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Budyko’s Model

Budyko’s Equation

annual global mean

surface temperature / /

R = 05 A-aly) - (44 BT) + (=)

-

heat capacity insolation albedo OLR heat transport
o, y<im,
a(y,n) = { '
Ay, Y >1].
T=T(y.0), yelod, 7(.):[01->R,
T(ht)eX
What is X ?

-
sin(latitude) ice line T=[ Ty

Budyko’s Model

Budyko’s Equilibrium

1,0) =5 1=(0s() (- atym) - 4+ CT),

n

where fz%(Q(l—ti(n))—A),

a, y<mn

1
a(n = av.ms()dy =0, a(yn)= {a v 7
2 7 -

Note that, piecewise, the equilibrium is a linear function of s(y) .

_— ?1C(Q8(y)(l*a1)*4+cff)‘ <,
1 (00)(-a)-4+CT;), y>n

Only dependence on y .

Integrate

Budyko’s Model
Budyko’s Equation
REL = 0s() (- alym)) - (4+ BT) +C(T 1)
Fix 7 and look for an equilibrium solution 7,"(y) .
0s(y)(1-aly.m)-(4+ BT, () +C(T, -7, () =0
[ (05 (a-aty,m)~(4+BT; (7)) +C(T; ~1;(»))dy =0
0(1-a(n))-(4+BT;)=0
where @(1) = [ a(y,m)s(»)dv Salve for GIT

7 Q-aln)-4
! B

Plug GMT into equilibrium condition and solve for temperature profile.
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Budyko’s Model

Budyko’s Equilibrium
1
B+C

ﬁ(gs(y)(l—az)— A +C77)‘ y>n.

(Os((1-a)-4+CT)), y<n,
T, ()=

There is an equilibrium solution for every ice boundary.
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Budyko’s Model

Budyko’s Equilibrium
.
B+C

1
B+C

(Qs(y)(lf a)-A4 +Cf;), y<n
7,(»)=

(0s()(1-a)-4+CT;), y>n.

Which are the correct equilibria?
Additional condition:

1, - *
E(T'f (74)+T;(7-)) =T, =-10
looks okay not good looks okay
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Budyko’s Model

Budyko’s Equation

or =
R = Os(y)(1-a(y.n)-(4+BT)+C(T -T)
How do we dynamically determine the “correct” solution?

But first, back to the question:
What is X, the space of functions where T lives?

Goal:

X should be small, e.g., finite dimensional.

X should contain the equilibrium solutions.
Recall:

The equilibrium solutions are piecewise linear functions
of the insolation distribution function s(y).

What is s(y)?

Budyko’s Model

What is s(y)?

s(y) =%J2ﬂ\}l—(\/l—75in ,Bcosg—ycosﬂ)zda

where f = obliquity. (Current value is about 23.5°.)

Chylek and Coakley’s quadratic approximation:
s(y)~1-0.241(3y° -1) =1-0.482p, (»)
where

P.(»)=%(3v"-1)
(the quadratic Legendre polynomial)

Quadratic approximation for arbitrary f:

s() ~1+5,(B)pa(r), where s,(B) :%(—2+3sin2 5)

Budyko’s Model
What is s(y)?

green = quadratic 12
approximation (Chylek |
& Coakley) " T
§ 1 -+
z |
S
fuchsia = formula 2 09 -+ - -
®
using obliquity of 2 ! !
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Budyko’s Model
Budyko’s Equation

R% =050 (1-aly )~ (A+ BT)+ C(T -T)

Back to the question:
What is X, the space of functions where T lives?

Goal:
X should be small, e.g., finite dimensional.
X should contain the equilibrium solutions.

Recall:
The equilibrium solutions are piecewise linear functions
of the insolation distribution function s(y), which we
are approximating with an even quadratic polynomial.

Proposal:

Let X be the space of functions that, piecewise, are even quadratic polynomials.

Budyko’s Model

Budyko’s Equation

REE = 0s(3) (1)) ~(d+ BT) +C(T ~T)
A, y<in

and 7= T (v)dy
Ay Y >1], 0

where a(y,n) = {
Quadratic Assumptions
s()=1+s5,p,(v), where p,(y)=1(3)° -1

T is piecewise even and quadratic, i.e.,
X is the space of piecewise even quadratic polynomials, a
four dimensional function space.

More precisely,
X =2xP=R*xR?

where 2 is the space of even quadratic polynomials.




Budyko’s Model

Budyko’s Equation

R% = 0s()(1-aly, )~ (4+ BT) + C(T -T)
We parameterize X by introducing four new variables, wy, zy, w,, and z, by letting

wo+dz+ (W, +12,) p,(v), y<n,
T(y)={wo =32+ (W~ $2) p,(»), y>1,

Wo + W, (1), y=n
T Tt srm o)
) CALC IV
a=e ) P =207 —n)

0(1- )~ A~ By +C((7 -1z +2,B(1)
Ry =0(a, )~ (B+C)z,

Rit, = 05,(1- )~ (B+C)w,

Re,=05,(a,~ )~ (B+C)z,

Budyko’s Model
Quadratic Budyko System

Rivy = Q1= ap) — A= Bwy + C (1= 3)z0 + 2,5,(11))
Ry =Q(a, — ) = (B+C)z,

Rw, = 0s,(1-a,) - (B+C)w,

Rz, = 0, (e ) = (B+C)z,

Note that the last three equations are independent of the first equation and of
each other. Therefore, the variables z,, w,, and z, all exponentially approach
their equilibrium values,
c_Owm-a) - _O5(-a) - Os(a-a)

Zy= , oW, = , =
B+C B+C B+C

The system reduces to a single equation,

Ry = O(L-ap) = A= By + C (=37 + 7,8,(n))

w=w,

Rir=0(-a)-A-w+ LB By p s p )

Budyko’s Model
Quadratic Budyko Equation

Rw:Q(lfao)ﬂ#m%(wgﬂzg(q))
or Rw=—-B(w—F(n))

1-a,)-A C =
where F(p)= o] Zu) 4 g((gz+c‘7)‘1) (I 7%+52P2(l]))

As before, for each 7, we have an equilibrium solution,
w'=F(n)
The equilibrium temperature profile is
w iz +(wp+35) () v <,
I,(n) =W~z +(w,—32)p, (), y>m,
w Wy, (1), y=n

where . _ ey —a) - O5l-a) . _Os(a-a)

B+C : B+C ' 7 B+C

Riw=—-B(w—F(n))
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Budyko’s Model
Quadratic Budyko Equation
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Budyko’s Model
Quadratic Budyko Equation

Riv=—-B(w-F(n))
Equilibrium foreach n:  w' = F(n)
“Correct” equilibria: choose # so that

;) =3(7; (0-) + T, (90)) = w" +wyp, () = T,

s 77Q(17an)
w =—w,p,(N+T, = “BiC 5,p,(M)+T,
w =G(n)
where 0(1-ay)
—a,
G(v):fﬁwz(v)ﬂ

l.e., we choose # so that

F(in)=w" =G(n)

Budyko’s Model
Quadratic Budyko Equation

Riv=-B(w-F(n))

0 02 0.4 06 08 1




Budyko’s Model
Quadratic Budyko Equation

Riv=—-B(w—F(n))
If we don’t let 5 change, then w simply approaches F(1) asymptotically.
What about the dynamics of 5 ?
Assumption: # always changes so that
T(n)=w+wp, () =T.
(As before, we are assuming that w, has reached its equilibrium value.)
l.e., we constrain (77,w) to the curve

w=-w,p,(n)+T,=G(n)

Riv=RG'(n)iy
Rij= Riv _—B(w-F(y))
G'(m) G'(n)

g _ BUF0)=G)
d G'()

Budyko’s Model
Quadratic Budyko Equation

Riv=—-B(w-F(n))
w=G(n)

B(F(n)-G(n)

Ri=="Gw)

w -

Budyko’s Model
Quadratic Budyko Equation
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Budyko’s Model
Quadratic Budyko Equation

Riv=—-B(w-F(n)) 5
w=G(n) o

B(F()-Gm)

G o

Rip=

-15
w continues to adjust \10

Ryw=—-B(w—F(n)) s

Snowball /0

-3

Budyko’s Model
Quadratic Budyko Equation

10 Rapid Descent into Snowball
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Budyko’s Model
Quadratic Budyko Equation

R—=0s(y)(1-a(y.n))-(4+BT)+C(T-T)
e —

insolation albedo re-radiati transport

quadratic condition
+ invariant line Riw=—-B(w—F(n))

instantaneous ice
line adjustment Rp= w
(w=G(n)) am outgoing longwave

radiation
0(1-a)
B+C

G(m)=- 5,p,(M)+T,
parameter dependence
Py = Q020) =4 C0e, ~x)

2 BB O) (7-%+s,B,(m)

If we increase greenhouse gasses, we decrease 4, so F(n) increases.




Budyko’s Model
Quadratic Budyko Equation
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Budyko’s Model
Quadratic Budyko Equation
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Budyko’s Model
Quadratic Budyko Equation

CO, slowly absorbed by ocean: 4 increases
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slowly following the equilibrium as A increases
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Budyko’s Model
Quadratic Budyko Equation

rén _B(F()-G(n)
d G'(m)
1-ay)- 4, CO(a; - a)
B B(B+C)
0(1-a)
c

-2

(7-3+5,Bm)
Problem: Too rapid

G =- 5P )+ T, j

Rapid Descent into Snowball

) =3(37" -1) !
p(0)=0, G'(0)=0 2
ﬂ:oo, when n:o/ =
dt
= Slower
cooling
"

Budyko’s Model
Quadratic Budyko Equation

R%:Qs(y)(l—a(y,r]))—(AJrBT)JrC(f—T)

U O S S
insolation  albedo re-radiation transport
Missing: heat of fusion
(energy to melt ice) new term
or dn =
R +Ry = Os(y)(1-a(y.n))-(4+BT)+C(T-T)

Increasing n means that energy is absorbed.
Decreasing 7 means that energy is released.

 is the ratio of the energy needed to move the ice line to the
energy needed to heat the surface.

Budyko’s Model
Quadratic Budyko Equation

rdn _ B(F)-Gm)
di G'(n)

becomes
rdn _ B(F)-Gm)
@ G
heat of fusion term
00-a)- 4 COa, - a) -
F(p) =" —+—="2 _VY(p_1i5P(n) not as rapid
B B(B+C) (7=4+s:R20m) descent into snowball
0(1-q, 0
GO = *uwz(ﬂ)ﬂl

B+C

w2
—

ﬂzwm when 7=0 -

dt V4
e slow cooling




Budyko’s Model
Quadratic Budyko Equation

Budyko’s Model
Quadratic Budyko Equation

aw e
@ Pt 0

Let’s add Widiasih” tion: . 5
et'sa idiasih’s equation Rij=p(w—G(n))

REL— (1)~ T.) = p (w-Gl) Riv=~B(w=F (1)) 0

Now we don’t have a constraint. invariant curve

\
Instead we have a vector field in the plane w=d(1) w10 ;//4 N -

R%’Z:,;(W_G(,,)) Rij = p(®(n) - G(n)) =
) N N
R%V:_B(W_F(,,)) 77=2(®(7) - G(n)) 25 /
* 0 0.2 0.4 0.6 0.8 1

Budyko’s Model
Quadratic Budyko Equation

Budyko’s Model
Quadratic Budyko Equation

Rij=p(w-G()) N Rij=p(w-Gn))
Large Riv=-B(w-F(n)) Riw=-B(w—-F(1))
gG( f 10 Small p 10
w=G(n
Invariant curve i 7 A wxFG) ’ i l A
approaches the 7 isocline o - {_ Invariant curve o l %
Riv~=B(G() - F (1)) 5 —/ approaches the w isocline 5
10 / i dn B | / /"V
w=G(7) » £ — RO =P(F)=Gl) w0 ! / —
W G 5 Lt — ; idi A —

to Jiasih’s 15

<~ equation: —-I—// N

dn_BEO-F@) P ==

dt RG'(n) 25 2—:] =ch(n) 25 T

Instantaneous ice line 30 30
adjustment 0 02 04 06 08 1 0 02 04 06 08 1

Budyko’s Model Budyko’s Model

Summary
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N dt
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