
 

Classifications

GOAL ClassifyCox systems W S withW finite

f finite realrefingroups
those w s with Bf positivedefinite

OBVIOUSREDUCTION

Assume W S irreducible i.e Coxdiagram
connected

LESS OBVIOUS
It helps to trackthe

ones withthis extraproperty

DET N W afiniterefngroupacting on K R
is called crystallographic or aWeylgroup if
it stabilizes some rank n lattice L c IR

I i e E Z asgroups

TheWeylgroupsWtum out be the ones that

have an associatedaffinerefin groupW
which turn out to be the fin 5 whereBf
is positive semidefinite but degenerate

I andWeyl groups come fromsemisimple liegroups
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Here's an easyfact that helpsspotWeylgroups

proposition If W S is a Weyl group
then all Mij E 92 3,4

6

proof In the geom rep
in W T GL V

we couldpick a 2 lattice basis un un fol

as our IRbasis for V to write matrices for the

action of w So trace ok EZ f weW

Apply this to Sisi which
acts on the

2 plane 4 span
ai aj as rotationthrough D 2g

a and pointwise
fixes y't one has ow

ar v acting as
a gift nj

w O
vet

with trace n 2 20s 0

2 cos O E Z
Cos O E IZ

Since O e O it this fores code 1,1 at
H

Mi E 2,34,63 MI



THE IRREDUCIBLE FIN ITES AFF INES

Since my
3 are so common amongfiniteaffine Wis

let's omitthose edgelabels oh m o o

We'lldothe infinite families first

We've met

TYPE A

Cartman EItheony

symmetricgroup

W G WanD WCTE 9
N 2

Ein Em

Eth Weylgroup of Liealgebrasln

symmetries ofregular
cat simplex

4 g
2

W E IG WED if no
affine

set symmetric
Bjorner

Brent
W of o

if n23 group8.3



TYPE B C
hyperoctahedral group

12W
o o

as

IIII

Wen wa

Weylgroupof Liealgebras Soane span

symmetries ofregular n cube or n cross polytope

signedpermutation

q o o

matrices
seeBjornerBrenti

8.1

ByCj W 0 40 40 if n 2

symmetries oftessellation
in

C W o40 0 0 040 c

n 3 simietnesotteÉÉÉÉEr7n cross polytopal

see

Bjomerg qq.gg gg Brenti

I seeBjorner Brenti 58.4
8.5



TYPE D

wow
we

seeBjornerBrenti
8.2

24 I
s

Em

Weylgroupof Liealgebra Soan

signedpermutationmatrices
with an

even number of minus signs e s

1
Ker W Bn

9 1113

with
signedpermutation

Prodatefnnonzefw

mathies

w w o

set
Bjomer Brenti 58.6



Type I
dihedral group o o mo

W W Eg
symmetries of
regular m gon o o

greduliblem 3

Not crystallographicWeyl groups unless
me 3.46

WeygroupW
affineWeylgroup W

m

3 TE As É

4 050 BIG 758

6 92 05508
symmetries of

tessellations

FEE
Hit



REMARK

All of the infinitefamilies Am BIG Dn Is

ofirreducible real refn groupsW
can be

subsumed in one infinitefamily of

complex refingroups

n
finitesubgroups G GL V Kd

gen'dby complex reflections

which are te Glo
withfxedspare

It it a hyperplane

but non 7 eigenvaluemay
be any

complex root
of unity notnecessarily

1

DEF N The Shephard Todd infinitefamily

of in primitive reflectiongroups Gfr p
n

mathieswithexactly
are defined by entry

Gfr n n n xn monomial
matrices II

with nonzero entries all Tsand

rth roots of unity



GG n n WCA n G permutation
e g matrices

Glan n W Bn
WCG signedpermutation

matrices

and forgeneral p dividing
r

Gfr p n
matrices in GG n n whose

productof nonzero
entries is

an Yp
th root of unity

pth
Ker Gfrn n footsofunity

t F

e g G 2,2 n W Dn
signedpermutation

matrices

withevenlymany h
s



e g Gfm n 2 Ijm
1 Ssn r siren ers

si
EXERCISE

JESSIf youdiagonalize
theaction

ofthe rotation regs
on

using V1 thetwo r eigenvectors 4,2

can bescaledso
thats swaps them un g v2

Thisgives an isomorphism

Ilm Glan 2

Y V2

I D
Y V2

a L



Continuing with the classification

EXCEPTIONAL IRREDUCIBLE
FINITE AFFINES

TYPE E all are Weylgroups and simply
laced

allm.ge2,33

W E WE

Wf 1 0

w o of o o

WEWEE
W o 0 8 0 o o W 00 0 0 10 o o

W Eg NCEg

W o 0 80 0 0 Wf 0 8 0 0 o o

Only 3 of them



TYPE F

WFy W o o o o symmetriesof
Schlaflies24 cell

a 4 dimensional selfdual
regular polytope

and also a Weylgroup with

W Fy W ooo ooo

TYPE H

WHz Wao o symmetries of
dodecahedron icosahedron

0

o o
o

g
o

WHy W odo o symmetriesof
Schlafli's 120 cell 600cell

two 4 dimensional
dual regularpolytopes

Neither one is aWeylgroup



Classificationideas

G It's not hard tocheck that all of the

irreduciblefur s on the finite lists above

have Bl positivedefinite

e.g time forinfinitefamilies
sincethey come

from real ref ingroups we've seen

and forexceptionals can do afinitecheck
of Gram math les havingpositiveeigenvalues
orpositivenorthwest minor determinants

2 It'salsonot hard to check all ofthose
on the affine lists above are positive

semidefinite

but degenerate
e g exhibitnullvectors or compute

determinants

3 Aftercheckingthese two are indefinite

W 0 050 0 Zy

W E o o o Z

with negative Gram matrixdeterminants

one is ready to use this lemma



SUBDIAGRAM
LEMMA If an

irreducible WS has

Bl pos semidefinite then its
Coxeterdiagramhas

everyproper
subdiagram Wis withBf pos

definit

Geitherdecrease
some labelsMijemij
or omit some sits or both

Strategy
Winnowdowntothese

because youcan't have any

FINITE

of the IÉ yydiagrams

I do o o ol

D Y o o

31CQQ o_0

a so 0

y yo of
5 Yo o of

FfOtoko o

E oooh o

Ey o o ooo

É o o fo o_0

Eg 60 1 0 o o o

Eg to do o o o o

Fy o to o

Fy 0 0 0 00
173005 0

Ez ok o
Hy 650 0 0

Zy 0 0 0
Is ok

25 É 0 0 0



tow toprove that
SUBDIAGRAM LEMMA

Firstprove a useful Perron Frobenius Lemma

LEMMA Let B Bt be a realsymmetric
n xn

positivedefinitematrix Then
a kerb x EIR xt Bx o

If we furthermore assume B has

Big to fit j
B is indecomposable i.e you

can t

decompose91,3
n I n J with bij o tiffI J 0

then

b every x
e KerB K hasall coordinatesof

same sign either Xi o ti
or Xiao ti

and dim KerB en and

i the smallesteigenvalue X of B hasmultiplicity1

and an allpositiveeigenvector x i e xp o ti



proof It Diagonalize B orthogonally
so B P'D P where D fi D Aizo

Pt DP
Then o XtBx Apt DPx

RID Px
ytDy X y Any
Tlety Px

Yi 0 for
all Ai so

Dy e

DPx e
PtDPx e since P isinvertible

Bx

If Bij so britj
then for any xekerB

we claim txt IIJekerB also
of IxFB Ix IEBijhillyI

Ii Bi xi FyiBig
ill s fiBij tix

Bx o



But then if B is indecomposable we further

claim txt has all positive nonzero coordinates

Otherwise write 11,3 n I W J

agitated
and B 1 1 2

But n
o tie I

Big to
tie I TEJ

This also shows any x EkerB
hasall xito
since Ail o

and hence dim kerb 1

if X X ekerB were tin indep
could create x i xtc x e ker Bwith fo

If Bhassmallesteigenvalue X

then B B A In satisfies same hypotheses

and so KerB A eigenspace for B

has dim 1 spannedby some x txtwith all xi o
Fa



This lets us deduce

SUBDIAGRAM
LEMMA If an

irreducible WS has

Bl pos semidefinite then its
Coxeterdiagramhas

everyproper
subdiagram Wis withBf pos

definite

Geitherdecrease
some labelsMijemij
or omit some sits or both

proof Let B B be their
Grammatricesofsizes man

and assume B is notposdefinite

So F some X EIRIK with xtB x so

and we can create y fixit tan l o o E IR with

of YtBy JIByEggs jÉBjlxillx
ext B 0

cos Im so cos
g
to

Lossine mi 2mi

Henceequality holds throughout and yekerb
This implies y ly has allpositivecoordinates by

PF lemma

So n'en and allWil 0 but this forces BigBigtip
contradicting W 5 a proper subgraph



REMARKS on the classification

a symmetrygroupsW
of regularconvex

agitegalrefngroupsWdiagram

polytopes is a path
or O

oh o

0 090 0

see EXERCISE
9 too o

inPortugal
Summer of o

school list q

2 Shephard Todd 1955 assembled the

classification of all finitecomplex refingroups G

first showing it comes down
to those acting

irreducibly on V Q and classifyingthose

as the infinite family G
r p n p tr

plus 34 1 exceptional cases

see Lehrer Taylor's Unitary
refn groups

for a modem treatment

There are several notable subfamilies



3 Call a complex ref ngroup G acting

irreducibly on V Q well generated if

it can be generatedby n complex refins

e g real ref us groups Wis
with w finite

GGn n g 41 t where

get

But some irreducible complex ref in groups Gc Glait

require ntl ref us togenerate

422 r 22 F22

4 Eventhoughconvexity ofpolytopes makes little
sense over Q Shepharddefined a good notionof

regular complexpolytopes whose symmetrygroupsG
are wellgenidirreduciblecomplex ref in groups
Isee EXERCISE 9 inPortugal SummerSchool list again



Yefingroups

Glr pin

well generated
complexrefingroups

Glynn

IE jxx
Whips

realigning



5 Thesimplylacedfiniterealrefngroups are the

A D E families and occur unreasonablyoften

in other classifications alongwith their affinesA D E

A oo o f of
7

p g o o o

I 1 81 8 of
P

E oof oo É 100205g
2

Ey o o o o o É 955 1529
Eg o o lo o o o

É 59 4 7559
e g in

singularity theory as Kleiniansingularities

thefinitesubgroupsof style up to conjugation
McKay's correspondente

graphswith IR valued vertex labeling f having
2 fu I flu If labeledon IBÉabove

neighbors v ofu

quivers withfinitelymany indecomposablerepinsGabriel'sTheorem



6 TheaffineCoxetersystems W S
all give rise to

affine refingroups in V IR
withpos def C

discretegroups
generatedbyaffine refins

asexplained É Iaffein Humphreys Chap
4 556.5

refin

Thebilinearform Bf on V ispositivesemidefinite

with 7 dimensional KerB VIR A
so B induces a positivedefiniteform on VIV

Picture in V

vid0 0 x x x

q
ftp.ofhl

Thedualspace ut is naturallythehyperplane

fat fix o c u passingthrough e

so it inherits a posdefinite inner product from Vt
Then one cantranslatethis i totheaffinehyperplane

felt fan whereW acts viaaffinereflections



a o o o flats

4 42

EXAMPLE 1,11 1,11 I
e

IRHad

InV

III
MEN
Liftdz

f

foggy yal
E
f

f X o

I
s 52

SasS I
s sin

flat



7 TheWeylgroups

typesAn Bu Cn Dn EaEaEsFaGa

not onlycorrespond to

simple Liealgebrasgroups

and

a affine Coxetersystems 5

butalsoto

clusteralgebrasof finitetype p

Fomin Zelevinsky 2002


