
 

Math 5707 Spring2023 Brooks'sTheorem

Bondy Marty 88.2

We saw howthegreedycoloringalgorithmshows

XG s it OG
11

chromatic mertexdegree
of G in G

THEOREM For a connected simplegraph G
Brooks1941 unless

Gf
n cyclewith n odd

kn completegraph

one has X G E NG

Poof Assuming Gt kn or Cnfor n odd

we'll show X G D G by
induction on me v1



The base case where n 1 is easy G KY

In the inductivestep
we can alsoquickly

deal with the cases where

UGK G KK
DCG 2

GypatyPn
toooo

yea Kiir
so without loss of generality

DCG 23 in the inductivestep

We'llconsider 3 cases

CASE7 G has a cut vertex x

CASE2 G has no ant vertex
but does

have a pair x yet with
no edge lay

such that G 1 3 3y is
disconnected

CASE3 G x y isconnected

for all x yetwith no edge x y

and dealwiththem in this order CASE3 ASE7 CASE2



CASE3 G x y is
connected

for all x yetwith no edge x y

Pick Zev achieving deg z A G

Then pick any a neighbors mg of
z in G

such that x y E G

else Z uliteneighbors gives

a Kocatn as a subgraph
ofG

but then it must be all
of G

i
i

since deg
z A G

order

E
E E t

verticesalwayshave

G Xin Xu i Xu
connected

Then fix n

tag



Wealsohave f x E 1,2 067

for5 3,4 yTn t
because x hasat least one neighbor

among Xin Tita th

since G x xin in is connected

hence theneighborsof x among Xn 751
use at most DCG l colors

Finally Z onlyneeds D G colors since

two of its neighbors x g use the same

color CASE 3
proved B



CASE7 G has a cut vertex x

014

I

46

Each of theblocks Gi has a
DCG coloring by

induction on vertices

check that theblocksGi
can't be odd

cycles and even if a block Gi happens

to be a completegraphKs one can check

that scold ti ie s sofa

so needs at most s colors
5 067



Given theproper DCG
vertexcolorings

fi for each block Gi

xi xi xi

one can always re name the colorswithin

a connected component Gi
to make

fi Ai p for i i 2 or

Then we can gluethecolorings to get
a OG coloring of G

FIDE

End of
case B



CASE2 G has no ant vertex
but does

have a pair x yet with
no edge lay

such that G 1 3 Sy isdisconnected
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GI GI have DCG colorings byinduction

and also fix fly
and fly fly

allowingthem to beglued

UNLESS one ofGf or Gf or both

is a completegraph Koegel

they canit beoddcycles else we were

in the Oca 2 case for G not016723

If that happens say Gt Kohl
then degglxakn degg.ly

In this case we form
q

GI Haya

Eff
d



Then

Gift
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