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Some looseends regarding
fans
systemsofparameters
Cohen Macaulay ness

Gorenstein ness

Fang wherehave our secretchoicesof l s o p s comefrom

DEEN Given a simplicialfare I C IRDhaving rays

fr P2 Pn
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whenever pilief span a cone G IRzopinta
tRzoPin

F I 4 in

EXAMPLE
g I a subfan of I

I a completefan in IR

NP2G O a

HE i
I

T.si

Ps D E OsG L E
L L V E

Py Q PS hy Iz t.q.az
3 t.DE asubwmpkx

z O 01 30
Fsf Ff
y Fy 5 4 0 05



REMER It'snothard toshowthat

HAz.tl n
dt

geometric IEphic VIN IItsphere
realization moiffnes inRd
of Az ME about E

insideRd

In partinlar I Elf
E is a completefan inRd

Supposethe rays Pr spin
n I

havenatural spanning vectors vi sun
inRd

with pi Rzo
ri

e g FCP for P simplicial
polytope

with vi in as vertices

Then for any functional f e CR
d

get an elementOf E K DE
defined via Of jf Xj

EIR

in KCOzf kfx.rs YI



PREPIDEIN In the above settingof EcRd

define Qz CQ Od EKfoEh

Of fdwHhK

by picking any R basis f for for Rd

Then kfo.ES CQz isfn.dimloverK

orequivalently K Oz is afingen'd KCQ god
module
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so KCOz.it CQOz isfmite dimilorerK
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pwofofP DETN Recall Oi Od cKloth

have kCOME fm dime over K

foreveryfaceF
of A CQle Odle

have k span of rank F

forevery cone foE I wehave fits i d
j I s

IRzov t t 209 is amatrixofrank
i.emaximalrank

REMI Thechoiceof f fd as abasis ofCR
d

makes no difference in the K spanof Q OdCKkk
or the ideal Oz Q Od withinKCD

or subalgebra
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Systemsofparameteridinension

DEFIN Given Ra fu gonad
commutative K algebra

theKrulldimension

din R max d I 0,02 ODER algeibnmdep.ly

i e Iffy yd e k ly ya with f Q sod
o inR

i.e Klyn yd
R is injective

Yi 1
Oi

E8 If in addition R oRu is
an IN graded

KaGebra

homogeneousand
then dimCR

max d I 0,02 ODER algeibnhd
a
ep.ly

orderofthe pole att in Hills Rst

smallestd suchthat
C ICHI

d
Lim Li t HilbCBt

exists
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EMILE If I is a dD dial simplicialcomplex

then din to D din D 1

Since Hills KH t hothit c that
d

d

withfig a
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0



Also F Ona Od homogeneous linearandalgiindefcoy
11

Xi Xid
where F in id is anyCdD

dim'dfaceFed

Dead if D dinCR
thencall

elementsOn 0 ahomogeneoussystemothomogd parameters

h so p
if R E RICO god is of

Krulldimension 0 i e is fn dimil
over K

Eg R is afingenid KEIKO Qdmodule

REMAIN Onecanshowthat
this forces O Od

bealgebraicallyindep
inside R

but this isnot
sufficienttogive an h s o p
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O Oz Cay are a d so p forR
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l Q Oz xnym are an b so p

since RA xnym has K basis
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but O Oz e x xy are algindep

andnot an hSop
since RICO Oz kcx.gl Cxxy

KlxryJ cx
k ly

notsohard
THEOREM Noether's

normalizationlemma

a Everyfindgen'd
comm KalgabraRhas an

h so p

r O Od
graded

If R is genid over
k byRai sometimes

called

b a standardgraded

Kalgebra

then one can pick an f s o p Q OdCRt

linear

assuming K is sufficientlylarge leg
K D

isbigenough

EXAMPLE when 12 1403 we we seen that

E On Od c R are an l sop

D dinDtl
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as F
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Someh s o p s andrings are better than others

DEt N For an R module M say

E Q Oh ER is an M
regnlarsequenceifOyisanonzerodcvisor_onM

ZDJi.eAnnm Q O

me M Q m o inM

degL and
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0m02

f n M Mit Q M
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PREP When Mto is an IN graded R
module

for R an INgraded
homogeneous

Comm K algebra

then E E On is an M regularsequence
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k
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Hitblm.tk tegiyHilblMKQMatonMht
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order f
d Ok are dg indeep in R

and M is a free KCQ Ok module
OnOh

In particular when IE CQ Oh are an R reggekf.me

din RHQ dinR k
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Recall for Ra www.gmdedkelgebra

dinR max d F O Od homog.in
R

Kinlldin algebindep

pTe It n in Hills Rt
e s R K 8 8 E klaib.cl acbc

0

has dim12 2 e g CQ Cab
f f fi arealgrindep

E h3,1 doinKfo dind11 inside R

rt Hilbert hothiIIYI.tt pt
I 3 f

G i 17 1 O Od for d dimR

h h h2 homog are called an

h.s.o.p.FRCQ R COy Od isfm.dimllK
orequivalently
Kmlldim O

and Q you are a regularsegerence on an R
moduleM

if 0 is an NZD on M
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PREP ForM 0 Q CO Obe is an M regular
sequence

a
HillsMt IT tdOi HilbCMAQMttOaM t

In
Hills Kla Outt

M is a free Kfa Q module

and Q you are alg indep
insideR

1hparticular if 0 is a NZD on R
then
dimfRKODd.inR 1

if Q On is on R regularsequencethen
dini RICO QD dimR k

pwo The first comes from iteratingthis

LEMMA O homog in R has

HilbCMt f go
HilblM AM t

coefficient
fittdesffdesf in ICED

wise in ZIAD withequality O is a NZD
on M

pref Let's prove
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y
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since o Vo V Uh o exactas
vector

CDid.in o
spaces

This gives

tltilbttnnmcoD thilbcmttltilb.CM Hilblaxony

Hilblar ft HilbaxonttailbAmmco

equivalent to Ct

Lets leave theproof of the
2nd for

office hour

DEF Say the graded comme K algebra R

is Cohen Maeanlay if F D O Od

m R om h S o p which is alsoare

R regularsegerence

In fact one can define

depth R max k F an R regularsequence
of length k



and then Ris Cohen Macaulay depthCR dizR
qµ

CeannB

Nontrivial surprising

THI when
Lis Cohen Macaulay

Eary h.s.o.p.is
an R regular

Tf

sequence

Partof themagic of C
M ness

EXAMPLESI

kfioEEEEJ kla.b.cl
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is Cohen Macaulay
since A is shellable
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has 1407 a free KCQ.gl module
with basis a a

fromtheshelling

ltilblkcol.tl ftp.HilbCKQQDCHt

But this means any hsop Q Q should
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e.g O at be deg

Geabtbc deg
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R graded comm k algebra

Noether's
Normalization lemma

any parental
h s o p O On in R

i.e din RICO Oe dimR l

extends to a full h so p i e

din RHO Od 0

and dimR D

TO On is an R regular seq if

and depthR length of longestR regular
Sequence



R is C M if T an hsop which is

also an R regularsequence

i.e depthCR dimCR

E always

1h fact every R regularsequence can
be

extended to one of length depthCR

more general magicof dCepµM
ness

EXAMPLES

K IEEE is C M and

ma E I
as c I

is an hsop regularseq

but also 0 at Dtc is an op

Oz abt be
and

therefore
a regular

D sequence

Kfaoob E is not C M sinceforany

1,3 n
Q Oz an l sap

k G i 1 one will not have



Ht t2

e s O at btc

E b f Ig
is an l so.p forked
butyet a regular seq

Itv2 asks you
to check

II Xi is always a NZD
on KLD
if 103

but if A is disconnected

their depth1401 1



ReisneristheorcingWhatmakes Klo C M

It relates to reduced
simplicialhomology

with coefficients in K

for linksof faces Find
HTC K

Kfi
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of i dimil

DEEN For f a
face of holesinspace
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TAM Reisner K o is C M
1976

TIKI K o for isd.mil

II linkdodiF
and Vfaces FED

II fidge K o for

is dim linked

E Es

A pure
shellable HTCA K 0 Visdind

Via an easy Mayer
Vietoris

argument

Infact one can showshellabilityimplies

4011 dv dv
d if

homotopy d dmI
equiv a wedgeofspheres
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ANI CAN 3
I shellable

start F i

link CF
shellable

f faces F

a dime I have K c M

A shellable

I connected

regardless of K

When din I 22 it candependupon k

e.g if 11011 lRP2 realprojectiveplane
homeomorphic
to

i i
but IIda k O f i thefekH2

and cancheck itis
C M if charlkH
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If 4011Ene
Sid shellableornot

worphic
to

then KCo is C M into K

because IICa k
0 if i d l

K if i d 1

and one can show

II linkof k II drinking

CTthigges Usingsimilarideas

KEI is C M

O

f
II you k

o for i
dimCA

i E Idina
called the and V X EKDX
localhomola ThepointX

depends onlyon.no triangulation



Gorenstein ness Poincareduality

DEIN Recallthe Credenced Entercharacteristic

ICI cDif f fo f 1 fast tildfd

a
age initiate

drink IICA K

e.g X 5
d end

since Hui
d K if i D

o if i d

Call A an Entercompter if A is pure

nkoa X
d D
fDd'm

GinkalFI

e g Kok
d is an Euler

f faces FEI

complex
compact

also 11011any
odddimmsional

manifold

is anEulercomplex

call 1 a Gormstein axle eek
if KCo is C M

or a K h ysphere and isomanGpffer

e.g KolkSdasphere Tfi linkIF K

is Gorenstein over K yn din link DK
for allfieldsK Y faces FED



Entercomplexes have a reciprocity
relationfor KW's

finelygraded Hilbert series

PREP 1a Forany
I
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tidnn
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It c if
IClinkaco

b A is an Euler complex Apure and
reciprocity
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4
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are fin indep in
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PREP If is an fuler complex then

o hd h o whereD d inCd I

V k
Dehn Sommervilleequis
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Ytj1tj tV

jHilbCKCoTt LDdHilbcklott
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