
 

Math 8680 Fall 2022

Solutions to selected exercises

Bjorner Brenti 1.3

9 12734 have a 92 1345 of order 3

92 12145 Araz 137124 of order 2

a 11471231 ga 15423 of order5

and af as95 1 soget a well defined homomorphism

W Hz W 00 0 I Can as as C G
S 5253

s as an

S s as
5 az

Since each of anana lies in the alternating group
9s

whichhas cardinality Cl 1 118 É 60

and Lanasas a as size 3

Caza
sites

Can as n an as a.az size 4

one concludes Kai az az 21cm 3,4 5 60

and hence I surjectsonto Us



On the otherhand recall Cl is generatedbyits
3 cycles fijk sighs

So if wepick

Wijk EWCHs having 4wijk ijk
then 4wijk ish ik alsogenerate Us
Thus 4 maps thesubgroup with 7 Cls
and this subgroupliesinside thealternating

subgroup A Hz becausesgnlwijkt.snwijk 1I1t tl

However A witty I was 111207 60 191

so 9 maps A WHz As isomorphically

Bjimer Brent 2.6

a T i j is ici en transpositions in G

Identifying A E T with
asubsetof edges in the

completegraph kn on vertex set 31,2 in one

can see that A Gn if and only if A

connects the vertex set 1,2 n

if the connectedcomponents
ofA are

I a n V X xVk for some k 72

then A E G x x G E G



while Gt G a n g
in for any Kien

shows that A Gn if A connects 1,2 in

But then the inclusion minimal subsets A of

edges of kn that connect 1,2 in are its

spanning trees

b If the tree A is linear then by
re indexing

it looks like 1 2 3 4 n

i e A 121 1237 Cut n

I I In
which weknow are Coxetersystem 1W s for Gn

If the free A is not linear it has avertex

ofdegree 23 and so by re indexing

it contains 1,2 1,37 4,4 If A gave a

Coxeter system w s then thesethree

generators
would give a parabolic

subsystem

Wy I
But since 11271137 11327

1127 14 142

112111311141 113 147 143

all have order 3 this W W Esp WAI
an infinite Coxetergroup This contradictsWJ EG



c Inside a dihedralgroup like I 3,0 Wops
2 3.5

we know one can generate it by 2 reflections in T

e g sa sa
whoseref n lineshave a dihedral angle ofJo

Now take 3 refins ta ta ta whose

dihedral angles are as shown here

t I 44 Ig His To Es

ta r tho

t
I 7

Dj
Then we find that pairwisetheyall generatedihedral

subgroups ftp.t I 1216 of size 12

Stats I 12110 of size 20

t tz I Iz 15 of size 30

and so Ktn ta t 21am 12,20 30 60 1213071

fritz t 12130

with A Itn fat CT an inclusion minimal

generating set of 3 reflections not 2



Bjoner Brent
1.10

Given t.IT ywsi
find a palindromicredued

expression fort asfollows Start with any reduced

expression to 8,52 Sea x

Sine l t t lls 021ft tefft and hence

F some Kel 2 dit with

sa xxt
snsigiii.is letterstotal

CASE 7 Ks 1 7 i.e 2k I Elk

Then one must have equality
26 1 14

and xx must bereduced so we'redone

CASE2 R It in 2k 1 Self

Then t E's self Spyfash Sy from x

and t 5,52 ShishSh gs from xx

Sis Sue Self Sky
t 5,52 Sk Susy Self
seit i.sk Shsy selt

ofletters 2114 E 1 21It Kk 1
Left ect let

siuie2k isl Contradition.Z



CRM LAHMSpringSchool

EXERCISE 2

Wanttoshow that a rationalfunction fat ftp tdn

withdied e edu hasthe multisetuniquely

determined i.e if t.dz IItdi
then men and if d e edu

d s edu
one hasdied Vi

Show this byinduction on max n m

Sin e x implies Iii tdi ED II i tdi in Zet

one can use uniquefactorization into irredulibles
in Kit

Recall the irreduciblefactorization
for a td is

1 th TI Ift where t ethcyclotomic
polynomial

diet d T t S
primitive
ethyog9of1

Hence xx implies

du du max e Itt divideseithersideof fix



Furthermore the multiplicitym of du du in either

list dis Idn or die edu must be

the same since they are both themultiplicity

of Id t Id t as a factor on either sideof a

Now can letthesefactors of Ltd i tan

from both sides of xx and proceed

by indention


