
 

Irreducibility nondegeneracy
chamber geometry and finiteness

Humphreys 6.1 6.3 5.13 62,6 4

To understand more about W S and

when W is finite let's understand some

apparent ways in which
the geom rep

n

W E GL V

would fail to be irreducible

ie F W stable subspaces 303 W EW

PROPOSITION If the Cox diagram

for W S is disconnected say

5 J w SH with my
2 F SjEJ

sit SIT

then WE Wsx Wsis and the

geom rep
n is a direct sum

w v
s

WJXWg Vy VSI



proof One has Wy and Ws centralizing

each other since theirgenerators commute sisj sj.si

Hence WJ WSH O W

and W W ws
since S Just

Need to check W nws 913

if weWynns and w 7

pick SjEJ with
llus alla so Sj fTfw

But picking a reducedword for w inWsp

shows Tala C WSI so Sj E J n Wsp

In the geom rep
in W GLO

one has V spanplay get pointwisefixedbyWsj

Vs spankfails est
byWg

since f a 2 2B ai it Mif 2

L

Hence F Vy Vs is the direct sum

of the geom repins W T GU
WSI T GLUsa DX



DEF N Call W S an irreducible Cox system

if the Cox diagram is
connected reducibleotherwise

EXAMPLE As an abstractgroup
W dihedralgroup of order 12Bjorner

Brent has both DEXERCISE 1
7 2

AW I IIE 7422
Isla

irreducible 11 reducible

WC WC

I spin try j
KEIR

KIR
sissiess



We'll often assume WS isirreducible but

there is still anotherobviouswayforthe

geom rep n W E GL v to have a

nontrivial W stable subspace

Whenever Bf onV isdegenerate

meaning 03E KerB Vt
xEV B x a o f atV

Ésfni xEV Bf ai o Fa et

I v
si

sinie VW xEV whtx twtw
W

Si iSn

PROPOSITION For WS irreducible

a EveryproperW
stablesubspaceV EV

actually lies
inside Vt i.e Vert

Inparticular

b when BC isdegenerate

W EGL V is notcompletelyreducible

because one cannothave a W
stable

complement U forVt i.e VI Vt U

17 andwhenBl is non degenerate

W I GLO is irreducible



proof When W S has
connectedCoxdiagram

we claim any proper W
stable subspace

V EV cannot contain any
ofthe

simple roots T
hi an

otherwise if V's ai itwillalsocontain

any dj forwhich Emig
withmy 2

via the calculation

a s ai ai 2111 to
Hence V di an so V V

But now we claimV'cVsiat foreach
is1,2 in and henceV's Vsi Vt
bythefollowingreasoning
When si actsonV it actssemisimply

itsminimalpolynomial onV
divides its

minpolyon V whichis x2 l X 1 Ati

so V at o Rai

U U U

V p gigenspaiefftigiggpa
Mai

mustbe o
since ai V

v
b a are

directfrom a Ba
a



COROLLARY When WS is irreducible

the only 6 e End V
that commute

with the action of WI
Glu

are the scalars Y
c Iv ce R

NB Wecan'tjustapplySchur's
lemma

Vmaynot be
aninedible W repin

and IR is not algebraically
closed

proof Given a
e End V commutingwithW

pickany sits and then 4
acts on the line Rai

since 4 ai lies in
the fi eigenspareforSi

S e la 4 si ai 41 ai eki

Then4 scales Rai bysome c e IR
andwe claim

4 c Iv since VEKer Y c l EV
is atestablesubspace but can

it lie

EXIGE
insideUt sine it containsRai

So V o byPROPLa above

meaning 4 c Iv BE

To understand more about when

W S has W finite weneed a

tinybitof pointset topology coming
from



The chambersandTitscone insideV4
Aspectsof thegeometryfor how W and

W act

are easier to follow in V than in V

Given WS we created VwithIR basis

T1 a's an and Bl

I makethegeomrepn W I GLU

Nowcreate VI R linearfunctionals f V R

with dualbasis If An
ie fila t ites tomakethe

contragredieng geomrepn W GLN
w ow f

fous

Inmatrixterms V IV f r
f fr

If out IS then Flatg avi

DEF N Theopen fundamentalchamberCoV
C Roof t Roof teut f ai o ka et Ift Ff o tpt
Itsclosure is

D E Raf t tRafn fer tf ai zo fdiet

TheTits cone U Eww D
a V



EXAMPLESH W 63 1213 W 8,392
V R withbasis 4,4 Bla a costs L
and o W GLU has

singing
a 4 21319,42 a24 21k1g

at 42

5 11,31791 417 1 1113 L
G Eat

tea.tl 9E1.3 1LIIj 1oE wt

Comparewithpicturesin VPicture inv
at a

cfiftieth c p 4th 9Gt

Gtc
Sf y

t Woc

wgc otc v Gac
fifa whichlooksprettysimilar if we identify

Ver via Bl th cA alloff



2 W IL WCF
KIR withbasis 14,22 Bla a ws t 1

and WE GLU has

a 1 I

f fa

54 11111 to I L LD
Eatat

tea L Its L
Eat a'at

at Picture in V
i

I ay x x x x x x

x X on x x x x Q x

x x x q x x x x x

x x x x p x x x x

x x x x 70 x x x

x Iso X GCM most an x x X T t

openhalfspare off x x x i
gonex x x x x



These chambers w C Flu c inside the

Tits cone in V let us reinterpret yet again

Tfw te T Iftu alla left associated

Itp Bf It and app e g g
reflectionsofw

Every Bf It disjointly decomposes
V into

ahyperplane Hop fer ftp70

and two

openhalfspares
Hpt Iff Ut ftp.l o JC Hpt

H ft V f p o

PROPOSITION For anyWEW andPEEHis thy
lap la E WIC c Hpt

i e Hopdoesnotseparate fromwa

Q
Iltpw la wk CHI

ie Hiseparates c fromwk His Hpt

a
proof Translate

litpwkelw aplet g
flat p so for fec

foot p Owl flip i.e w c siteto



This helps us disjointlydecomposetheTitone into
faces

and understandtheir stabilizers

First detintptle D E
YesCJ

f 7
Gsd
CC where Cy ftp.nfs di

Gao fi Ces
and then note this implies a lotnecessarilydisjoint

covering U Yen'D gwCJ

THEOREM It is disjoint

WC n wig I J J andWG wig
and WWJ W Ng

Furthermore D is a fundamental domainforthe

W action on U every fell has
a unique image

w f ED

sfss.fi
s

yes5sillsEXAMPLE si
c WE G

six
SasiWoCK 745,524

we
525CesarWo s

SIC N5245,325Cfs



proof When wG nwig to reducetothe casewhere

w i n bymultiplying on leftby a i.e needtoshow

wCy n Gi to a J J and weW fowG G G
Thebackwardimplication E iseasy andfor the

Award proceedbyinduction on la

Write w si siw for some si in S with l sin alla

BythepreviousPROP WCCHi

continuityof T WD c ygalosure
Aw P V

Since Dc HI one concludes

WD n D c III n III HI felt sff f

U
wCyng d

Pick some f f wG n G and since ff G andsiffff
one concludes si f J But alsoapplying Si one has

sing a sift to
sing a Gi soinductionappliestogive Ja

and SiWEWFWJ
Andthenalso weW



For the furthermore statement since U QwwD

every fell has some image w f FD If it had

twoof them say w f w f ED Jess
I some J J with WH f G i e feat ly

w f f Cy i e f e y't G

so J J and WWj TW and w f w f to

Thishas a nontrivialconsequence about
the induced

topology of W C GLN CRM
and Ofw C GL v can

COROLLARY Both 0MW ofw carry the

discretetopology as subsetsof IR even ifW isinfinite

If weW F an opensubsetOwean with Own aw on

proof Enoughtoshow it for Mw since Rn Rn
A AT

is a homeomorphism

Fix fo f C openfundamentalchamber in Y

ThenWC is an open neighborhoodofwtf in VF Rn



Considerthemap GLU I V
g ga

which is continuous since if g g andfo fan
theng fo Ign ai

g a

Henie Ow g wc is an opensubset
in Glu R

and one has 4 we naw on

sin ie veW has flu e Iac
4cal e we

Gulf

r

r w bypreviousTHEOREM By

This finally allows us to tie finitenessof
W

in W S with positive definiteness of BC

I and finitereal ref in groups



THEOREM For a Coxeter system W S T F A E

a Thebilinear form BC on V ispositivedefinite

b W is finite

I c W acts on V via thegeom rep in WI GLI

as a finite real refin group

proof It's enoughtoshow
a E b

sin ie c b and if we know a b

then we also know 1a
c

For a b note that since B is

positive definite on V one can find an

orthonormal basis en en for V

via Gram Schmidt
and so

W On R C GL V

orthogonalmatrices A in IR

i e ATA In



However On R C IR is compact because it is

closed defined bytheequationsATA In

bounded eachcolumnrectory has IV F vivid
so On IR lies insidesphereoftadins Fi

Recall thesubset dw On IR hasthe

discretetopology by a previous COROLLARY

We claim this forces ofw tobefinite by
the

followingreasoning using
the discretenesstwice

ow is closedinside Ou R by
a general

LEMMA Discretesubgroups
of Hausdorff

apologia groups are
closed Kitted

this
proof see MathstackExchange

29515
in

Why is every
discretesubgroupof a

Hausdorff
lecture

group closed 10212022

and the answer by user
TuoTuo

for a relativelyquickproof
Be



if aw were infinite it would have

an accumulationpointgo in the compact
setOn IR

and gowouldalso lie in
a w byits closure

whichwouldviolate aw s discrete topology

Thus ow is finite and hence W is finite

sin ie W GLU is faithful

For b a assume W is finite

WLOG we can assume N S is irreducible

sinceotherwise W W XWax xWm

V Y gV24__ m orthogonaldirect
sumforBt

ThenbyMarschke'sTheorem W GLAD is completely

reducible sinceW is finite and a prior result
tells us

that Bl is nondegenerate on V and

Theonly 4 V V commutingwithW
are scalars 4 sTv



WewanttocompareBf with a positivedefinite

W invariant form on V whichwe can createasfollows

Startwithanypositive
definiteformBC on V

e g B x y fixig if x Xiei y Eye
for somebasisen enofV

Averageit to get onethat isW invariant

Define B x y INEWB waxways
Feds B is IR bilinear symmetricbecauseB is

B is posdef because B is

B isW invariant i.e B tix u g7 B x y

Now weclaimthat F se R lo withBixg aBGy
because the compositeoftwo R linear isomorphisms

ve v V
X BG

B G ly

leads an R linear isomorphism K V that

commutes with W E GL v



if 96kg so that Bix B ly
meaning B lx Z B ly Z FZEV

thenforany weW one has 4 wa wly sine

B wM Z EBliwk.TK invariance

ofBti
Bix a iz

B y i Gi

B wly wa w invariante

ofB ti
B full Z

Once one knows Bay c B x y one knows c so

sine Bla a I

13Caa 0

Henie BE is alsopositivedefinite sin ie B fi is

Bs


