
 

Tits's geometric representation
for a Coxeter system Humphreys Chap5,6

Rather than justprovingproperties of
real ref in groups using their

roots

let's show theyhold
for allCoxeter groups

which will also have some notion of roots

DEF N Call asymmetric nunmatrix Mii i pm n

with my e 12,3 3010 and Mi 2 K i

a Coxeter matrix with

W S SEA Csis mis

Sa Sa Sn

the associatedCoxetersystem W
S

and Coxetergroup W

so We F S
Free group on g

normal subgroup
gen'dby

si is g
mis

e g here s525 S S 5 s 53
5,5255S S 53



REMARK Sometimes its handy to use this

version ofthe Coxeter presentation

w SI sin
EEIE.iq id

called a

braidrelation

Why braid relation

Every such Coxetergroup
W has

an associated braidgroup

Bw La a 99

E

f f but oh
W Si

g at



EXAMPLE
g sa su El Sis Sisi Sisi Sisi Sisi

Ii5122

p
But braidgroup on

n strands

I 9 gone 99 99 9Gt Gfi Gti
Ii j 122Argresentation
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Recall grouppresentations
can betricky

EXAMPLE Check a b i at bl ab 1

FRISE

Q Do
the relations fisitij in W fore any

extra collapsing e.g does order
of Sisi

ever strictlydivide mij

Is W n No at least WI a

DÉÉop There's a signhomomorphism

W is In

definedby si to n fi

so y Is CDEes
Sisi sie

proof check the setmap SÉ
when extended to Ffs SID has

si and Csis This in its kernel Fa



This has consequenies for one of our

main tools for inductive proofs

DEF N Given W S define the lengthfunction

W Is 10 1,2
w to Kw min l W si si sie

lg w

PROP i Mw 11W

ii e f folk
liii lls late few
Civ luv s lutea

Illa ee

Prof i comes from wi siesie Sissi if
wesin sie

ii comes fromprevious prop

iii comes from llws Illa
1 so

11W llws s
sends

iv comes from iterating iii ta



TounderstandW S better needsomegeometry

DEF N Given a Coxetermatrix nij i j n introduce a

vectorspareV e IR with IR basis T1 as an as S
I isn

anddefine a symmetricIRbilinearform Bf
V x V Ets IR
x y to Blay

viaitsGrammatrix on T1
a Y

yaB ai a 7 if i j so Blai ait
cos I if ij

Then we attemptto define

DEF N Tits'sgeometric representationforMs
W GLU

sending Si g g

where a x x 2B lx ai ai
Isami asBETI



THEOREM This doesextend to a

Ii homomorphism W I GLCV
in with image in the isometrygroupON Bfi
iii andwhich is injective

This Tam takeswork
but let's at leastcheck

PROP 921 Hi and G is a B isometry

proof Coulddo it directly
butalso note

V Rai at where ait EV Benito

V Ra t ait as any XEV
sine

has BEEF k BI.IE
Rai n ait fo since Blai ai 140

Then check
yo
ki di 24 di so 9

pg lip
Flat lait

so f acts as an involution isometry on both

summands ofthe 1 direst sum decomp IfRai at



EXAMPLES
1 Assume westarted

with a real refngroup

W c GIV for V IR with inner produit

then produced
I To
F'sain an

assuming VEspan WOG

Then we couldcreate a Coxetermatrix

mii via my
orderofSaiSa

and Coxeter system W S with geom rep n

WE GL V and Bf on V

Wethen have
an isometry V s

V BCD
ai ai

inducing
an isomorphism W ow W

conclusion Anything weprove
about

TIM
Patti

general Coxetersystems
w s will apply to

real refin groups W



2 Inparticular when Mi a land re index is

Example a
above applies to VE span la g

where Bf restricts to a positivedefinite
inner product and

W so g acts as
a real refngroup

Ilm dihedralgroup
oforder 2mi
Xp 42

D Iris orammatix

v at of Bfi
on V

We also have V V C
t since

K V C't as one can pick a B orthonormal

basis en es for V andwriteany xeV
as

ftp.ededtx B.gg
ieted

y

Gg actswithorder mon V
astyp onX

9oz actswith order m on V



This alreadyproves i Iii here butnot inDyet

THEOREM Si I G doesextend to a

Ii homomorphism W I GLCV
in with image in the isometrygroupON Bfi
iii andwhich is injective

EXAMPLE
3 W onto i e Miz Maf O

S Sz X 92

so Bl hasGrammatrix i
or degenerate

on V IR i e singular

with A a da e Vt sin ie BA D 1 1 1 fi
Check q 2 22 21314,474 22 2 fila 22 22 7 4

02 ay Atx2 bysymmetry

9941 02 7 4 7 4 B 7 4,42 2
X 2 222 27 42

902147 27 4 by symmetry

G ar 2k7 4 102974427 267 42

is easy to checkby induction on k



PICTURE for W og
EGIL 2kA a

V Pt
x x x x

2

98 9 2 kata

VI IRT 7 4 22

Conclusion The Coxeterpresentation

W S s 1 Isis Mis

always leads
to order of sis being exactlyMij

with no further collapsing

But why does W ON Be
Si Gi

end up injective

Need not I



DEF N Starting withthe simple
roots Tt la an

used to define V R and BC

and define the
two'tsystem IO w ai weW

M
diet

reallymeans
Gw Ki

EV

Since sik ai e I one has wsilai 119
so I I

PEitze It ref theuniqueexpansion

a If
i ai has ciao

ti

I Io act a Eggs
with cio ti

Iot

I 2 It w I

I not clearyetthat
this

is an equality
but it is



THEOREM Io w ai Litt we W

It w
because ca Iasi la while It

b Ilwsi la while I

Iand hence bothofthese are E

This has many consequent
es including

COROLLARY The geometric rep
n

W 5 ON Bf is injective

proofofCoRfromTHM If we Ker lo and w 1

then pickany sits
with has all w

say si si
in a reducedexpression w si si sie

fellas i e Yerigmexpression

One has w ai E I

so wait a KID Bk



Let'sprove

THEOREM Io w ai Litt we W

It w
because ca Iasi la while It

b Ilwsi la while I

proof Note
b follows from la

f Alas la then 11 sits la llws

so a Its wsifai w f ai w ai

I a wail

To prove
a induct on la

with base case la
o having w 7

where l w si 1 0 la and w Kitai It

In the inductive step find some
s Gsi with

Ilws L w 1 i.e picking s to be rightmost
in

some reduted expression w SjSja Sju



Let's re index Sisi Es so fly If I
NEW IDEA parabolicfactorization

Factor w x u

Inignipwith Cal UE Wes
s s palled

a

b Mw la lesglu or lengthusing
onlySy52

is v shortest flu smallest withCal 5

Wehopetoapplyinduction on length to u

Note l r ell 1 since w wsa sa

is one suchfactorization as in Cal 5

We claim ecus llu else if l us alla then

ew lat ears s a

Ellis lls

lis em llus.lt less Is s

for xxWes.it E flu 1 t les a 1

flu less a llw

forcingequality throughout includinghere
so us beats r a contradiction



Sameargument shows lls all

Hence induction in TH M shows Va VK e IT
and henceany PE I n dit Bos
also has Up e It

Since we v u way r u ks

it remains toshow uld e Rohit Roda
whichwe'll argue with some dihedralgeometry

Note l fuss l a else
inside Rat Raz

s s Sys

llosa Urus el u tl us

Elf thisaus
Cllr this s a ell to

llws.HN
So a shortest 5,52 wordfor u ends in 52 and iseither
U 5,525,52 5,52 4,52

or 4 525,525,92 5,5 5215,527k for some k

with k f ifmemizan since

EEE



CASE1 Mom 2
0 Wealready computedthat

s 5
k a 4 267 where X ait da

so salsas a 9 267 2134 267,2 22

4 267 222 Lat 2kt1 A

both lying in Box Raya as desired

CASE2 M mad Letting Q Im
dihedralangleof
Heat Heat

then S S rotates It clockwisehere

1a II
please4a spI

I
g

B Gg a with Kat
I rotationof a through k It k e

22 Cancheckboth Pip lie in RattBo'sI
as desired B Y RohitRad

i s


