
Math 5705 Undergraduate enumerative 
ombinatori
sFall 2002, Vi
 ReinerMidterm exam 1- Due Friday September 20, in 
lassInstru
tions: This is an open book, open library, open notes, take-home exam, but you are not allowed to 
ollaborate. The instru
tor isthe only human sour
e you are allowed to 
onsult.1. (20 points) Supplementary problem 9 for Chapter 1 on page 29.2. A 
omposition of a number n into k parts is an expressionn = n1 + n2 + � � �nkwhere the ni are positive integers, and in whi
h the order matters, i.e.(n1; : : : ; nk) is 
onsidered as an ordered sequen
e. For example, thereare 8 
ompositions of 4: 4 =4=3 + 1=1 + 3=2 + 2=2 + 1 + 1=1 + 2 + 1=1 + 1 + 2=1 + 1 + 1 + 1(a) (10 points) Supplementary problem 2 for Chapter 1 on page 28.(b) (10 points) Supplementary problem 1 for Chapter 1 on page 28.3. (a) (10 points) Supplementary problem 3 for Chapter 1 on page 28.(b) (10 points) Supplementary problem 4 for Chapter 1 on page 28.In your solution to part (b), feel free to assume that a Gray 
ode existsfor every n, even if you weren't able to prove it in part (a). Also feelfree to instead provide a bije
tion in part (b) that has nothing to dowith Gray 
odes. 1



24. Let n � m be positive integers. Suppose m+n people 
ast votes se-quentially in a two 
andidate ele
tion, where in the �nally tally, Candi-date 1 re
eived n votes, Candidate 2 re
eived m votes, and throughoutthe voting pro
ess, Candidate 2 was never ahead of Candidate 1. Wewish to 
ount the number of possible su
h voting sequen
es; 
all thisnumber Cn;m. For example, if n = 5; m = 4, then one su
h sequen
e is(1; 2; 1; 1; 2; 2; 1; 2; 1):(a) (5 points) Des
ribe expli
itly a bije
tion between su
h voting se-quen
es and the latti
e paths taking unit steps north or east from (0; 0)to (n;m) whi
h lie weakly below the line y = x.(b) (10 points) Using ideas from the solution of Problem 52 on page21, �nd a formula for Cn;m.(
) (5 points) Express your formula for Cm;n using no additions orsubtra
tions, i.e. only with multipli
ations and divisions (e.g. allowingfa
torials, binomial 
oeÆ
ients, et
.)5. Prove by any means:(a) (10 points) nXk=0 �nk�2 = �2nn �:(Hints: if you have no other ideas, here are some you might try. Ina latti
e path from (0; 0) to (n; n), where might you 
ross the liney = n�x? In 
hoosing a 
ommittee of n people from a pool of n womenand n men, how many women might end up on the 
ommittee?)(b) (10 points) nXm=0�mk� = �n+ 1k + 1�:


