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Vertex coloring Bondy Marty Ch 8

DEEN Given G V E a simple

graph an assignment

f V 11,2 k

is called a proper
vertex coloring ofG

if f x fly t edges lay E E

G Edd both give
proper

colorings

3

G has no proper
2 colorings

DEF N X G chromatinnumber of G
min k F at least one

propervertex
coloringof

Gwith k colors



EXAMPLES

X G A E G has no

edges i.e G d dd d

X G 2 ES G X WY E is

bipartite
since can make

III I In
Y F 2

26
E

is
X G 3 is hard tocharacterize

there are no simple necessary

and sufficient
conditionsfor it

and decidingwhether X G 3

is an NP completedecisionproblem



X kn n

Implete
graphs

243 II IA
Ka Ku 3

XCK3 3

X a
2 if n even

3 if n odd

ntascle

E It

S

X G 3 XCu 2 X G 3 X G 2

o If we pickV'CV for GCU E

and form the vertex induced subgraph

Glu V EX.net xyev



then X GUI E X G

v WiVaV3in
III

as
G
M of M

V4 2

In particular

X G 2 max k F a vertex induced

subgraphof G isomorphic

27
to Kk

called
a Egle



One canget an easy upperbound for X G

in terms of vertex degrees from the greedy

coloringalgorithm

Order V34 Xs xs a

and then for each i 1,2
n

assign vertex Xi the color

f xi min 1,23 f x jell 3 i i

and IXixi tf

e g G a

73 2

COROLLARY

Let A G max vertexdegree
in G

max degga vet

Then X G no G

proof When k 1 0 G as you



do the greedy coloring there is always a

color avaible for fix since xi has

DCG previouslycolored neighbors My

REMARK
We reallyshowed

X G E It max deg fans
i i i on

It DCG
1

EXAMPLES

GalesCnwith n odd have 1 1 Ej
X HEE 3

G

I

3

3
ykn has Xk H0I n



THEOREM For a connected simplegraph G

Brgy unless G Cn or kn
f odd complete

one has X G E NG
max degree in G

NOTE Brooks doesnotsay that

G an odd
Ku

then X G OG

e 5 Km m for m large has

X Knin D Kan

I m

É 0 5


