )@,
and in positive degrees

Torfiai (Q. Mi) = {g € Q| (" — u}™)g = 0}/erQ.
However, in R(cy), the formula

’U,p71 _ Cifl o (C£71 - upfl)

holds, so if cyg = 0, then g = —u, P(2~" — w2 Mg € (F~! — w2~ ")Q. Thus the odd Tor groups
for Mj are zero. A similar computation gives the result for the even Tor groups.
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Define
& —ul ey, _ _ _ _
ng =k = :Ck(CZz-i-CZ 3uk+"‘+cku§3+uz 2).
Ckp — Uk
Then a resolution of Ny is given by

Cp—Uk

0 Ny<——R(cy)
so that

R(ck)

Tor’™ (@, Ny,) = {q € Q| (cx — ux)g = 0}/nxQ.

But if ¢xq = ugq, then ngqg = (p — 1)uz_lq7 so q € n;@, and this group is 0. Furthermore, in
positive degrees,

Tor (@, Ni) = {q € Q | kg = 0}/ (cx — i) Q.
Take ¢ with nyg = 0. Then

p—1
1—p —-r r
0=wuy "nrq= E Uy Crq,
r=1

SO

= _(C’“_gf;q = —(cx — uk)u,;l (1 + Zu;r%) q=—(cx — uk)u,;lq € (cp —ug)Q.

uk( Tk r>0

O

Proof of Theorem 4.3. By construction, the twisted K,-homology of X is given by the
homotopy groups of the quotient

Ky (X, H) = m((Pr)+ Nxzn+1) Kn)
=T (K A (Pr)4) Ni AR (@2n+1) Kn)-
From this description, we immediately get a bar spectral sequence
TorKn-EEZn+) (g Py K,,) = K,.(X,H).

By Ravenel-Wilson’s results, however, the Fs-term may be decomposed as

Torf KON (K, Py, Ky, ) = Q) Tor ) (K, Py, KoL),
k=0
Finally, it is apparent from the description of the universal twist, as given by the element
u=1+4+ye K,"K(Z,n+ 1), that K,,, is made into a K, ,K(Z,n + 1)-module by letting cy,
act as 0 for k£ > 0 and letting ¢y act as ug = u®" =1/~ Thus this Eo-term is

e}
Torf ) (K, Pr, No) @ () Tor ™) (K, Pa, My).
k=1
By Lemma 4.4, all of the higher Tor terms vanish. |

Note that a consequence of this proof is also an explicit description of the twisted Morava
K-theory. Namely, K, (Py) comes equipped with operations ¢ via the action of K(Z,n + 1)
on PH.

COROLLARY 4.5. There is an isomorphism

Ko (X, H) 2 K, (Py)/(co —u® 7D/®=0 o) ey ).
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5. A twisted Atiyah-Hirzebruch spectral sequence

In this section, we work entirely at the prime 2, allowing us to concentrate on twisted K(n),
rather than K. It is quite likely that an odd-primary analogue of the main result, Theorem 5.1,
also holds. However, there do appear to be some subtle issues at odd primes; for instance, an
exact analogue of the differential in Theorem 5.1 cannot possibly be true, owing to the fact
that @, and Q,—1 - Q1(H) are of different dimensions when p is odd.

The cellular filtration of a CW complex gives rise to the AH spectral sequence for Morava
K-theory. The same holds in the twisted case.

THEOREM 5.1.  For H € H""2(X), there is a spectral sequence converging to K (n)*(X; H)
with EY? = HP(X, K(n)?). The first possible nontrivial differential is dgn+1_1; this is given by

dyns1 1 (zv)) = (Qu(@) + (=1)"!2 U (Qu-1 - Qu(H)))vy ™"

Here @, is the nth Milnor primitive at the prime 2. It may be defined inductively as
Qo = Sq', the Bockstein operation, and Q41 = Sq? Qj — Qqu2], where Sq¢’ : H"(X;Fy) —
H"I(X;Fy) is the jth Steenrod square. These operations are derivations [36].

Qj(wy) = Qj(@)y + (~1)2Q;(y).

(The signs are of course irrelevant at p = 2, but will become appropriate in the integral version
in Section 7.)

The proof of the existence of this spectral sequence is identical to the approach taken in [7, 8].
The bulk of our work in the next sections, will be devoted to computing the first differential
in this spectral sequence.

Some of the properties of the differentials in the spectral sequence for twisted K-theory are
discussed in [7, 8, 27]. Many of the analogous properties also hold in this setting. In particular,
we have the following proposition.

PROPOSITION 5.2. For the twisted AH (tAH) spectral sequence for twisted Morava K-
theory.

(1) (Linearity) Each differential d; is a K (n).-module map.

(2) (Normalization) The twisted differential with a zero twist reduces to the untwisted
differential (which may be zero).

(3) (Naturality) If f : Y — X is continuous, then f* induces a map of spectral sequences
from the tAH for (X,H) to the tAH for (Y, f*H). On Es-terms it is induced by f* in
cohomology, and on E.,-terms it is the associated graded map induced by f* in twisted Morava
K-theory.

(4) (Module) The tAH for (X, H) is a spectral sequence of modules for the untwisted AHSS
for X . Specifically, d;(ab) = d¥(a)b + (—1)!%lad;(b) where a comes from the untwisted spectral
sequence (with differentials d).

5.1. Preliminary spectral sequences computations
We will need a cohomology representative of the class x that figured so prominently in our
construction of the twisting (cf. Subsections 3.2 and 4.2).
LEMMA 5.3. In the K(n)-AH spectral sequence for K(Z,n + 1),
H* (K (Zyn +1),F2) @ K(n), — K(n)"(K(Zyn+1)) = K(n).[z],

the class x is represented by the class Q,_1---Q1(j), where j € H"*(K(Z,n + 1),Fy) is the
fundamental class.
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Proof. This follows from Ravenel-Wilson’s construction of by, the class dual to x. The
former is defined as

bo = d«(a)y 0 a@y o0 am-1)),

where o is the product in the Hopf ring structure on K(n).(K(Z/2,%)), and 0§ :
K(Z/2,n) — K(Z,n+ 1) is the map realizing the Bockstein in cohomology. The natural
map H,(K(Z/2,n),Fs) — A, (the dual Steenrod algebra) carries the AH representative of
(o) © G(1) O+ 0 G(p_1) tO To - Ty -+ Tp—1 (see [42, Section 8.3.1]).

Therefore, by is represented by a class in H,(K(Z,n + 1),F3) mapping to 7y - - - 7,,—1; dually,
x is represented by Q,—1 - Q1(J). O

We will also need to study the Atiyah—Hirzebruch—Serre (AHS) spectral sequence for the
principal K(Z,n + 1)-fibration p : Py — X associated to the twisting class H:

HY(X,K(n)*K(Z,n+1)) = K(n)"(Py).

LEMMA 5.4. The (transgression) differential in AHS is
B (@) = Quor - Qu(H) mod (z),

Proof. Tt suffices (via pullback along H) to show this in the universal case where X =
K(Z,n+2),and H =1 € H""?(K(Z,n + 2),F,) is the fundamental class. In this case Py ~ *,
so the AHS is of the form

H*(K(Z,n +2),F2) @ K(n).[z] = K(n)".

We compare the AHS spectral sequences for three different cohomology theories: K(n), its
connective analogue k(n), and mod 2 cohomology H*. There are natural transformations

K(n)<~—k(n)—=H".

The first transformation corresponds to localization at (v, ), and the second is the zeroth
Postnikov section of k(n). These give rise to maps of AHS:

M & K(n) K (Z,n+1) <92 M @ k(n) K (Z,n + 1) 992 M@ B*K(Z,n + 1)

ﬂ ﬂ |

where M = H*(K(Z,n + 2),F3).

The class z € K(n)zn“’QK(Z, n + 1) lifts to a class X € k(n)an’QK(Z, n+ 1) with 4(X) =
x. In fact, it actually lifts to BP; this is Tamanoi’s ‘BP fundamental class’ ¢ of [51]; see
also Subsection 6.3. Furthermore, Lemma 5.3 implies that P(X) = Q,—1---Q1(j). Since the
transgression commutes with Steenrod operations, we have

P(dle&Slq(X)) = déﬁsl 1 (PX)
AQAn}-I*—Sl 1(Qn 1 Ql())

= Qu-1 - Qu(d5 (7))
= Qu-1-- Qu(0).
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In bidegree (2! —1,0), P is an isomorphism, so in the k(n)-AHS we may conclude that

dQA,ﬂsl_l(X) = Qn-1---Q1(¢). Furthermore, in that bidegree, £ is an isomorphism mod (z) and

so we see that in the K(n)-AHS
dAS (X)) =Qn_1---Q1(t) mod (z).

5.2. The first differential

Because of the sparsity of the homotopy in K (n)., the first nonvanishing differential in tAH,
the tAH spectral sequence, is dyn+1_1.

)
the property that, in the tAH spectral sequence converging to K (n)%;(X),
doynsr_q1(z0F) = (Qn(z) + (=Dl U ¢, (H))vFE~
for x € H*(X,F2) and k € Z.

LEMMA 5.5. There is a natural transformation ¢, : H""2(—,Z) — H2n+1*1(—,F2) with
k

Proof. Since this is a spectral sequence of modules over K (n),, it is sufficient to show that
this is true for £ = 0. Further, since the twisted AHSS is a module over the untwisted AHSS,
we can compute

dynir_1(x) = dognsr 1 (z-1) = dbir_(x) - 1+ (=1)®lz - dynia_1 (1),

where dj,,,_; denotes the differential in the untwisted AHSS. But this is known [57] to be
given by Q. So it is enough to show that dont1_;(1) = ¢,,(H)v, *. Bidegree considerations
imply that dynt1_1(1) must take the form Bv;!; naturality of the spectral sequence in the
twist ensures that § is natural in H, and so must be of the form ¢, (H). UJ

Proof of Theorem 5.1.  Return to the (homological) AHS spectral sequence:
H (X, K(n)«K(Z,n+1)) = K(n)«(Py).

The quotient map K (n).(Py) — K(n).(X, H) (as in Subsection 4.2) induces a map of spectral
sequences

H (X, K(n)«K(Z,n+1)) — H.(X,K(n),)

from the above AHS spectral sequence to the tAH spectral sequence. On the level of F>-
terms, it is induced by a map of coefficients K(n).K(Z,n + 1) — K(n). which is given by the
universal twisting y. That is, it is the map @), R(br) — K(n) which sends by to v, and all
other b; to 0. This map is surjective, so we can recover the differential in tAH from knowledge
of the differential in AHS.

By degree considerations, for a class z € H,(X,F,) = Ef’o, we have

dpi 1 (2) = a(z)vn +b(2)bo + -+,

where the higher order terms all involve b; for ¢ > 0, and a and b are operations on z which
lower degree by 2"T1 — 1. Since AHS is a comodule over the K (n)-AH spectral sequence for X,
it is easy to see that a = Q) is dual to the Milnor primitive operation @,. Mapping to tAH,
we see

déf}fl—l(z) = QX(Z)UH + b(2)vn.

Comparing this to the dual spectral sequence in Lemma 5.5, we see that b(z) = (—1)1*lzn

(@n(H)).
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Rewriting this result in the cohomology AHS spectral sequence
H (X, K(n)* K (Z,n+ 1) = H(X) © K(n).[z] = K(n)*(Py),
we deduce that ¢, (H) = dy25 | (z) mod (), for when we pair it against a homology class,
(S, (@), 2) = (o, A5, (2))

= (w.a(z)un + b()bo + )
=b(z)
= (=1)"*1z 1 (¢n(H)).

So, by Lemma 5.4, ¢, (H) = Qpn_1---Q1(H). O

6. Twisted Morava E-theory

In this section, we will lift the previous constructions to the (Landweber exact) Lubin—Tate
cohomology theory most commonly known as Morava E-theory. We begin with a reminder of
this structure; references [18, 43| are much better introductions to this material, and we will
give a very terse summary of the relevant part of the latter.

6.1. Defining Morava E-theory
There are several cohomology theories that compete for the title of ‘Morava E-theory’:
(i) The truncated Brown—Peterson spectrum, BP(n), with coefficients
BP(n). = Zyy[vi, ..., vn].

This is constructed by killing the ideal (vy41,vn42,...) in the homotopy of BP, the
Brown—Peterson spectrum, the home of the universal p-typical formal group law.
(ii) The Johnson-Wilson spectrum, E(n), with coefficients

E(n)« = Zipylvr, ..., vn-1, vl

The spectrum E(n) is constructed as the localization of BP(n) at v,,.
(iii) The completed Johnson—Wilson spectrum, E(n), with coefficients the completion of the

previous at the ideal I = (p,v1,...,vp—1):
E(n), = Zp) [U1,.. . Un_l,vffl]?.

(iv) The Lubin—Tate spectrum, E(k,T"), associated to the universal deformation of a formal
group law I over k.

Our techniques in this section will produce a twisting of certain Lubin-Tate spectra. The
argument also works for E(n), though our techniques fail for BP(n) and E(n), as their
coeflicients are not complete local rings. We offer a conjecture in Subsection 6.3 which provides
a slightly more geometric interpretation of these twistings, and, if true, would yield twistings
of BP(n) and E(n).

Let us review the Lubin-Tate spectra in more detail: k is a perfect field of positive
characteristic p, and T € k[z, y] is a formal group law defined over k of height n. A deformation
(B,G,i) of (k,T) is a complete local ring B with maximal ideal m, a formal group law G
on B, and a ring homomorphism i : k — B/m with ¢*T' = 7*G, where 7 : B — B/m is the
quotient map.

It is a theorem of Lubin—Tate [30] that there exists a universal such deformation. This is
a complete local ring A(k,T") with maximal ideal m such that A(k,T')/m is isomorphic to k.
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Concretely, A(k,T") is the null-graded ring
Ak, T) 2 W(E)[ug, ..., up—1] and m=(p,u1,...,Un_1),

where W(k) is the ring of Witt vectors in k (for example, Z,, if k =F,).

This ring is equipped with a formal group law F' from which all deformations of I" are pulled
back (up to *-isomorphism). Specifically, for any deformation (B, G, 1) of (k,I'), there exists a
ring homomorphism ¢ : A(k,T") — B (over k) and a unique x-isomorphism f : $*F — G (that
is, f = f(z) is an isomorphism of formal group laws over B which reduces to  modulo the
maximal ideal of B).

The theorem of Goerss—Hopkins—Miller [18, 19, 43] shows that there exists an essentially
unique even periodic, Ey ring spectrum E(k,T) realizing this universal deformation; that is,

7. E(k,T) = A(k,T)[u*'] and SpfE(k,T)*CP>® = F.
The spectrum E(k,T) is closely related to E/’(F) In particular, when I" is the Honda formal
group law, the map BP, — E(k,I'), which classifies I" carries vy to upkfluk for k < n, v, to
uP"~1, and v,, to 0, when m > n.

Since the ideal m is generated by a regular sequence, the residue field k[u*!] = A(k,T')[u*™!]/m
is realized as the homotopy groups of a spectrum which we will denote by K (k,T). When k is
the prime field F,, and T is the Honda formal group law with p-series [p](x) = *", K (k,T) is
a 2-periodic form of the ‘standard” Morava K-theory:

K(k,T) ~ K(n)[u]/(u?" = = v,).

More generally, if k is a finite extension of IF,,, then K (k,T') is a K (n)-algebra spectrum which
is a finite rank free K (n)-module (see, for example, [31, Corollary 10]).

EXAMPLE 6.1. If k =F,, and I' = G,, is the multiplicative group, then A(k,T') = Z,; the
universal deformation is once again the multiplicative group (only over Z, instead of F,). The
resulting ring spectrum E(k,T) is p-completed K-theory, and K(k,T') = K; is mod p K-theory.

One consequence of the Goerss—Hopkins—Miller theorem is that for any of these Lubin—
Tate theories E(k,T"), the space of units, GL; E(k,T"), is not just an A, monoid (as above
for K(n)), but an infinite loop space. Its deloopings give rise (as in, for example, [3]) to a
connective spectrum gl, E(k,T"), with Q>gl, E(k,I') = GL1E(k,T).

ASSUMPTION 6.2. We will make two main assumptions on (k,I") for the rest of this paper.

(1) The formal group law T' over k is p-typical, with p-series [p](x) = zP". Equivalently, T
is induced from the map BP, — k carrying v, to 1 and all other v; to 0. Essentially, we are
assuming that I' is isomorphic to an extension of the Honda formal group law.

(2) When n is even, k contains a primitive 2p — 2nd root of unity, £.

The first assumption is forced by our use of the results of [22, 41], whose computations
are all based on the standard Morava K-theory K (n) associated to the Honda formal group
law over F,,. We expect that Hopkins-Lurie’s approach [20] to these computations will allow
one to extend our results to a more general setting. The second assumption is required, as in
Subsection 3.3, to deal with a troublesome sign in the Ravenel-Wilson calculations.

NOTATION 6.3. For brevity, we will employ the notation E,, for E(k,T"), where (k,T') is as
in Assumption 6.2. We will also write K, for K(k,T).
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6.2. E twistings

We now consider twists for Morava E-theory. Our main result (Theorem 1.2 of the introduction)
is the following theorem.

THEOREM 6.4. For each n > 1, there are canonical isomorphisms
moMapp_(K(Z,n +2), BGL1E,,) = (X" HZ, 81, B, = Hompg, , -alg(Eny K (Z,n + 1), E,,),

and the latter group is isomorphic to the p-adic integers Z,,.

Let @, : HZ — gl E,, be a topological generator; the induced map K(Z,n+ 1) — GL1 E,
allows us to twist E, by a class in H"*2, as we did for K(n). By definition, there is an A
map 7 : E, — K,, which quotients by the ideal m.

PROPOSITION 6.5. The composite map Q°°(w o @,) : K(Z,n+ 1) — GL1 K, is the univer-
sal twisting u.

The homotopical nontriviality of ¢,, follows from this proposition. It also says that twisted
Morava K-theory is in some sense a reduction of twisted Morava E-theory. The proofs of these
results occur after Proposition 6.11.

6.3. A conjecture

Consider the Johnson-Wilson spectrum BP(n). Note that BP(0) = HZ, is the p-local
Eilenberg—MacLane spectrum. Multiplication by v,, gives a cofibre sequence

n n n An n
¥2P"~2BP (n) — P BP(n — 1)——"> 32" ~1BP () —> - - - (6.1)

BP(n)

Here p, quotients by v,, and A,, is the connecting map in the long exact sequence, and is
related to the Bockstein operator @, defined by Baker—Wiirgler in [9].
Let us now define §; as the composite

k= Ago---0Ayo0A;: BP(0) — 220" —1/p=1)=(k+2)Bp 1)

The map dj, is closely related to a map Jy2 studied by Tamanoi in [51], which he calls the
BP fundamental class of K(Z,k + 2).

CONJECTURE 6.6 (p=2). Assuming that BP(n) admits the structure of an FE., ring
spectrum, there are maps of spectra

2 22" "2BP(n — 1) —> g1, BP(n)

whose induced map in homotopy is = +— zwv,,. That is, in all degrees k > 21 — 2. (¢),,), is the
composite

c Un
Z(g) [’Ul7 “e 7’Un_1](k_2n+1+2) ;>Z(2) [’01, . ,’Un](k_2n+1+2)*>2(2) [’Ul, ce ,’Un]k,

REMARK. The fact that BP(n) is E is known for n = 1, classically, and for n = 2, by
[29]. The assumption is necessary in order to form gl; BP(n). One could, however, relax this
assumption and simply ask for an Ao map BP(n —1) ., ~ — GLiBP(n).

There is some evidence for this conjecture. For n = 1, ¢, exists, and its infinite delooping
is the 2-localization of a map CP*° — GL; K. This is precisely the inclusion of line bundles
into invertible virtual bundles which gives rise to the usual determinantal twisting of K-theory.
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For n = 2, the conjectured map is of the form Q> : BU(6) — GL1BP(2). Such an E., map
would be adjoint to an F,, map of the form

S BU(6),. —> BP(2).

Such a map might in principle be constructed from the o-orientation MU (6) — tmf of Ando—
Hopkins—Strickland [4] and an BP(2)-Thom isomorphism.
Furthermore, in [56], Wilson shows that the fibre sequence associated to (6.1) splits:
BP(n) ~BP(n—1) x BP(n) for k < 2ntl — 2,

k+2n+1-2

This is a 2-local version of the splitting BUg ~ CP*° x BSUg when n =1 and k = 2.
® ®
One may derive from this (for k = 2"*1 — 2) a map of spaces

BP<TL _ 1>2n+172$BP<n>2n+1 72UHTLBP<”>O bl

where ¢ is Wilson’s splitting map. This induces the desired map in homotopy, and it is apparent
that the image of the map lies in the v, component, and hence in GL;BP(n). However, it is
far from obvious that this is an infinite loop map.

In any case, if the conjectured map 1), exists, then we may construct the twisting ¢, (or
rather, its analogue for BP(n)) as the composite.

st 7, —> S HZ gy = £7HIBP(0)

on lé

g BP(n) < - — - »2"2BP(n — 1) .

n

Rather than proving the conjecture, we will show that the F,-analogue of the desired map ¢,,
exists, using the André—Quillen obstruction theory.

6.4. The formal group E*K(Z,n + 1)

To begin the obstruction theory calculations, we make use of the Bockstein spectral sequence
for Morava E-theory, developed for the completed Johnson—Wilson spectra by Baker—Wiirgler
in [9]. Write m for the maximal ideal of E, . The Ej-page of the spectral sequence is given by

By = Ki(X) 9k, m*/m™ Tt = EX(X).

We first note that K} K (Z,n + 1) 2 K, [z]; this follows from the corresponding statement
for K(n) by the fact that K, is a finite rank free K (n)-module. Then the Bockstein spectral
sequence for K(Z,n + 1) collapses at E; since the total degree of each class is concentrated in
even dimensions. We conclude the following proposition.

PROPOSITION 6.7. There is a ring isomorphism

E'K(Z,n+1)=E,.[7],
where |z| = 2((p™ — 1)/(p — 1)), and projects to x € K K(Z,n + 1) modulo m.

We note that this ring is flat over E,, and so we conclude, similarly, that
E(K(Z,n+1)x K(Z,n+1)) = E,.[y,z].

The multiplication map m : K(Z,n + 1) x K(Z,n + 1) — K(Z,n + 1) therefore makes E,, . [Z]
into a formal group over E,, with formal group law F,(y,%):=m*(Z). This lifts a
corresponding formal group law on K, ,[z].



TWISTED MORAVA K-THEORY AND E-THEORY 907

LEMMA 6.8. The formal group Spf(K,.[x]) is isomorphic to the multiplicative group G,
over K,,..

Proof. Ravenel-Wilson show that the Verschiebung on K (n)*K(Z,n + 1) satisfies V(x) =
(—1)"*1z, so the same holds over KK (Z,n + 1). Again using the primitive 2p — 2nd root of
unity £ € k when n is even, we may define a new coordinate z as z = when n is odd, and
z = &x when n is even.

If n is odd, then evidently V(z) = z. If n is even, then the same holds: V(z) = &PV (x) =
—&Px = z. Hence the formal group law G on KK (Z,n + 1) satisfies [p](z) = FV(z) = 2P, and
so is of height 1. Now, this G is classified by amap 0 : V' — K(n)., where V' = Z,,)[v1,vz,...] =
BP.,. supports the universal p-typical formal group law. Then the equation

G .
2 =1pl(z) = 29(%)21’1

(see, for example, [40, (A2.2.4)]) can be solved to see that 6(v;) = 0, for ¢ > 1. This immediately
implies that G = G,,. ]

See also the lovely [38] for another approach to this sort of result. Now, a power series
f € E,.[Z] will give rise to an E,,-algebra map E,,.K(Z,n+ 1) — E,, precisely when f is
grouplike; that is, when

m*(f)=ff.
This is because f(ab) = > fl(a)f/(b), where m*(f) = > fl @ fI'.

LEMMA 6.9. The element a« =1+ 7 € EXK(Z,n + 1) is grouplike. That is,
m'(a)=a®a=14+y+z+7yz.

Proof. The reduction A(k,I') — k, along with Lemma 6.8 exhibit Spf(E,.[Z]) as a
deformation of G,,. Thus it is pulled back from the universal deformation Spf(W(k)[¢]), which
is G,, over W(k). That is, there is a ring homomorphism f : W(k) — E,,, so that F,, = f*F|
where F' is the universal deformation of G,, over W(k). We may take T to be f*(t). Then,
since the desired equation holds for 1 + ¢ in W(k)[¢], it also holds in F,,,[Z]. (This is the very
definition of the multiplicative group!) O

We therefore obtain an E, .-algebra homomorphism « : E,,,K(Z,n+1) — E,,.

6.5. Obstruction theory
As in the A, case, there is an adjunction [3]
Mapgpeeira (ST HZ, gl Ey) ~ Mapp (K (Z,n+ 1)4, Ey),

and the homotopy of the latter is computable through André-Quillen cohomology. We
summarize the relevant techniques of Goerss—Hopkins [18] in the following theorem.

THEOREM 6.10 (Goerss—Hopkins). Let X, Y, and E be E.-ring spectra, where Y is an
E-algebra, and E,X is flat over E,. Assume that F, is a complete local ring with maximal
ideal m and residue field k := E, /m of characteristic p. Then, if the cotangent complex L for
the map

fk—k®g, E.(X)
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is contractible (Ly ~ 0), the Hurewicz map
1\/[5113]30o (X,Y) — Homg, -alg(E* (X),Ys)

is a homotopy equivalence.

Proof. This is assembled from various arguments in [18, Sections 4, 6, and 7]. Applying
Theorem 4.5, we see that the obstructions to the Hurewicz map being a homotopy equivalence
lie in the generalized André-Quillen cohomology groups D, (E.X, 0'Y,), where t > 0, and T'
is a simplicial FE, operad. Since E, is a complete local ring, the assumptions of Proposition 7.9
hold to give a spectral sequence

EYY = DE (k©p, E.(X), Q" (m%, /m*Y,)) = D}, (E.X,Q'Y,), (6.2)

where & is an F,, operad over k.

We aim to show that the abutment of this spectral sequence vanishes, so it suffices to show
that the Ej-term does. That Ej-term is computable through sequential applications of the
spectral sequences of Propositions 6.4 and 6.5:

Di(T,M)" = Dg™(I,M) and  Ext}q,
Here R is the Dyer—Lashof algebra, and D the derived functor of derivations of an unstable
algebra over R. Similarly, U(T") is the category of unstable modules over an unstable R-algebra
I'. We will apply this in the case I' = k @, E.(X).
Then the Ej-term of (6.2) vanishes if

Di(k®p, E.(X)) = m(Ly)

(Dy(T), M) = DL(T, M). (6.3)

(the input to the second spectral sequence in (6.3)) vanishes. O

We will apply this theorem to the following setting: F is E,,, X = X*°K(Z,n + 1)4, and
Y = E,. Then k ®g,_ E,.(X)= K,,(X); this is isomorphic to the ring

Kno(X) = ®R}H(Cj) = klco, c1,.. Ju*'] /() — upj(pn*l)cﬂ (6.4)
720

PROPOSITION 6.11. The cotangent complex for k — k®g, En.K(Z,n+1) is con-
tractible. Thus the Hurewicz map

Mapp (XK (Z,n+1)4,E,) — Homg, -ag(En.K(Z,n+1),E,,)

is a homotopy equivalence.

Proof. A nice criterion for the existence of a nullhomotopy of the cotangent complex Lg, 4
is given in Corollary 21.3 of Rezk’s notes [43]. Specifically, if the Frobenius maps 04 : A — A
and op : B — B are isomorphisms, then Lp, 4 is contractible.

Applying this to A = k is immediate, since k is perfect. For B = k ®p, , E,,(X), this is a
short computation from equation (6.4), using the fact that c? =’ (pn_l)cj. So the cotangent
complex Lp, 4 is contractible. O

Putting Theorem 6.10 and Proposition 6.11 together, we see that there exists a (unique up to
homotopy) Eo-map @, : X K(Z,n+ 1)y — E,, which induces « in E,,,. Further, its p-adic
powers produce a copy of Z, inside

[HZ,gl, E,)] = Hompg,  alg(En K (Z,n+ 1), E,.,).

Now, Homg,,  -aig(En+«K(Z,n + 1), E,,,) is the Cartier dual of the formal group Spf E} K(Z,n +
1). We have seen that this is in fact the multiplicative formal group over E,,, so its Cartier
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dual is in fact isomorphic to Z,, yielding Theorem 6.4. Furthermore, reduction from E,, to
K, . gives an isomorphism from this group to

HomKn*—alg(Kn*K(Zv n+ ]-)7 Kn*)v

which we have already seen is isomorphic to Z,. This gives Proposition 6.5.
DEFINITION 6.12. Let ¢, : X"t HZ — gl, E,, be the map of spectra adjoint to ®,,.

We define twisted E,-theory in the same fashion as for K (n). We first note that there are no
nontrivial twistings of E,, by K (Z, m) for m > n + 2 by Theorem 3.1. In contrast for m = n + 2,
the map ¢,, is essential, since its adjoint induces the nonzero map « in homotopy. The infinite
loop map of its suspension is of the form

B(Q®¢,) : K(Z,n+2) — BGLE,,.

This allows us to define, for every H € H""2(X;Z), the twisted Morava E-theory E,*(X; H),
as in Subsection 2.2. Its reduction mod m is the twisted Morava K-theory of Definition 3.9. We
will explore this theory in greater detail in future work. For instance, it will satisfy analogues

of the properties indicated in Theorem 4.1. In the next section, we will consider a truncation
that lies between E,*(X; H) and K (n)*(X; H).

REMARK 6.13. Exactly the same arguments go through to produce a twisting of the
completed Johnson-Wilson spectrum E(n) by H"*2 when p = 2. For odd primes, there is again
the matter of the sparsity in the homotopy of E(n) which can be resolved by shortening its

period. Further, when n is even, one must adjoin the root of unity £ to E(n). This construction
will be used in the next section.

7. Twisted integral Morava K-theory
For each prime p, there is an integral lift of Morava K-theory which is a spectrum K (n) with

(K () = Zplon, v, ']-

This is constructed as a quotient of F(n) by the ideal (v1,...,v,—1); see, for example, [25, 26].

This theory more closely resembles complex K-theory than was the case for the mod p
versions (for n =1, it is the p-completion of K-theory). Therefore, the integral version might
be more important for applications (indeed, see Subsection 7.3).

7.1. Properties and twists

The quotient by (v1,...,v,—1) gives a natural transformation 7 : 17(;) — K(n). As an Aq-
map, this gives a well-defined essential twisting
B(Q%¢,) _——  BGLi(w) -
K(Z,n+2) BGL,E(n) " >~BGL,K(n)-

In order for the first map to exist, we must assume that p = 2, or n is odd; if not, we must use
instead the quadratic extensions of E(n) and K (n) defined by adjoining £ to their homotopy.
While this twisting exists in these more general cases, we will take p = 2 for the rest of this
paper.

We will continue to refer to the map defined by the above diagram as the universal twisting.
It defines a twisted cohomology theory K (n)*(X; H), associated to pairs (X, H), where X is
a topological space and H € H""2(X,Z) is a cohomology class.
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REMARK 7.1. Twisted integral Morava K-theory satisfies properties analogous to those
of the mod 2 version. In particular, the integral version satisfies the same properties in
Theorem 4.1.

The following is almost immediate from Theorem 5.1.

THEOREM 7.2.  There is a tAH spectral sequence converging to K(n)*(X; H) with E; =
HP(X, K (n)9). The first possible nontrivial differential is dgn+1_1; this is given by

dyni1 1 (20}) = (Qu(@) + (=1)1"z U (Qu-r - Qu(H)))oy

Here Qy: H*(X;Z) — H**2""'=1(X;7Z) is an integral cohomology operation lifting the
Milnor primitive Q.

7.2. Relation with other twisted cohomology theories

In this section, we relate twisted Morava E-theory E};(X; H) and twisted integral Morava K-
theory K (n)*(X; H) to other, perhaps more familiar, cohomology theories. We start with the
latter.

First, note that the familiar twisted K-theory, constructed by the map K(Z,3) — BGL1 K
may be 2-completed. That is, the completion map K — K%' (where K4 is the 2-completion of
the K-theory spectrum) gives a map BGL1 K — BGL1K2%. The composite allows one to define
2-completed twisted K-theory, (K3)*(X; H), for H € H3(X; Z).

It is easy to see that the twisted K (1)-homology, is precisely the same theory.

PROPOSITION 7.3. For any space X and class H € H3(X;Z), there is a natural isomor-
phism

K(1)"(X; H) = (K3)" (X3 H).

Proof. 1t is immediate that there is an equivalence f : K4 — K(1). The result follows if we
show that the composite

K(Z,3) — BGLy(K}) — BGL(K(1))

is the universal twist, where the first map is the determinantal twist, and the second is
BGLy(f). By definition, it is some power of the universal twist. It follows from the fact that
the differentials in the twisted AHSS for K (1) are the same as for K (and hence K3') that
power is 1. ]

Next we consider height 2. Ando-Blumberg-Gepner have shown [2] that the theory of
topological modular forms tmf admits a twisting by a class in H*(X;Z). That is, there is
an essential map K(Z,4) — BGLitmf. Now, Es is an elliptic spectrum, and so there is a
natural transformation tmf — FEs. Consequently, there is a composite map

K(Z,4) — BGLytmf — BGL1Es.
As above, this must be some power of the universal twist of F5. We suspect that, as above,
the power is a unit.
7.3. Applications and examples from physics

In this section, we provide applications to string theory and M-theory. These can also be viewed
as the motivation for the constructions in this paper. Due to the relatively low dimensions
involved, the cohomology theories will arise in low degrees.



TWISTED MORAVA K-THEORY AND E-THEORY 911

NorATION 7.4. We will denote by .S'q%k+1 the integral lift Sq%l€+1 = B0 S¢?*. This is
justified by the Adem relation S¢'Sq¢?* = S¢***1. It will either be regarded as an operation
from mod 2 cohomology to integral cohomology, or from integral cohomology to itself, by
precomposing with reduction mod 2. In contrast, we will continue to write ); for the integral
lift of the Milnor primitive.

Motivated by structures in string theory, one of the authors conjectured in [46, 47] that
the first nontrivial differential for the AHSS for (the then also conjectured) twisted second
integral Morava K-theory at the prime p = 2 is of the form d; = Q2 + H7. (In this section, we
will specify the degree of the cohomology class H by a subscript.) The untwisted differential,
given by the Milnor primitive @2, is shown in [26] to vanish precisely when the seventh integral
Stiefel-Whitney class W7 is 0. This gives a necessary and sufficient condition for manifolds of
dimension at most 12 to be K (2)-orientable. Thus, the effect of the twist on the differential is
given by H; € H(X;7Z) coming from a degree seven field on spacetime X.

Indeed, specializing Theorem 7.2 for the case n = 2, we get the differential

dr(v§) = (Qz(x) + (=1)!"!(x U Q1 (H))uy " (7.1)

Since @1 = Sq% then we have that the vanishing of primary differential (7.1) is equivalent to
vanishing of the characteristic class Wy + Sq3 Hy. Structures defined by the vanishing of classes
Wy + ay, where a7 is a degree seven integral class, were introduced in [48], where they were
called twisted String®(%3) structures. Therefore, we have the following proposition.

_ProrosiTiON 7.5. The twisted second integral Morava K-theory at the prime p =2
K(2)(—, Hy), is oriented with respect to the twisted String ¥(“3)_structure, given by the
condition

Wy + SqyHy = 0. (7.2)

That is, a manifold X of dimension at most 12 with twist Hy satisfying (7.2) has an
orientation class in K (2)(—, Hy), and thus satisfies Poincaré duality in that theory.

We have seen that the first differential in the AH spectral sequence in twisted nth integral
Morava K-theory K (n) at the prime p = 2 is dyn+1_; and is given by the integral lift of the
Milnor primitive twisted by an integral class of the same degree. We now show that for low
degrees, namely n = 2 and n = 3, the vanishing of these differentials follows from twisted String
structures and twisted Fivebrane structures, respectively.

A twisted String structure is defined by the obstruction class (see [49, 54]) ip; + a4 being
zero, where ay is a degree 4 integral class. Applying Sq¢3 = Sq? to this expression gives
W7 + Sq3ay. The vanishing of this expression is the vanishing of the first differential in the
AH spectral sequence in twisted second integral Morava K-theory at the prime p = 2 with the
twist given by the integral class cy. Note that the first Spin characteristic class P; = %pl pulled
back via the classifying map from H*(BSpin;Z) satisfies P; = w4 mod 2.

Next we consider a twisted Fivebrane structure [49]. The obstruction class in this case is
épg + ag, where ag is a degree 8 integral class. Since we are working at the prime p = 2, we
can take the first factor to be %pg, that is, the second Spin characteristic class P, pulled back
via the classifying map from H®(BSpin;Z). Note that P satisfies P, = wg mod 2.

Applying Sq7 = 3S¢° = Sq¢3Sq* to the above obstruction gives Wi5 + Sqlas. This can be
seen as follows. Assuming the Spin condition, the Wu formula gives Sq"ws = wrws + wewg +
wswip + wawq1 + wys Further imposing the condition wy = 0 kills ws (since our manifolds are
oriented), wg = Sq*w4 + wowy (by the Spin condition), and w7 = Sg3w, = 0. At the integral
level, we assume the String condition P, = A = 0, which is a natural condition to impose since
we are dealing with Fivebrane structures.
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Now let us make the assumption that there is an integral class Hs such that S¢3Hs = as.
A computation gives Q2Q1 Hs = Sq}Sq3 Hs = Sqfag. Therefore, if we twist the third integral
Morava K-theory of this space by Hj, then we can identify W15 + Sqfas as the first differential
in the tAHSS. Thus the twisted Fivebrane structure ensures the vanishing of the first
differential.

We summarize what we have in the following proposition.

PROPOSITION 7.6. A twisted Fivebrane structure of the form Wi+ Sq}(Sq3Hs) on a
String manifold implies the vanishing of the first obstruction to orientation with respect to
twisted third integral Morava K-theory K (3)(—, Hs) at the prime p = 2.

Similarly, and as a special case of Proposition 7.5, a twisted String structure implies the
vanishing of the first obstruction to orientation with respect to twisted second integral Morava
K-theory K(2)(—, Hy).

We now provide two concrete examples from physics.

EXAMPLE 7.7. Classes in heterotic string theory. Heterotic string theory is defined on two
disconnected components of ten-dimensional spacetime X'° each with an Fg vector bundle. Let
a and b be the degree 4 characteristic classes characterizing these bundles, and let A = P; be
the first Spin characteristic class %pl of X19. Anomaly cancellation imposes the linear relation
a+ b= A (see [15]). The classes a and b can a priori take any integral value, and can be torsion.
Now we assume, in the spirit of [15], that one of the classes a and b can be lifted to K-theory.
Hence, let us take a to satisfy Sg3a = 0. From the linear relation above, we can see that this
condition translates into a corresponding condition on A — b, namely S¢3 (A — b) = 0. Since the
Steenrod operation is linear and Sgi\ = Wy, we get from this that

W7 (X)) + Sgib = 0.

Therefore, we have the following theorem.

THEOREM 7.8. Consider heterotic string theory on ten-dimensional Spin manifold X'° and
with Fg bundles on the two boundary components characterized by the degree 4 characteristic
classes a and b. Assuming that a satisfies Sq3a = 0, the anomaly cancellation requires X 10 to
be oriented with respect to twisted second integral Morava K-theory K(2)(—,b) at the prime
p = 2, where the twist b manifests itself through the class H; = Sq®b in the AHSS.

One justification for the assumption in the theorem is that the class a involves the Chern
character in cohomology. The breaking of symmetry between a and b is possible because each is
defined on a separate component of spacetime, and this is common in the process dimensional
reduction whose aim is the search for realistic models in four dimensions.

In the formulation of the partition function of the C-field in M-theory, one encounters an
anomaly given by the seventh integral Stiefel-Whitney class W7 of spacetime [15]. This anomaly
is cancelled in [26] by insisting that spacetime be oriented with respect to integral Morava K-
theory K (2) at the prime p = 2. Thus Theorem 7.8 generalizes the corresponding result in [26]
to the twisted case (although in a slightly different, but related, setting).

Orientation with respect to twisted relative Morava K-theory K (2). The relation of the first
differential to the Stiefel-Whitney classes in the untwisted case is given in [26]. We now work
out the analogue in the relative twisted case. As in [26], we focus on manifolds X of dimension
at most 12, as appropriate for string theory. The integral lift Q2 of the Milnor primitive is
given by 3S5¢° plus elements of lower Cartan—Serre filtration. Here the Steenrod square is the
relative cohomology operation Sq' : H™(X, A;Z/2) — H™ (X, A;Z/2) and (3 is the relative
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Bockstein. The main application occurs when X is twelve-dimensional and A = 9X is the
eleven-dimensional boundary.
We have the following proposition.

PROPOSITION 7.9. For a relative pair (X,A) with X of dimension at most 12, the

orientation condition with respect to twisted relative integral Morava K-theory at the prime
2, K(2)(X,A; Hy), is W7(X,A) + S¢3Hy = 0.

Applications of twisted Morava E-theory. To consider twisted Morva E-theory, we essentially
work with the above examples, requiring in this case that our spacetime be also Spin. In [26],
it was shown that under this condition, the orientation condition in Morava Es-theory at the
prime p = 2 is given by Wy = 0. That is, the Spin assumption ensures that d3 =0, and so
the first differential is d7, given by the integral lift of the Milnor primitive (J2. In the twisted
Morava E(2)-theory constructed above, we will have an orientation condition W7 + Sqj Hy = 0,
as in the case for K(2)(—, Hy).

THEOREM 7.10. A Spin spacetime is oriented with respect to twisted Morava Es-theory
at the prime p = 2 if Wy + S¢3 Hy = 0.

Instead of repeating the above examples for the Spin case, which amounts to replacing
Morava K-theory with Morava E-theory, we will provide another application.

ExAMPLE 7.11. The partition function in M-theory on a circle. We will consider the
setting of [15]. M-theory on a Spin eleven-dimensional manifold Y!! has a degree 4 field
whose characteristic class G is essentially the class a of an Eg bundle over Y!!. Taking
Y1 = X109 x S, one would like to relate a to classes on X'© that admit a K-theoretic
description. This places constraints on G. The theory is characterized by the partition function,
ideally a complex number with phase ¢, = (—1)/(®), where f(a) is the mod 2 index of the Dirac
operator coupled to the Fg bundle. This is a topological invariant in ten dimensions which is
not quite additive but rather satisfies a quadratic refinement

flatd) = f(a)+ f(d') + (aU Sg*a’, [X ')

for a,a’ € H*(X'%;Z). Evaluation of the partition function requires dealing with the tor-
sion pairing T : HE (X1'0:7Z) x HT (X% Z) — Z/2 defined by T'(a,b) = (a U c, [X'°]), where

tors tors
B(c) = b, and is a Pontrjagin duality between H} _ and H{

tors tors*

In [15], a variation under a — a + 2b, for b torsion, was considered; this leads to the condition
Wy(X10) = 0. We will instead consider the variation under a + a + 3b for b satisfying f(b) = 0.
This does not necessarily imply that f(2b) =0 because of the cross-term coming from the

quadratic refinement. We then have

fla+3b) = f(a) + f(20) —&—J . bU Sq¢%a .
X
Now, using [50], or [15, Equation (3.23)], we have f(2b) = [y,,bUSg¢?), where A\ =
%pl (Y1), The phase of the partition function is then invariant under the variation of a by 20 if
Jxw0bU S\ + Jxw0bU Sq?a = 0. Since b is torsion, this is satisfied if S¢®\ + Sq¢®a = 0, and
so Wr(X19) + Sgia = 0. This is the first differential in twisted Morava Es-theory. Therefore,
we have the following proposition.

PROPOSITION 7.12. The partition function is invariant (in the above sense) if spacetime
X 10 js oriented with respect to twisted Morava Es-theory, with the twist given by a, the class
of the Eg bundle over X19.
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This is an extension to the twisted case of the result in [26].
We now give another occurrence of this condition in the above setting. The variation a —
a + 2b for b torsion leads to W7(X1%) = 0 (see [15]). Then taking c € L = H{ /2HZ . avector

tors tors»
space over Z/2, the function f(a + c) is linear in ¢ on the vector space L' = {c¢ € L|Sq3a = 0}.

Then Pontrjagin duality of the torsion pairing T implies that there exists P € H'(X1%;Z)
with f(c) = T(c, P) for all c. Then we have f(a + ¢) = f(a) + T(c, S¢3a + P). Again, requiring

invariance of the phase imposes the condition Sg%a = P mod S¢*(H,,). Now, if we impose

the condition a = A on the class a, then we have W7(X19) = S¢3a. Therefore, again we have
the following proposition.

ProrosiTION 7.13. Consistency (in the above sense) of the M-theory partition function

requires orientation with respect to twisted Es-theory, with the twist again given by the class
of the Eg bundle.

Acknowledgements. It is apparent that we owe a great debt to Ravenel-Wilson’s remarkable
computations [41] of the Morava K-theories of Eilenberg-MacLane spaces. We would like
to thank Matthew Ando, Vigleik Angeltveit, Anssi Lahtinen, Haynes Miller, Eric Peterson,
Charles Rezk, and Steve Wilson for very helpful conversations on this material, and David
Baraglia, Tyler Lawson, and Bryan Wang for comments on an earlier version of this article.
We also thank the referee for encouraging us to extend our original results to odd primes via
2-periodic Morava K-theory. H. S. would like to thank the Department of Mathematics at the
University of Melbourne and IHES, Bures-sur-Yvette, for hospitality during the work on this
project.

References

A. ApEM and Y. RUAN, ‘Twisted orbifold K-theory’, Comm. Math. Phys. 237 (2003) 533-556.
2. M. Axpo, A. J. BLUMBERG and D. J. GEPNER ‘Twists of K-theory and TMF’, Superstrings, geometry,
topology, and C*-algebras, Proceedings of Symposia in Pure Mathematics 81 (American Mathematical
Society, Providence, RI, 2010) 27-63.
3. M. AxDoO, A. J. BLUMBERG, D. J. GEPNER, M. J. HOPKINS and C. REZK, ‘Units of ring spectra and Thom
spectra’, Preprint, 2008, arXiv:math.AT/0810.4535.
4. M. AnpO, M. J. HoPKINS and N. P. STRICKLAND, ‘Elliptic spectra, the Witten genus and the theorem of
the cube’, Invent. Math. 146 (2001) 595—687.
5. V. ANGELTVEIT, ‘Uniqueness of Morava K-theory’, Compos. Math. 147 (2011) 633-648.
6. B. ANTIEAU, D. GEPNER and J. M. GOMEZ, ‘On the uniqueness of twisted K-theory’, Preprint, 2011,
arXiv:math.KT/1106.5099.
7. M. ArrvaH and G. SEGAL, ‘Twisted K-theory’, Ukr. Mat. Visn. 1 (2004) 287-330.
8. M. ATivaH and G. SEGAL, ‘Twisted K-theory and cohomology’, Inspired by S. S. Chern, Nankai Tracts in
Mathematics 11 (World Scientific Publishing, Hackensack, NJ, 2006) 5-43.
9. A. BAKER and U. WURGLER, ‘Bockstein operations in Morava K-theories’, Forum Math. 3 (1991) 543-560.
10. A. K. BOUSFIELD, ‘The localization of spectra with respect to homology’, Topology 18 (1979) 257-281.
11. P. BOUWKNEGT, A. L. CAREY, V. MATHAI, M. K. MURRAY and D. STEVENSON, ‘Twisted K-theory and
K-theory of bundle gerbes’, Comm. Math. Phys. 228 (2002) 17-49.

12. P. BOUWKNEGT, J. EVSLIN and V. MATHAI ‘T-duality: topology change from H-flux’, Comm. Math. Phys.
249 (2004) 383-415.

13. V. M. BUCHSTABER and A. LAZAREV, ‘Dieudonné modules and p-divisible groups associated with Morava
K-theory of Eilenberg-Mac Lane spaces’, Algebr. Geom. Topol. 7 (2007) 529-564.

14. U. BuNkE, M. SPITZWECK and T. SCHICK, ‘Periodic twisted cohomology and T-duality’, Asterisque 337
(Société Mathématique de France, Paris, 2011).

15. D. D1acoNEscU, G. MOORE and E. WITTEN, ‘Eg gauge theory, and a derivation of K-theory from M-theory’,
Adv. Theor. Math. Phys. 6 (2002) 1031-1134.

16. P. DoNOVAN and M. KAROUBI, ‘Graded Brauer groups and K-theory with local coefficients.’, Publ. Math.
Inst. Hautes Etudes Sci. 38 (1970) 5-25.

17. D. S. FrReeD, M. J. HopPkINS and C. TELEMAN, ‘Twisted equivariant K-theory with complex coefficients’,

J. Topol. 1 (2008) 16-44.

=



18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

30.
31.

32.

33.

34.

35.

36.
37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

TWISTED MORAVA K-THEORY AND E-THEORY 915

P. G. Gogrss and M. J. HOPKINS, ‘Moduli spaces of commutative ring spectra’, Structured ring spectra,
London Mathematical Society Lecture Note Series 315 (Cambridge University Press, Cambridge, 2004)
151-200.

P. G. GoErss and M. J. HOPKINS, ‘Moduli problems for structured ring spectra’, Preprint, 2005, http://
www.math.northwestern.edu/~pgoerss/.

M. J. Hopkins and J. LURIE, ‘Ambidexterity in K (n)-local stable Homotopy theory’, Preprint, 2013,
http://www.math.harvard.edu/~lurie/.

M. J. Hopkins, D. C. RAVENEL and W. S. WILSON, ‘Morava Hopf algebras and spaces K (n)-equivalent
to finite Postnikov systems’, Stable and unstable homotopy (eds W. G. Dwyer et al.), The Fields Institute
for Research in Mathematical Sciences Communications Series 19 (American Mathematical Society,
Providence, RI, 1998) 137-163.

D. C. JounsoN and W. S. WILSON, ‘The Brown—Peterson homology of elementary p-groups’, Amer. J.
Math. 107 (1985) 427-453.

M. Karousl, ‘Twisted K-theory, old and new’, K-theory and noncommutative geometry (European
Mathematical Society, Ziirich, Switzerland, 2008) 117-150.

M. K#HORAMI, ‘A universal coefficient theorem for twisted K-theory’, Preprint, 2010,
arXiv:math.AT/1001.4790.

1. KRriz, ‘Morava K-theory of classifying spaces: some calculations’, Topology 36 (1997) 1247-1273.

1. Kriz and H. SATI, ‘M-theory, type IIA superstrings, and elliptic cohomology’, Adv. Theor. Math. Phys.
8 (2004) 345-394.

I. Kriz and H. SaTi, ‘Type 1IB string theory, S-duality, and generalized cohomology’, Nucl. Phys. B 715
(2005) 639-664.

A. P. M. KUPERS, ‘The construction of a fibered spectrum representing twisted K-theory’, BS Thesis,
Utrecht University, Utrecht, 2009.

T. LawsoN and N. NAUMANN, ‘Commutativity conditions for truncated Brown—Peterson spectra of height
2’, Preprint, 2011, arXiv:math.AT/1101.3897.

J. LUBIN and J. TATE, ‘Formal complex multiplication in local fields’, Ann. of Math. (2) 81 (1965) 380-387.
J. LURIE, ‘Course notes on “Chromatic Homotopy Theory”’, Lecture 25 (2010), http://www.math.
harvard.edu/~lurie/252x.html.

I. MADSEN, V. SNAITH and J. TORNEHAVE, ‘Infinite loop maps in geometric topology’, Math. Proc.
Cambridge Philos. Soc. 81 (1977) 399-430.

V. MATHAI and D. STEVENSON, ‘Chern character in twisted K-theory: equivariant and holomorphic cases’,
Comm. Math. Phys. 236 (2003) 161-186.

V. MatHAl and S. Wu, ‘Analytic torsion for twisted de Rham complexes’, Preprint, 2008,
arXiv:math.DG/0810.4204.

J. P. MAY and J. SIGURDSSON, Parametrized homotopy theory, Mathematical Surveys and Monographs
132 (American Mathematical Society, Providence, RI, 2006).

J. MILNOR, ‘The Steenrod algebra and its dual’, Ann. of Math. 67 (1958) 150-171.

J. MORAVA, ‘Noetherian localisations of categories of cobordism comodules’, Ann. of Math. (2) 121 (1985)
1-39.

E. PETERSON, ‘The Morava E-theory of FEilenberg-Mac lane space’, Preprint, 2011,
arXiv:math.AT/1109.5989.

D. C. RAVENEL, ‘Localization with respect to certain periodic homology theories’, Amer. J. Math. 106
(1984) 351-414.

D. C. RAVENEL, Complex cobordism and stable homotopy groups of spheres (Academic Press, New York,
1986).

D. C. RAVENEL and W. S. WILSON, ‘The Morava K-theories of Eilenberg—Mac Lane spaces and the Conner—
Floyd conjecture’, Amer. J. Math. 102 (1980) 691-748.

D. C. RAVENEL, W. S. WILSON and N. YAGITA, ‘Brown—Peterson cohomology from Morava K-theory’,
K-Theory 15 (1998) 147-199.

C. REZK, ‘Notes on the Hopkins—Miller theorem’, Homotopy theory via algebraic geometry and group
representations, Evanston, IL, 1997, Contemporary Mathematics 220 (American Mathematical Society,
Providence, RI, 1998) 313-366.

A. ROBINSON, ‘Obstruction theory and the strict associativity of Morava K-theory’, Advances in homotopy
theory, London Mathematical Society Lecture Note Series 139 (Cambridge University Press, Cambridge,
1989) 143-152.

J. ROSENBERG, ‘Continuous-trace algebras from the bundle theoretic point of view’, J. Aust. Math. Soc.
Ser A 47 (1989) 368-381.

H. SatI, ‘A higher twist in string theory’, J. Geom. Phys. 59 (2009) 369-373.

H. SaTI, ‘Geometric and topological structures related to M-branes’, Superstrings, geometry, topology,
and C*-algebras, Proceedings of Symposia in Pure Mathematics 81 (American Mathematical Society,
Providence, RI, 2010) 181-236.

H. SaTt1, ‘Twisted topological structures related to M-branes’, Int. J. Geom. Methods Mod. Phys. 8 (2011)
1097-1116.


http://www.math.northwestern.edu/~pgoerss/
http://www.math.northwestern.edu/~pgoerss/
http://www.math.harvard.edu/~lurie/
http://www.math.harvard.edu/~lurie/252x.html
http://www.math.harvard.edu/~lurie/252x.html

91

49.

50.

51.

52.

53.

54.

55.

56.
57.

6 TWISTED MORAVA K-THEORY AND E-THEORY

H. SaTI, U. SCHREIBER and J. STASHEFF, ‘Twisted differential String and Fivebrane structures’, Comm.
Math. Phys. 315 (2012) 169-213.

R. Stong, ‘Calculation of Qf{’m(K(Z,él))’, Unified string theories, 1985 Santa Barbara Proceedings (eds
M. Green and D. Gross; World Scientific, Singapore, 1986).

H. TaMANOI, ‘The image of the BP Thom map for Eilenberg—Mac Lane spaces’, Trans. Amer. Math. Soc.
349 (1997) 1209-1238.

C. TELEMAN, ‘K-theory of the moduli of bundles over a Riemann surface and deformations of the Verlinde
algebra’, Topology, geometry, and quantum field theory (eds G. Segal and U. Tillmann; Cambridge
University Press, Cambridge, 2004) 358-378.

J.-L. Tu, P. Xu and C. LAURENT-GENGOUX, ‘T'wisted K-theory of differentiable stacks’, Ann. Sci. Ecole
Norm. Supér. 37 (2004) 841-910.

R. WALDMUELLER, ‘Products and push-forwards in parametrised cohomology theories’, Preprint, 2006,
arXiv:math/0611225.

B.-L. WANG, ‘Geometric cycles, index theory and twisted K-homology’, J. Noncommut. Geom. 2 (2008)
497-552.

W. S. WILSON, ‘The Q-spectrum for Brown—Peterson cohomology, II’, Amer. J. Math. 97 (1975) 101-123.
N. YAGITA, ‘On the Steenrod algebra of Morava K-theory’, J. London Math. Soc. s2-22 (1980) 423-438.

Hisham Sati Craig Westerland

Department of Mathematics School of Mathematics

The Dietrich School of Arts and Sciences University of Minnesota

University of Pittsburgh 206 Church St. SE

301 Thackeray Hall Minneapolis, MN 55455

Pittsburgh, PA 15260 USA

USA

cwesterlQumn.edu
hsati@pitt.edu



	1. Introduction
	2. Twistings of cohomology theories
	3. Twistings of K(n)-local theories
	4. Properties of twisted Morava K-theory
	5. A twisted Atiyah-Hirzebruch spectral sequence
	6. Twisted Morava E-theory
	7. Twisted integral Morava K-theory
	References

