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Abstract

We study grain boundaries in the Swift-Hohenberg equation. Grain boundaries arise as stationary
interfaces between roll solutions of different orientations. Our analysis shows that such stationary
interfaces exist near onset of instability for arbitrary angles between the roll solutions. This extends
prior work in [6] where the analysis was restricted to large angles, that is, weak bending near the
grain boundary. The main new difficulty stems from possible interactions of the primary modes
with other resonant modes. We generalize the normal form analysis in [6] and develop a singular
perturbation approach to treat resonances.
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1 Introduction

Rayleigh-Bénard convection has been one of the prime motivating examples of research in pattern
formation. Much insight into the dynamics has been gained by formal or rigorous approximation of
the dynamics near onset of instability: convection rolls form when the temperature difference between
two plates overcomes the viscosity of the fluid in between. Basic patterns are typically periodic in,
say, =, with a characteristic wavelength L = 27/k. While such patterns can be readily analyzed
mathematically using bifurcation theory, much less is known about imperfections in these perfect
periodic patterns that arise in experiments and numerical simulations. Formally such imperfections or
defects can be classified phenomenologically, leading to lists including defects such as grain boundaries,
dislocations, and disclinations. Very little, however, is known about these defects beyond far-field
approximations. Mere existence, for instance, is not known even for simple model approximations.
Our goal here is to extend the methods used in [6] and show existence of grain boundaries near onset of
instability. We remove a crucial restriction from [6] which forced the angle between grain boundaries to
be larger than /3, effectively preventing interaction of the primary modes with other possible resonant
modes. Our results confirm earlier findings in [8], where an approximation by amplitude equations was
analyzed. We show that the approximation there, neglecting higher-order terms and non-adiabatic
effects, as well as possible coupling to other, rotated modes, is justified. On the other hand, our results
exclude to some extent, at small amplitude, bifurcations such as the ones observed in [2, 3].

Swift-Hohenberg equation We focus our attention on the arguably simplest pattern forming sys-
tem, the Swift-Hohenberg equation

Oru = —(1+ A)%u + pu — u?. (1.1)

Here, u(t, z,y) depends on (z,y) € R? and time t € R, and p is a real parameter. Simple bifurcation
analysis shows the existence of solutions u,(kz;k, ) which are spatially periodic u,(&;k, p) = u(§ +
27, k, ), and even in £ for p > 0, small. We refer to these stationary periodic patterns as roll solutions
and denote rotated roll patterns as

uf (x,y; k) := up(k(zcosp — ysinp); k, 1), (1.2)

with ¢ € [0, 2n).

Grain boundaries solutions Grain boundaries are solutions to (1.1) with u; = 0, that are asymp-
totic to roll solutions of different orientation as x — £oo. In the simplest case that we shall be interested
in, here, they possess an additional reflection symmetry x — —x and periodic in y. This can be seen as
a maximal symmetry assumption for a grain boundary, since the pattern imposed by asymptotic roll
solutions with different angles accomodates such a reflection symmetry and periodicity.

We construct the grain boundaries as solutions to the equation (1.1) which are steady and periodic in
y with wavenumber k = k, for sufficiently small u. Rescaling y, we need to solve

0= —(1+8§+k285)2u+uu—u3, (1.3)

on z,y € R? with 27-periodicity in y.



Following [6], we also impose boundary conditions at infinity in the form
[ugh( — 2+, y) — uf* (x,y; k+)| = 0 for x — Fo0. (1.4)

Here, the constants are suitable asymptotic phases x4, asymptotic angles ¢4, and asymptotic wavenum-
bers k4 for the roll solutions in the far field. Our symmetry assumption implies that ug,(x,y) =
ugh(—2,Y), p— = —¢p4+, kt = k_ and x4 = —x_. Possibly translating in y, we may assume that
x4 = 0.

Main result Our main result states existence of such grain boundaries for small values of p and
arbitrary ¢1.

Theorem 1 For every e, > 0 there exists p1. > 0 so that for every ¢_ — ¢ = a € (€, ™ — €,), and
any 0 < p < ps(ep), there exists a symmetric grain boundary between rolls of orientations o+, for a
selected wavenumber k(a, ().

We emphasize that the main difference from the results in [6] is that our theorem here covers arbitrary
angles, removing the restriction to o« > 7/3. We also show existence for small p, uniformly in the
angle a. The limiting cases @ = 0 and o = 7 are also interesting. Weak bending, @ = 7, was studied
in [7], basically showing existence in this regime as well. The limit « — 0 appears to be much more
challenging. The remainder of this paper is occupied with the proof of Theorem 1. Our proof is based
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Figure 1.1: The pictures show compatible roll solutions and the grain boundary in the case k. = 1/4. The
first five pictures show roll solutions with orientations comptible with the induced vertical y-period 87. The red
dashes show identical periodic cells in each case.

on spatial dynamics, rewriting (1.3) as an ill-posed dynamical system in the x-variable. We then follow



the general strategy of bifurcation theory, using center-manifold reduction and normal form theory to
identify a simple reduced differential equation. Within the leading-order terms of this equation, we
find heteroclinic orbits that correspond to grain boundaries. We then proceed and show that these
heteroclinic orbits persist under higher-order perturbations. We refer to [6] for more background on
these methods and references to the literature.

While our methods build on the general strategy introduced in [6], there are several key differences.
First, the dimension of the reduced ODE can be arbitrarily large, so that normal form theory is
essential to reduce to a tractable system. The increase in dimension stems from the fact that for small
k., that is, large y-period in the original scale, many orientations of roll solutions are compatible with
periodicity in y. The analysis therefore needs to incorporate possible resonant interactions between
the primary rolls and rotated linear and nonlinear modes. Major technical difficulties are introduced
when rolls perpendicular to the grain boundary interface are compatible with y-periodicity. We refer
to this case, 1/k, € Z, as the resonant case. In fact, varying k, across such a resonance, the dimension
of the center-manifold changes. The linearization exhibits a Jordan block of length 4, introducing a
new scale into the system. As a consequence, we need a refined normal form theory. More crucially,
the standard scaling & ~ p~1/2 for the grain boundary introduces singularities in the perpendicular

mode, where length scales vary with p—1/4

1/4

. Moreover, as we vary k, near such a resonance, we find a
subtle crossover between the p~/4- and p~1/2-scalings. When studying persistence, we then encounter
a singularly perturbed differential operator in the linearization. We develop semi-explicit estimates on

the Green’s function for that operator and employ a frozen Newton method to show persistence.

Figure 1.1 illustrates some of these difficulties. The figure shows that, given k,, there are possibly
many different orientations of roll patterns that are compatible with the imposed y-periodicity. In
the case shown there, k, = 1/4, there are 5 possible orientations. Note that the horizontal pattern is
compatible only for integer choices of 1/k.. As k. decreases past such resonances, more orientations
become compatible with the periodicity in y. Note also that the figure shows how the grain boundaries
we are finding possess maximal symmetry with respect to y-translations. In fact, we could have also
tried to find grain boundaries between other orientations of rolls from Figure 1.1, which would possibly
give non-symmetric grain boundaries, or grain boundaries with a y-period less than the imposed period.
We will comment on these issues briefly, throughout the proofs.

Outline Our paper is organized as follows. Section 2 is concerned with the non-resonant case,
1/k. & Z. Section 3 treats resonance and near-resonance 1/k, € Z.

2 Grain boundaries for non-resonant angles 1/k, ¢ Z

We prove Theorem 1 in the non-resonant case. We first set up the spatial dynamics formulation, Section
2.1, then carry out the center-manifold reduction after identifying linearly neutral modes in Section
2.2. Normal form transformations put the system in a simple standard form, Section 2.3. We finally
prove existence and persistence of heteroclinic orbits in Section 2.4.



2.1 Spatial dynamics

Our basic approach follows [6]. We write the stationary Swift-Hohenberg equation (1.3) formally as a
first-order differential equation in space x,

dU
— = A, k)U + F(U), (2.1)
dx
setting
u 0 1 0 0 0
uy —(1+k%202) 0 1 0 0
U= k)= Y FU) =
e A, k) 0 0 0 e () 0
vy L 0 —(1+4%3) 0 —u?

While ill-posed as an initial-value problem, the operator A(u, k) is bi-sectorial on the function space

X =H3,.(0,2m) x H2,.(0,2m) x H}..(0,2m) x L*(0,27),

where
H?,.(0,27) = {u € H. (R); u(z +27m) =u(z), Yz €R}, j>1.

per

with domain

DA) =Y =H!

ner(0,2m) x H3, (0,27) x H2,(0,2m) x H} (0, 2m).

per per per
It is not difficult to verify that the nonlinear map F : )Y — ) is in fact smooth.

We are interested in solutions close to onset, that is, u ~ 0, u > 0. We also allow for changes in the
wavenumber, setting k = k. + § with k. € (0,1) fixed and 6 ~ 0 small.

The choice of k£ implicitly restricts angles and wavenumbers of bifurcating roll solutions. Since bifur-
cating rolls have wavenumber (k;,ky) = (kocosg, —kgsing) with kg ~ 1, the restriction to 27 /k,-
periodicity implies that kg sin ¢ € k.Z. Equivalently, only angles

1
¢ = 0, arcsin(k,), £ arcsin(2ky), ..., = arcsin([k—}k*),

where [z] = max{m € Z, m < z}, are compatible with the periodic boundary conditions in y. Clearly,
the number of compatible rolls increases when k, decreases and crosses through a resonance, that is,
when 1/k, crosses an integer. We will see later that this fact is mirrored in a change in dimension of
the center manifold. We will treat this resonant case later, in Section 3, and focus on the nonresonant
case from now on. We point out that non-resonance precisely excludes rolls that are horizontal, that
is, rolls perpendicular to the grain boundary interface, ¢ = 7/2.

2.2 Center manifold reduction

Central space. We view the system (2.1) as an infinite-dimensional dynamical system in the form

‘% = AU + B(u, §)U + F(U), (2.2)

with
A, = A0, k), B(p,0) = A(u, ke +0) — A0, k).



Noting that A, : Y — X is a continuous linear operator and ) is dense in and compactly embedded
into X', we conclude that the resolvent of A, is compact and thus its spectrum o(.A,) only consists of
eigenvalues v. According to the dispersion relation,

=k —-1, (ez,

we have
o(A)={veC; *=k4*-1,1c7)}). (2.3)
Moreover,
o(As) NiR = {+ike |l € L.}, (2.4)
where 1

boe = V1= (k02 kg =kop, L={0%1.. 50}, =[],

The non-resonance condition 1/k, ¢ 7Z implies that k,, # 0 for all £. Then it is not hard to see
that the central space X, of the operator A, i.e., the spectral subspace associated with o(A,) NiR, is
4(20, + 1)-dimensional and spanned by the vectors {Ey, Fy, Ey, Fy|¢ € L.}, where, for every £ € I,

1 0
kg | e 1 it
Ey)=| 2|, Fy) = ity
0 —2]{:926’5

More specifically, the generalized eigenspace associated with the eigenvalue ik, ¢ (or —iky ¢, respectively)
is spanned by E1y and Fy, (or E1y and F.y, respectively), which satisfy

.A*Eig = ik‘x’gE:tg, A*F:tg = i]{:$7gF:|:g + E4y, for all £ € I,, and
AE 1y = —ik’z’gEiz, A*E = —ikm,gFiﬂ—i- Eip, forallfel,.
We point out here that while the eigenvalues +i are geometrically simple and algebraically double, the
eigenvalues +ik, ¢ are geometrically double and algebraically quadruple for ¢ € I, \ {0}.

The next step is to calculate the spectral projection P, : X — X,. We first denote 424 as the adjoint
of A, with respect to the scalar product (-,-) in (L?(0,27))* and

292
0 —(1+k207) © 0
qed - |1 0 0 0
* 10 1 0 —(1+k207)
0 0 1 0

Similar to the A, case, we have

ALY = ik, o FPY,  AVEN = ik B} + FPY, (e,

in which ;
21%76 0
1 2ik? . 1 0 :
Ead — .0 ily Fad — ity = I*
7 D R == ol N

i —kye



Secondly, by definition, the spectral projection is given by

PU =3 (U, B2 Ee + (U, Ff)Fe 4+ (U, BR) By + (U FRO T
el

where
(By, B2 = (F, F}YY = 640,  (Fy, B} = (B, F}) =0, w,l€ .

Reduction to a center manifold. Through a center manifold reduction, we can reduce the PDE
system to an ODE system while still keeping all small bounded solutions.

From (2.3)(2.4), we note that the spectrum of A.|(iq —p,)x is off the imaginary axis. More precisely,
we have, for some ¢ > 0,

7 (A*’(idfpc)x) C{AeC; [Re)| > ¢},
upon which, it is not hard to see that

. _ C
[|(w — A) 1H£((id_mx) < Tl VweR,

with some positive constant C' > 0. Therefore, by applying the center manifold theorem( see [4, §2]),
we can prove that there are neighborhoods of the origin U C A, V C (id — P.)Y, W C R? and, for
any m < 0o, a C™-map ¥ : U x W — V having the following properties.

(i) For any (u,d) € W, all bounded solutions U(x) of (2.2) within ¢ x V are on the center manifold,
ie.,

U(z) =Uc(z) + ¥ (Ue(x),pn,6), Yaxek. (2.5)
(ii) The center manifold is tangent to the center eigenspace, i.e.,
¥ (Ue, 11, 8) Ily = O (|ul 10 + 18| Uell + U]I?) -

We now plug (2.5) into (2.2) and project it with P., obtaining the reduced system for U.,

dU.,
dx

= AU, + P(B(p, 6)U. + F(Ue + ®(Ue, 1, 6))). (2.6)

Remark 2.1 We have P.B(,0)¥ (Ue, pt, 6) = 0 due to the fact that

Xo=x0 =Y (AgE?d + ByFft + A8+ E@) |4y € C, By € C, for all € € 1}
el

and B(f,d) maps (id — P.)Y into (id — P.)X.

Lemma 2.2 For sufficiently small |§|, we have

1® (e, 11,8)lly = O (|l |Uell + 1 Uel|?) - (2.7)



Proof. We need to show absence of terms of the form O(4|U,|). For this, we notice that the tangent
space to the center manifold is invariant under the linearization at any point of the center manifold.
Since now the center manifold contains all equilibria, in particular the trivial equilibria U = 0, § small
but possibly nonzero, we conclude that the tangent space to the center manifold at the origin, for all §
small, is given by the center eigenspace of the linearization at that equilibrium. The center eigenspace
at the trivial equilibrium U = 0 is in fact independent of §. To see this, note that any element in the
center eigenspace can be represented in the form

Z (A¢E¢s + BiFrs + A¢Ees + BiFus)
tel,

where Ay, By are complex-valued functions and

1
Eys(y) = 96 e, Fusy) = %y s eltv.
l’? b
0 —2k§&5

Here, ky 5 = /1 — (k« + 9)?¢2. A direct computation shows that for |4| sufficiently small, the central
space

Xes ;:{Z (A¢Ers + BeFus + A¢Ers + BeFus) |Ag, Be € C}
tel,
={ Z (Rgcos(ly) + Sysin(€y)) |Ry, Sp € R}
¢el, >0

is independent of the choice of 9.

Reduced system. In this paragraph we calculate the Taylor jet of the vector field of our reduced
system (2.6) up to order three. First of all, due to the estimate (2.7) and the fact that the nonlinearity
F is cubic, a direct computation leads to

dU.
gy = AUt Pe(B(p, 8)Ue + F(Ue)) + Ol Uel® + 1U]1*).- (2.8)

Secondly, substituting

Ue(z) = Y (Ae(x)Ey + Be(x)Fy + Ag(2)E; + By(x) Fy)
lel,

into (2.8) lets us write the leading-order-term reduced system

dU,
szmm+ﬂwwm+ﬂm»
in terms of the basis (Ay, By), £ € I, as follows,
M+2k’ Jk2 o —K2,5) k2o — k34 i
A, = ik, A+ B e = 20 P, 2.9
y) 1Ry e Ag + Dy — 4/{25 ap + kag e+4]€2€ 2 (2.9)
1 k2o — k25 1
B, = ik, B — i 55% P,
1] 1Ky 0Dy — 4k2 pHap —1 T e+4k§£ 2



in which

ag = Ay +E, bp=By— B_y, foralllel,,

koo =1 — (ke +6)202, Po((Ae, Ae)eer,) = > g,y gy

L1 +-lo+l3=0 01 Lo l3E€ ],

Symmetries. In the Swift-Hohenberg equation (1.3), there are three reflection symmetries
Yy -y, T —x, U —u,

which are preserved all the way from the system (2.1) to the reduced system (2.6). For simplicity,
we denote I} = {0,1,...,4.}. The reflections y — —y and u — —u induce symmetries in the reduced
system (2.6)

S1(Ag, By, Ay, By, A_y,B_y, A_y, B_))T = (A_y,B_y, A_y, B_y, Ay, By, Ay, By)T, for all £ € IS
S2(Ag, Be, Ay, By, A—y, B_y, A_y, B_y)" = —(A¢, By, Ag, Be, A_y, By, A_;,B_;)", for all £ € I
The reflection z — —z implies that the reduced vector field (2.6) anticommutes with
R(A¢, Be,A¢, By, A_y,B_4,A_,B_y)" = (A_y,—B_¢, A_y,—B_y, Ay, — By, Ay, —By)", for all € € I}

Therefore, there are no even order U.-terms in the reduced system (2.8), that is,

dU,
dzx

Moreover, the invariance of the Swift-Hohenberg equation (1.3) under translations in y induces the

= AUe + Pe(B(p, 6)Ue + F(Ue)) + Ol U] + IU]°). (2.10)

symmetry for all £ € I},

To(Ae, Bo, Agy Boy Ay, B_y, Ay, B_y)T =
(ci9 Ay, i By, o~ Ay, 0= i0 By, =0 A_,, e~ 0B, oA, o B )T,

Remark 2.3 For the case £ = 0, the formulas above are somewhat overly complicated since then, of
course, Ay = A_y, etc. Still, the formulas hold true in this case as well.

2.3 Normal form transformations

In this section, a composition of linear and nonlinear transformations leads to a normal form of the
reduced system (2.10). We first simplify the linear terms in (2.9) and then simplify the cubic terms.

Versal linear transformation. Consider the linear part of the system (2.9), for ¢ € I,

e 2K2 (K2, — KD, 5) k2o — k2o

A, = ik, A By — b 2.11
¢ iky ¢Ag+ By — i 3, ag+ 202, ¢ (2.11)
1 k2, 06
By = ikyB — i ——"h
i IRz 0Dy 4]{326 . Hag 1 2kx,€



Lemma 2.4 For all { € I}, there exist smooth linear maps Ly(u,0) such that, for sufficiently small p
and 9§, the linear changes of variables,

(Ag, By, Ag, By, Ay, By, A4, B_y)" = Ly(11,6)(Cy, Dy, Cy, Dy, C—y, D_y,C—g, D_y)" (2.12)

transform the system (2.11) into the normal form

N
C) = 1\/2 (K215 + \Jhd s — 1) Cot Dy (2.13)
D, = L A Co+1y/2 (k2 N D
¢ = 73 ( 2,68 =\ Va5 M) ety g ( 2,08 T\ Va5 N) 2

Moreover, we have the following properties for Ly(u,0):

o Ly(p,6) commutes with the symmetries S1,S2, R, and Ty, ¢ € R;

e 14(0,0) = id and, we can choose

ar iz 0O 0 0 0 o4 iag
0 0 o —laz a4 —iaz 0 0
Le(0,0) = , 2.14
00 0 0 o4 iag o dag 0 0 (2.14)
ay —iaz 0 0 0 0 a] —iag
0 as 0 0 0 0 0 Q9
where
aq = Koo + Koy o — k06K + Kayt) o — M
1 2hee 2k3 , C ki,
s = _Faes —koe _ Kape(kors — Ka)
! koe 2k2, ‘

Proof. We will apply Theorem 4.4 in [1] to simplify the linear part. To do that, we rewrite the
systems (2.11) and (2.13) separately as follows. For all £ € I},

d o o o .
@(Az, By, Ag, By, Ay, B_g, Ay, B_y)" = My(u,8)(Ag, By, Ay, Bo, A_y, By, A_y, B_y)",
d o N o o
@(Ce, Dy, Cy, Dy, C—4, D_4,C—4, D_¢)" = No(11,6)(Cy, Dy, Cy, Dy, C—y, D_y,C—y, D_y)".
By the symmetries of these matrices, we conclude that My(u, ), No(u,d) € M, where

M= {M € M*¥|MS; = S;M, MR = —RM, MT, = TyM, for all j = 1,2,and ¢ € R}.

10



Now the key part is to find a versal deformation of M;(0,0) in M. On one hand, we note that

ikpp 1 0 0 0 0 0 0
0 ikpy O 0 0 0 0 0
0 0 —ikye 1 0 0 0 0
moo=| 0 O 0 —ikgy 0O 0O 0 0
0 0 0 0 kg 1 0 0
0 0 0 0 0 ikge O 0
0 0 0 0 0 0 —ikye 1
0 0 0 0 0 0 0 —ikyy

is already in its Jordan form. The commutator of M;(0,0) in M consists of matrices of the general

form
ivp 0 0 0 0 0 0 0
Yo o im 0 0 0 0 0 0
0 0 —im 0 0 0 0 0
N 0 0 Yo —iy1 0 O 0 0
0 0 0 0 iyy O 0 0 ’
0 0 0 0 Yo im 0 0
0 O 0 0 0 0 —im 0
0 O 0 0 0 0 Yo —im

where 71\ € R. Therefore, M(0,0) + N(71,72) is a versal deformation of My(0,0). Moreover, by
Theorem 4.4 in [1], there exists a smooth deformation of the identity matrix, denoted as Ly(u,d) and
two smooth functions yy\2(p, d) such that, for sufficiently small x4 and d,

MZ(:UH 5) = LE(:“? 5) (Mf(ov 0) + N(VI (/J,, 5)7 72(M7 6))) Lz_l(ﬂa 5)

From the original system, it is straightforward to see that the characteristic polynomial P(\) of My(u, d)

1S

P = (= (14X = (ks +6)%%)?)",
On the other hand,

PX) = det(A— Mi(0,0) = N) = (¥ 4 (e +10)2)” = 292 (3 = (e + 1)) +93)

Comparing the coefficients of the above two polynomials, we have

1
M+ ke = \/2 (ki,é,é +/ kpos— “)v

L/ o
T2 = D) (kx,z,é - ki,m - M) .

Moreover, Ny(p,8) = My(0,0) + N(v1(p, ), v2(11,8)). As for the choice of Ly(0,4), we just note
that M,(0,6) and Ng(0,0) are the linear systems separately under two sets of bases {Ey, Fy}ser, and
{Evs, Fosteer.. Thus, Ly(0,0) is chosen naturally as the corresponding transition matrix. [ |

11



Based on Lemma 2.4, our reduced system (2.9)—(2.10) has the following expression. For all ¢ € I,

l .
C; = i\/2 (kim + ks — ,,L) Ce+ Dy + %Pg, (2.15)

3
kaz,f,é

1 WE 1
D, = 2 (7%2;,15,5 —Faes — “) Cet 1\/2 (kig’g * \/%> Pet gz,

0,0

with higher order terms in the form

Ol (Y [Cel + [Del)* + (Y |Cel + | Del)?).

el lely

Cubic transformation. Now we consider the leading order of system (2.15) for 4 =0 and ¢ € I,,
i

A% = ikz7g75A[ + By + 3
4kx,€,5

P, (2.16)

1
Bé = ikz,gﬁBg—}-in.
4kg2c,z,5

In order to find a normal form of (2.16), we first prove the following lemma.

Lemma 2.5 For z; € C,|z;| = 1,i = 1,2,3,4, we have z1 + 22 + z3 + z4 = 0 if and only if z1 = —=z9
and z3 = —z4, possibly after permuting the indices.

Proof. The lemma is a formulation of the somewhat folklore fact that the only equilateral quadri-
lateral is the rhombus. In fact, the “if” part is clear. To prove the “only if” part, we interpret the
zj as vectors, so that the equation z; + 22 + 23 + 24 = 0 corresponds to the fact that the vectors
form a quadrilateral when attached at endpoints. Now intersecting the quadrilateral with a diagonal,
we obtain two congruent triangles since sides have equal lengths. This implies that the equilateral
quadrilateral is a parallelogram and thus a rhombus.

Lemma 2.6 For alll € I, there exist smooth families of homogeneous polynomials {®(8), U;(0) }eer,
of degree 3 in the complex variables (Cy, Dy, Cr, Di)rer,, such that the change of variables

Ay = Cr+ @(0)((Cy, D, Cr, Dig)wel.), (2.17)
Bf = Dﬂ+Wf(d)((oﬁﬂDﬁ7cﬁ7ﬁﬁ)R€I*)7

is well-defined in a neighborhood of the origin and transforms the system (2.16) into the normal form

Ci = ikprsCo+ De+ O |Ckl + |Dil)?) (2.18)
KETL
. 3 3i
Dy = ikgrsDe+ FCe(fICe\z +2) |G + ITE: Dy(—[Ce> +2 > |Cxl?)
T, KELL 0,6 KELL

3i - .
+4k.TlCZ <—(C€Dg + Cng) + 2 Z (CKDK + CKD,{)>
x,é,é F\ZG]*

+O((Y 1G] + D))

K,EI*

12



Proof.

Denote the cubic terms in the right hand sides of the systems (2.16) and (2.18) by (Fy, G¢)rer, and
(0, N¢)¢er, , respectively. Following the proof of the normal form theorem (see for instance [4, §3]),
substituting (2.17) into (2.16), and taking into account (2.18) at order 3 in the resulting equalities we
find that the polynomials {®;, U}y, satisfy the equations, for all £ € I,

(D —ikyps)Pe = Vo + Fy, (D —ikyyps)Ve = Ge— Ny, (2.19)
in which

) ) S 9
D = iky 0 5C & Dp)— +iky g s Dy + (—iky 0 5Cp 4+ Dp)—e + (—ikprsDg) —— | .
g((l 66C0 e)ace ke s Digp (—ikz,esCo 4)3Ce (—ikz,e6 £)8D5>

The polynomials &4, ¥, exist provided the right hand sides in the equations (2.19) belong to the range
of D — ikx’g,g.

We have

i 1
Fo=—5—0, G=—5—58
3 ) 2 )
4ka:,€,5 4kz,€,(5
with
Pg((Cg, C£>e€[*> = Z Cp1Co5Co3, Cp = Co+C_y, C=c_y, foralllel,.
L1+Lo+L03=0,
0,02, 03€ ]

In order to see which monomials in P are in the range of D — ik, s, we first notice that
Ce1CerCe3 = (051 + C*ZI)(CEQ + Cfﬁz)(cfg + C*Z:«x)

= CyCrCpy+ (Cr,Co, Oty + Cp, C_4,Cpy + C_y, Cp, Cyy)
+(C€1 C—fz C—fs + C—h C—fz Cfs + C—El 042 0—53) + C—Zl 0—52 0_23,

which indicates that we have essentially only 4 types of monomials regardless of permutations

C,Cp,Cpy, CpCr,Cyy, CpCp,Cyy, CyyC g, Cyy.
We discuss all possibly cases, next.

9

e Monomials of type “Cy, Cy,Cy,” are in the range of D — ik, . First, we notice that

(D —iky05)C0,Cr,Coy = i(kzpy,5 + Kayty5 + kaos,s — Ka,5)Ce, Cr, Cy
+Dy,Cp,Cpy + Cp, Dy, Coy + Cp, Cp, Dy,

(D —iky0,5) Do, Co,Coy = (ka5 + kupn5 + Kuoys — kay,5) Do, Co,Coy
+Dy, Dy, Cyy + Dy, Cy, Dy,

(D —iky05)Co, Do, Cpy = i(kuy 5+ ka5 + Kats.5 — ka,s)Cr De,Cy
+D¢, Dy, Cyy 4 Cy, Dy, Dy,
(D —ik305)C0,CoyDy; = i(kzpy5 + kx5 + Kats,s — Kae.5)Co,Co, Do,

+Dy¢,C,Dyy + Co, Dy, Dy,
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(D —iky06)De, Do, Coy = i(kppy 5+ katos + ks — Kkz0.5)Dey D, Coy

+Dy, Dy, Dy,
(D — ik 06)De,Cr, Doy = i(kayy,5 + Fato,5 + kats,5 — ku,0,6)De, Cry Dy + Doy Dy, Dy,
(D —iky,5)Co, Doy Doy = i(knoy,5 + kayto,s + Ekzpy,5 — K,0,5)Coy Dy Dyy + Dy, Dy, Dy,
(D —iky05)De, Do, Dy = ik + Kayto,5 + Kayts,5 — Ka0.6) Doy Dy Dy,

Moreover, according to lemma 2.5 and the fact that

ka0 +i(ke +0)0| =1, j=1,2,3
ko5 4 i(ks +0)0) =1

U+ 0ly+0l5—0=0

ko060 ka5 >0, §=1,2,3,

we conclude
koo s+ Fkatos +Fkaopss —Fkzes #0.

As a result, monomials of type “Cy, Cy,Cp,” are in the range of D — ik, ¢ 5.

e Monomials of types “Cy, C_y,C_p,” and “C_p C_p,C_y,” are also in the range of D — ik, . The
proof is similar to the above case, essentially due to the fact that

kx,ﬁl,(s - kx,lg,& - kx,fg,é - kz,ﬁ,é 7& 07 _km,él,é - kx,ég,& - kw,fg,é - km,é,& 7é 0.

9

e Monomials of type “Cy, Cp,C_g,” are not in the range of D — ik, ¢ 5 precisely when

61 =/ 61 = _53
or
62 = _ES 62 = /.

The proof again is similar to the first case but now relies on Lemma 2.5, which implies

{zlmwg—e:o . {ﬁlzf {&z—fa
iff or

ko5 keprs — kapss — kops =0 by = —13 by =¢.

Consequently, upon choosing

3i

U=
4k2,€,(5

Co(—ICe* +2 Y [Cul?) + Ty, (2.20)

RGI*

with (IJ? any element of the range of D—ik, ; 5, the polynomial ¥, + F} belongs to the range of D—ik; 45,
so that there exists @y satisfying the first equality in (2.19). Substituting (2.20) into the second equation
in (2.19) we find

3i

(D — ik r5) ¥y o
’ 41‘73?2,@,5

(D — iky ) (CIZ(’CKF +2) |Cn|2)) + Gy — Ny

k€l

14



Taking

3i
Ny = ——(D—i — 249 ' 2
¢ 4]{:%’“( ikz.0) (Ce( Cel* +2) " |Cl )) +

K,EI*

3
4]‘5920,@,5

Col—lCe? +2 37 G,

KEL

we find the equation

N 1 _
D 7 P - IO 19 2
(D —iky5)¥y e < ((Cr, Cr)rer.) — 3Ce(—|Cy|” + H; |Cyl )>,

with right hand side belonging to the range of D —ik, ¢ 5. Consequently, 0, exists, and it is not difficult
to see that it also belongs to the range of D — ik, 4 5. [ ]

Normal form of the reduced system. We apply the change of variables to the reduced system
(2.10) and obtain the normal form to leading order as follows,

A
C, = 1\/2(1@;&#1/&37676—M)CZ+DE (2.21)
D, = 1 k2 N Cy+i 1 k2 /KA D
= —5( .06 a:,é,é_lu’) ¢t 5( =X gc,z,a_ﬂ) ¢

3 2 2
+WMCZ(_‘C£| +2 Z 1Cxl?)
Tk, KEL
3i
+—5—Do(=[Ce* + 2 |Cul?)
4k3 , 5
L) HGI*
3i —_ —_
+—5—Cy | ~(CeD¢ +CeDy) +2 Y (CuDy + CuDy)
4kx7£76 wel

The higher order terms in this normal form are of order

(D (ICk] + 1Del))? + (D (10l + 1Dk]))’.

KEIL KE L

2.4 Existence of heteroclinic orbits

We next pass to a corotating frame with respect to the normal form symmetry, at leading order,

Cy(x) = exp(ikes,x)Cp,  Di(x) = explikes,z)Dy, €€ L,

where l;:g%g = \/é(ki“ =+ 4 /ki,&& — ). We can now scale the equation, explicitly exhibiting leading-
order terms:
& =|ul"?z, Cp=|u"*Cy, Dy=|u|D,y, (€I,

yields the new system, for £ € I,

i = Dyt O(ul?) (2.22)
1 .

D —— <81gn(u) —3-laP 2 Y |0n|2>> +O(ul7?)
.’E,[,(g KEL,
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in which we have dropped the hats. Taking p > 0, we can rewrite this as a second-order equation, for
le I,

1 3
Cg = — Cg—l—
k7,5 4KD

Co(—ICeP +2 3 1CaP) + 0(u'/2). (2.23)

HEI*

We will proceed and find grain boundaries to leading order as heteroclinic solutions to (2.23). Note
that this equation is non-autonomous at higher order, with non-autonomous terms induced by the
corotating frame to terms that are not in normal form. Our approach therfore is based on three
steps. We first identify asymptotic solutions ezactly. In fact, (2.23) possesses a heteroclinic orbit
connecting equilibria at leading order. These equilibria continue to periodic orbits at all orders since
they correspond to rotated roll solutions. We will make this precise in the next paragraph. We will then
identify the heteroclinic orbits at leading order and study the linearization at those. In the last step, we
carry out perturbation theory by decomposing perturbations into “exactly” known terms at infinity,
namely some representative of the family of roll solutions, and an unknown exponentially localized
perturbation. Persistence then will follow from the implicit function theorem.

Rotated rolls. The Swift-Hohenberg equation (1.1) possesses roll solutions
Uy () = /4 — K2) /3 cos(V1 + k) + O(|u — w2[>/?), (2.24)

for small u € (0, 0] and k% < u (see for instance [9]). By isotropy of the equation, we obtain a family
of rotated rolls,

1 . .
Upsee(z,y) = *M%(l B 4’%26,@,582)% (el(kg,u,ﬁe#l/z)x cl(kst0)ty (2.25)

V3

+e_i(l~€l,u,5+5ul/2)$ e—i(k*-‘,-é)éy) + O(N?)/Q + 8,&),

where we set

_ ks tent? o (ket0)e
Vite YV Itk

k= (kops +epn'’)? — k25 lo
so that £2 + KZ =1.

These roll solutions correspond to solutions on the center manifold, which one readily finds in the form

Pseu(r) = (o, \}5(1 — 4k?2 , 5e?) e, ...,0> +O(u'?). (2.26)

Here, the nonzero term is at the ¢-th position in a 2¢, + 1-dimensional vector with position ordering
—ly, ..., Ly from left to right. Notice that these periodic orbits are not reversible. In particular, the
reversibility symmetry R generates a second family of periodic orbits

1

V3

which corresponds to the reflected rolls w, 5. ¢(—2,y) and the nonzero term is now at the (—/)-th

Quscs(x) = (RPyser)(—2x) = <0, . (1-— 4]{%747562)1/261&3, ...,O> + O(ul/Q),

position.

16



Heteroclinic orbit of the leading order system. We set u = ¢ =0 in (2.23). A priori, one can
look for a large variety of heteroclinic solutions in this high-dimensional system of ODEs. Note that
setting any of the modes Cy = 0 provides us with invariant subspaces, so that we could in principal
choose any two modes, Cy, and Cy,, set Cy =0 for ¢ & {¢1, s}, and attempt to find heteroclinic orbits
connecting P, 5.0, and Q5c0,. We focus on /1 = —f3 = 1, here, which gives the simplest possible
grain boundaries. In fact, requiring reflection symmetry imposes ¢; = —¢. Grain boundaries with
¢1 > 1 correspond to patterns where multiple rolls fit inside the fixed-width strip in the y-direction,
and can be found by changing k., — {1k, and subsequently considering ¢/; = 1. From now on, we
therefore just consider P, 5.1 and Qs.1.

We can then set Cy = 0 for |¢| # 1 and find
1 3

Cf = — 5Ot GG 204 (2.27)
x,1 x,1
o= 12 Coy 5 CL IO + O ).
e 7,

According to [11] this system possesses a real, reversible heteroclinic orbit (C%,C* ) with the following
properties:

(1) Ty (C7 (), €% (2)) = (1//3,0) and lim, (O (2), C* (2)) = (0,1/v/3);

(i) C%(x) >0 and C* () >0, for all z € R;

(ili) C*(z) = C* (—x), for all z € R;

(iv) ©
)

% (x) = C*(x) if and only if z = 0;

(v) C2(z) + C**(z) < 1/3 and C* (z) + C* (x) > 1/V/3, for all z € R.

Next, we study the linearization at this heteroclinic, which is

. . +4k;i —Cor - Qki — (C*2 4 C*2)C_y,
_g*
C CZ2 4k2 C 2 2/€2 2(0*2 CiQ)C,Q
-2 7 o
., C@1+-M;10_1—1¢2 ((CVQ (?Q)C_1+%?”Cl.—%2CiCﬁ(Cl+(L))
& Y 4k2 C1— 4k2 ( (C*z + 0*2)01 + 0*201 +2C1C* (C1 + Cy))
C ] )
2 C 4k2 C2 - 2k2 (C +C2)Cy
C
) O+ O~ (O + 010,

We will see that L, : J/,T] — X; is Fredholm, where

Xr’; = {(Cy,Co)per, € Xy ;s Co(x) = C_y(—z), z € Rl e L},
X, = {(Co.Chier, € (L2142}, I2={f:R—>C; /R o217l ()2 < oo},
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yn = {(Cb@)%l* S (H$)4£+2}a HTQ] = {f R—=C ; fv flvf” € L’?]})
and Y = X7 N,

Lemma 2.7 Assume n > 0 is sufficiently small. Then the operator L. : Yy — Xy is Fredholm with
trivial kernel and one-dimensional co-kernel, spanned by

0, ...,0, —iC*,0,iC%,0, ..., 0;0, ..., 0,iC*, 0, —iC* , 0, ..., 0).

Proof. Since C7 is real, the linearization is diagonal after separating real and imaginary parts,
C.=U,+1iV,;, k € I, with diagonal entries

U// U, — 3 (C*Z +C*2)U
Uy ¢ 4k;2 £ Z + - v
= 2, for all £ € I, \ {£1
Mf ( W ) ‘/g// 4k2 w (C_T_Q + Ciz)Ve ) or a € \ { }
w o - Uy + 4k2 Uy — 4k2 ((BC32 +2C*2)U, +4C5C*U_y)
"\ U, N U, + 4k2 U_4 4k2 (2032 4 3C**)U_1 +4C5C2Uy) |
w( v V' + 4k2 Vi — 4k2 (C 420V,
ANV )\ Vit g Vo, - 7 (207 + )V

We can now follow [6] to conclude that all M, are invertible, M, is invertible, and M, is Fredholm
of index -1. In fact, M, ; coincide with the operators considered there, and we therefore also get an
explicit description of the cokernel. This proves the lemma. ]

Persistence of the heteroclinic orbit. We are now ready to prove our main persistence result.

Theorem 2 Assume that 1/k, &€ Z. Then for all p > 0 small and small angle variations §, there
exists a smooth wavenumber correction € = £(\/pt,9), €(0,0) = 0, such that the system (2.23) possesses
a heteroclinic orbit C, s connecting the periodic orbit P s.1 to Q661

Proof. We outline the proof which essentially follows the strategy in [5, 6]. We substitute into (2.23)
together with its conjugate the ansatz

C(2) = e C* () + x(2)Ppser (2) + (ROPusen) ) (—2) + V(@), (2.28)

in which heteroclinic orbit and correction to the periodic orbit are given as

- 1 .
C* = (0,...,0,C*,0,C%,0,...,0), Puser =Puse1— <0, .,0,0,0, ﬁ,o, ...,o) ele?

X : R —[0,1] is a smooth cut-off function with
X@)=1ifz>M,  x(@@)=0 ifz<m,  x@)+x(-2)=1,

for some positive constants m < M, and (V,V) € V- The substitution then leads to a nonlinear
equation of the form
T(V,V, e, u'/?,6) =0.

18



In fact, 7 is smooth on the weighted spaces ) (here we use the particular form of the ansatz) and we
have
7(0,0,0,0,0) = F(C*,C*,0,0) = 0, Dy 57(0,0,0,0,0) = L,

izC* 2iC*
D.T(0,0,0,0,0) = L, ( o ) = ( i ) .

Using the explicit form of the co-kernel, we find that the linearization with respect to V, V and e,

and

jointly, is invertible, so that we can use the implicit function theorem to conclude persistence as stated
in the theorem. [ |

The result in Theorem 1 is an immediate consequence of Theorem 2. Since ¢ = O(u'/? + |6]), we
find that the angle of the selected grain boundary is o + O(u + |4]), and that the wavenumber of the
asymptotic rolls is k; = k1 + O(u + p'/?|6]). As a result, to leading order in p and §, the constant
wavenumber k has the expansion k = y/k2 + (k« + 0)2 = 1+ O(u+ p'/?|8]), which, combined with the
compactness of the interval [e,, m — €] for fixed €, € (0, 7), shows that Theorem 1 is true.

3 Grain boundaries for resonant angles 1/k, € Z

In this section, we treat the resonant case; that is, the wavenumber k& = k, satisfies the condition that

ki cZt\ {1}. (3.1)

Recall that this condition guarantees that rolls with angles ¢ = 0, £ arcsin(k.), ..., & arcsin(1 — ki), £5
are compatible with the periodic boundary conditions in y. The basic idea follows the resonant case
with some major differences that we will emphasize throughout, sometimes relegating the reader to
Section 2 for aspects that are similar to the non-resonant case.

We start with the general center-manifold reduction and linear analysis in Section 3.1, calculate the
normal form in Section 3.2, and prove persistence of heteroclinics in Section 3.3.

3.1 Center manifold reduction

Central space. We first recall the system (2.2)

dU
— = AU + B(u,9)U + F(U).

Taking into account the restriction (3.1) we have

1
o(A) MR = {Fikpolt = 0,21, £ 4}, ko= V/1— (k0)? and £ = . (3.2)

For simplicity, we denote I, = {0,£1,...+ (¢ — 1)} and J, = {£/l.}. For every ¢ € fI;, we define the
generalized eigenspaces exactly as those in the nonresonant case.
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For j € J, the eigenvalue 0 is geometrically double and algebraically octuple. The generalized eigenspace
associated with 0 is spanned by

Eip (y) = e Fyy i(y) = T Fyy o(y) = eFity,

O O O =
o O = O
o = O O

]

}_F

=

*

RS

!

H_

&~

*

W

—

<

SN—

|
= o O O

which satisfy

AcELy, =0, AFip 1 =FEyo,, AFie o0=TFi 1, AcFie 3= Fig, .

The central space X, of the operator A, is 4(2¢, + 1)-dimensional and spanned by the vectors

{Ey, Fy, By, Folt € L} U{Eié*aFiZ*,j

j=1,2,3}.
Moreover, the spectral projection P, : X — X, is given by

PU = Y (U B Ee+ (U F}) B+ (U R B + (U FfO ) +
el

1
% ((U, EJ>EJ + (U, FJ,1>FJ,1 + (U, FJ,2>FJ,2 + <U7 Fj73>FJ73) )

J==%Ls

where {Ez‘d, F ;d} ¢cf. is defined exactly as those in the nonresonant case.

Reduction to a center manifold and reduced system. We reduce to a center manifold and
expand the reduced system. A direct computation confirms that we have the same Taylor expansion

as in the previous case

dU,.
dx

= AUe + Pe(B(u, 6)Ue + F(Ue)) + Ol | + [ Ue]|). (3-3)
Next, using the basis of X, constructed above we set

Ue(z) = Y (Au(z)Ee+ Bo(w)Fy + Ay(x)Ey + Bo(2)Fy) +
tel,
Z (A](x)E] + BJ,IF ,1 + B_],QF_],Q + B_],3F_],3) )
J==%L,

where Ag, Bg, Aig* y Big*J, Big*g, Big*,g, le .ﬁ, are complex—valued functions and A_g* = Aig*, B—E*,j =
By, j, 7 =1,2,3. A straightforward but lengthy calculation gives the leading order terms in the reduced

system
dU,

dx

= A*Uc + PC(B(/'[’7 5)Uc + F(Uc))u
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expressed in the basis {Ay, By, A¢,, By, 1, By, 2, B, 3|0 € ﬂ} of the center eigenspace,

ot 2k3 (k2 — K2 4 5) k2o = kos i
AZ = ikLgAg + By —1i REad adie ay e o by + Py (34)
1 k2 ¢ k2 05 1
B, = ikgyBy— —5—pa; —i— il P
‘ ot k3, et 2kz 0 e k2, ’
Ay, = B
t.1 = —kig sAe, +Beo
0. 2 By, 3
1o = HAL — ki,z*753€*,2 — Py,
in which
k‘gzg,g*,g =1— (ke + 5)253, Py((Ap, Ap)eer,) = Z ag, ap,ag,, forall £ € I,
l1+La+03=0,
£1,02,03€ 1«
where

V1= (ke +06)202, §<0
kee, s =4 ag =< Ay, L=/
—iy/(ks £ 022 — 1, §>0,
A*f,ﬂ - _e*

Note that here |§| is sufficiently small and k¢, 5 is not smooth with respect to § while ki,ﬁ*, 5 is.

Symmetries. The three reflection symmetries in the Swift-Hohenberg equation
Y =Y, T —X, Uy —U.

are inherited through the center manifold reduction, that is, the reduced system (3.3) inherits the
induced symmetries. While the symmetries with respect to the (Ag, By, Ay, By) cf. are the same as
those in the nonresonant case, we have to take care of the other part here as follows. The reflection
y — —y, u — —u and the invariance of the Swift-Hohenberg equation (1.3) under translations in y
imply symmetries in the reduced system (3.3) that

S1(Ar,, B, 1, B, 2, Be, 3, A0, B_i. 1, B¢, 2, B¢, 3)"
= (A4, B_y,1,B_4.2,B_4, 3, A0, By, 1, Be, 2, Be. 3)7,
S2(A¢,, Be.1,Be.2,Bi, 3. Ao, B_o.1,B_i,2,B_¢. 3)"
= —(A¢.,Br.1, B2, Be. 3, A, B_t,1,B_s.2,B_¢.3)",
To(Ae,, Be, 1. Be.2, B, 3, A, Bt 1, B¢, 2, B¢, 3)"
— (e”*¢Ag*,eM*¢Bg*,1, em*d)Bg*,g, ew*(z)Bg*’g, e*’L’E*QSAiZ* 7 efie*(z)B,g*’l, e*”*‘f’B,g*,g, e*”*¢B,g*,3)T.

The reflection & — —z implies that the vector field of the reduced system anticommutes with

T
R(A¢,,Be,1,Be,2,Be. 3, A, B_¢,1,B_¢, 2,84, 3)

_ T

= (Ay,,—Be.1,Be.2,—Bi,3,A4,,—B_y,1,B_4.2,—B_¢,.3)".
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As a consequence, the higher order terms in the reduced system (3.3) are such that

dU.
CE = AU+ Pe(Bls, 6)U. + F(U) + Ol [T + [T (3.5)

3.2 Normal form transformations

Just as in Section 2.3, to arrive at a normal form for (3.5), we sequentially simplifying the linear terms
and the cubic terms.

Linear versal transformation. Consider the linear part of the system (3.4), for £ € I,

et 2’“2«,4%@ - kg,e,a) k:%«,e - k?a,ﬂ,é

AL = ik, A By — - b 3.6
) Kz pAp+ Dy —1 4]{2[ ay + 2]%23@ ¢ (3.6)
1 k2o — k2,5
B, = ik.,B,— —— Bt ohoy
Vi IRy 0Dy 4]{:26[/“” 1 2]‘6‘;575 14
Ag* = DB
B, = —ki, sAc + B
Bé*,2 = Bé*,3

/ 2
By, o = wpAy, —kyy, sBe.2— P,

We derive the linear normal form for the non-resonant modes (Ay, By, Ay, By) ¢, Just like in the non-
resonant case, Lemma 2.4. For (A, B, 1, B2, B, 3),=+¢,, we have the following unfolding.

Lemma 3.1 There exist linear maps Ly, (1,0) such that, for sufficiently small p and §, the linear
change of variables

(A¢.,Be.1,Be.2, B, 3, At , By, 1, By, 2,B_s. 3)" (3.7)
= Ly (11,0)(Co., Dy, 1,Cr. 2,Dp, 3,C—4.,D—p.1,C—p.2,D_y, 3)T

transforms the corresponding part of system (3.6) together with its complex conjugate into the normal
form

C'J/ = D)1 (3.8)
D;,l = Djp

;,2 = D3
Dis = (n—kyy s)C)—2k3, 5D,
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where 3 = +L,. Moreover, we can choose Ly(u,d) as

1 0 00 0 0 00
0 1 00 O 0 00

k2,5 0 10 0 0 00
0 k,s 01 0 0 00 (3.9)
0 0 00 1 0 00
0 0 00 0 1 00
0 0 00 Kk,s 0 10
0 0 00 0 Kk, 1

Proof. We proceed as in the proof of Lemma 3.2. The versal transformation we use here is just the

Sylvester family (see [1] for details). To obtain Ly, (i, d) as claimed, just note the fact that Ly, (p,0)
commutes with 1, S, R and Ty for all ¢ € R. [ ]

Based on Lemma 3.1, our reduced system (3.4,3.5) has the following expression. For all £ € ﬁ,

D;

Cy,
Dy, 4
/
Dy, 5

/
DA,B

/1 A 1
z,0,0
—1(2 — K = p)C+i 1(k2 + /K, s — u)D + L p
5 \a.0,6 x5 — M) o W06 x5 — M) 4k2w €5
X

"y

(b —ky . 5)Ce —2k2 4 5Dy, 2 — Pr..

with higher order terms in the form

O(ul(Y_ |Cul + Dl + Y Cel + Dl +De

+ D¢ 3))?

kel (=L

(O 1Cl + Dl + > 1Ccl + [Deal + [Deal +1D¢ %)

K/Ef* C:ié*

Cubic transformation. Taking p = § = 0, we obtain the leading order of system (2.9),

i

Alg = ikyAr+ By + 13 Py, (3.11)
0
By = iky¢Be+ LPg
’ 4K?2 ,

1. = B
Bé*g = Bz*,z
B, = Bugs
Béﬁz = —P,.
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Lemma 3.2 There exist homogeneous polynomials {®g, We, @y, Wy, 1, Yy, 2, Yy, 3|l € ﬁ} of degree 3
in the complex variables (Cy, Dy, Cy, Dy)ger, and (C¢, D¢, Do, De3)c—+s,, such that the change of
variables, for all £ € I,

Ay = Cp+®((Cy, Dy, O, D), 7.5 (Cc, D¢ 1y D 2, D¢ 3) =0, ), (3.12)

By = Dg+ 9y((Cx, Dy, Cr, Dy) 7. (Cc, D1, De 2, De 3)e=20.)5
Cé* +¢&:((CI€’DK707I€7D7I€) E (Cgv-DClaDC2aDC3)C :tf*)

Bf*,3 = DE*,3+\IIZ*,3 Cfﬂ fivCilmDiIﬁ) [*7(CC7DC,17DC,27DC,3)C=:EZ*)7

is well-defined in a neighborhood of the origin and transforms the system (2.16) into the normal form
with £ € f*,

Cp = ikeiCo+ De+O((D ) |Cul + Dl + > |Ccl +Deal + |Dcal + [De s))°) (3.13)
KGT* C*:I:K*
3
D, = ke Do+ 75C W(ICe P = [Ce> +2 > |Cul?) + 4k3 Dé(\CM? Cel*+2) |Cul)
0 =
kel KEL
3i I — [ — I
e O\ (Co Doy + Co.Dp.a) = (CeDe + CeDy) + 2 > (CiDy + CyDy)
x,l k€l
+O((D |Gl + IDxl+ D |Ccl + [Deal + [Deol + [Des))%)
rel, (==L
C). = Dy
Dé*,l = De*,z
Do = Dyg3
Dy = =3C.(ICeI>+2) |Cul) +O((D_ ICl +|Dsl + > Ccl + |Deal + [Deal + D sl)P).
kel rel, (=+ls

Proof. Denote the cubic terms in the right hand sides of the systems (3.11) and (3.13), respectively,
by (Fg,Gg)éej* and (0,0,0,GYy, 3), (O,Ng)gef* and (0,0,0, Ny, 3). Using the same argument as in the
ver.- The constant of |Cy,|? is 1 instead of 2 due to the fact that
a+¢, = Ay, instead of aty, = Aty + Ar4,. On the other hand, it is straightforward to see that

nonresonant case, we derive (0, Ny)

Py, =0, Vp1=0, Uy o=0.

Moreover, we have
DYy, 3 =Gy, 3— No, 3,

where

: g . o) o A e O o= 0
D = Z <(1kx,gCe + DZ)TC’( + lkw’ngi + (—lkx Co + Dg)t + (_lkx’ZDé)aDg> +

(el oD, ’ 0Cy
) ) )
Dy1—e + Dygee— 4+ Do | .
FZH( »ac, T TPoD,, ﬂapj,g)
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Then it is not hard to see that

Ny,3=—3Cy,(

Ce.l?+2 ) |Cul?).

KGI:

Normal form of the reduced system. Applying the change of variables to the reduced system
(3.5) gives the normal form to leading order, for ¢ € I,

1
c, = 1\/2(k§“ + k35— 1)Ce+ Dy (3.14)
/ Lo 1 Lo 1
Dy = —5kees =\ hees —mCe+ 1\ (ki g+ /Ky 5 — 1) D

3
+TC€(_’C€|2 +2 Z |C,{|2)
4]{:9”5 kel
3i
+WD£(_105\2 +2) 0 |Cu)
LE,@ K€L
3i — .
+Ecg (—(Cng +CDy) +2 > (CoDy + CHDH)>
x, rElL
C), = Dy
DZ*,l = Dé*,Z
Dy.o = Dy

Dy.s = (u—kyy 5)Co —2k2 4 sDp. 2 —3Ce(|Ch,

212> [ChP).

K/Ef*

The higher order terms in this normal form are of order

101X 7. (ICk| +1Dwl) + X e—sp, (ICc| + [Dea| + [De 2l + | De a))?
[l (37 (IOl + [Dyl) + X emir, (ICc| + 1D 1| + [De 2| + D 3]))°
(et (ICul +1Dwl) + X emip, (ICc| + [Deal + [De 2| + [De a))°-

_|_
+

Specifically, the higher order terms for (Cy,, Dy, 1, Dy, 2, Dy, 3) are of order

(3 c7. (Ckl + [Dil) + X c—ip. (1Cc| + |Deal + [De 2l + | Desl))? +
(e UCl + IDw]) + 3 ¢—ip, (ICc| + [Dea| + |De 2| + 1De )P

3.3 Existence of heteroclinic orbits
We look for solutions of the system (3.14) in the form

Col(w) = ehensCy,  Dy(x) = ehensDy, €€ I;
Cp,(x) = Cp(x), Dy, j(x) =Dy j(z), j=1,2,3.
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With the scaling

&= |u'?x, Cp=|u|'/?Cy, Dy=|p|Dy, (€I,
Cy, = |p"?Cy,, Dy, 1 = |u|V/?Dy, 1,

Dy, o= |u|"?Dy, 5, D, 5= |u|"/?Dy, 3,

and taking p > 0, we obtain the new system, for ¢ € .T*,

Ci = Di+O(u+ p''?0)) (3.15)
1
Dz=-]Wch@—%@f—ﬁﬁ+2ZN@W>+wM“Hm,
x,l KEL
pl2C) = Dy i+ O
u1/2D2*71 = Dy, 2+ 0

M1/2DZ*,2 = Dy, 3+ 02

p?D) 5 = —2k2, sDp.o— ki sCo +puCo, [ 1-3(IC* +2 Z C?) | +O(u?).
K)Ef*

in which we have dropped the hats. Since the equations for (Cy,, Dy, 1, Dy, 2, Dy, 3) are singular, the
strategy here is to break (3.15) up into a regular and a singular perturbation problem. The regular
perturbation part

1 3

Ol =—— Cyt >
w2, e,

Co(|Co, > = |Cel> +2 > |Cu) + O(u!? +18), L€ L., (3.16)

KEL
can be dealt with just as in the nonresonant case. As for the singular part, we rewrite it as follows.
p?c) = Dy (3.17)

p2Dy 1 = Dis
M1/2D2*72 — D€*73

p?D) s = —2k2, sDpo— ki 5Co +puCe [ 1-3(Ce P +2 ) |Cu?) | + 012,
k€T,

which can be achieved straightforwardly by an iterative family of smooth invertible coordinate changes.

Heteroclinic orbit of the leading order system Consider the system (3.16,3.17) with g = 0 and
0 = 0. Restricting to Cy = 0 for |[¢| # 1 and real-valued solutions C and C_; we find the system

1 3

Cy gz O+ 2 C1(CT +2C2)) (3.18)
z,1 z,1
= —onr S cLpci o).
452 | 4k2 |

This system possesses a heteroclinic orbit (C7%,C*) with properties as those in the nonresonant case.
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The system (3.17) is a singular perturbation problem, which, viewed as an operator, is defined on
different spaces when (u,d) # (0,0) as compared to the case (u,d) = (0,0). Our approach to this sin-
gular perturbation problem relies on the following lemma, which shows invertibility of the linearization
uniformly for small u # 0.

Lemma 3.3 For fized pn > 0 and fixed § € R, the linear operator

S:(HN) — (L)! (3.19)
Wi(zx) ut/%0, -1 0 0 Wi(x)
Wa(x) 0 ut/%0, ~1 0 Wa(x)
— s
Wis(x) o 0 u/20, ~1 Ws(x)
W4(95) ( ) +k x z* 5/:“ 0 2]4532;,@*,5//! M_1/2ax W4($)

where g(z) = 6(C3* + C*?) — 1, is bounded and invertible, for sufficiently small n > 0. Moreover, for
fixzed n > 0 small, and for p > 0, § ~ 0 small, there exists a positive constant C = 1 independent of i
and & such that

Is~ s < Clf Nl (3.20)

~~ O O O

for all f € H,%

Proof. We define the equivalent scalar fourth-order differential operator
. g4 2
S:H @ — Ln (3.21)

Clx) — M(Mé’ +k24,6)°C(x) + 9(2)C(2).

From [10], we know that S and S share the same Fredholm index. Moreover, Ker (S) = {0} if and only
if Ker (S) = {0}. Thus, it is enough to prove the same properties for S. It is straightforward to see
that § is bounded. To show that S is invertible, we just need to show S, is invertible, where

S, H* — I?

C(z) +— cosh(nz)S( C(x)).

cosh(nz)
Note that :S; is a family of smooth bounded operators with respect to n and :S’; = :9; +n-0(1).
Therefore, to show S, is invertible for sufficiently small 7, we only have to show that Sy is invertible.
In fact, according to property v of (C%,C*),

1 1
- g C*2 0*2 -
6 3’
where the left equality holds if and only if (C},C*) = (m, ﬁ) If the curve (C7,C*) touches

(2\[ 2\f) by properties (iii,iv), C% 4+ C* is an even function and C7 (0) + C*(0) = % Moreover,

according to system (2.27), we have
1

C* +C*)'ypeo = ———= < 0.
(Cx )" lz=0 W3
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As a result, for sufficiently small |z| # 0, C7 (z) + C* (x) < %, which is a contradiction with property
(v). Thus, there exists a positive constant £ such that

1
6+£<C_”;2+Ci2<

Wl

Now we look into §0, which is self-adjoint and

<§0f7 f>L2 > 6€Hf”%27

which indicates that, for sufficiently small g and 8, Sy is invertible and
~ . _ 1
1(S0) ™ fllz2 < G?Hf\lm, (3.22)

which shows that S(u, d) is bounded and invertible for sufficiently small > 0. In addition, there exists
some positive constant N (§) such that

18 (1, 8)) " Fllzzy < N1 Fllzz - (3.23)
In fact, we have
(ST = (00, SN+ S HOuf) = SIS, 0.8 f + S Sf), (3.24)

where [S,8,] = ¢/(z). This new expression (3.24), combined with the L estimate (3.22), gives the H
estimate in (3.23). We now notice that

0 Sy
1/2 —1
S 8 = M,;ag‘%slff , (3.25)
f pAPORS L f
which, combined with (3.24), shows that there exists some N > 1 such that
0 3
Hsl8|@W<NZQW@%@HN%HW@>wmﬁww@+W6V@N@)
P
f

(3.26)
By the inequality (3.26), in order to prove that (3.20) holds for all f € H}], we only have to show that
for all f € L%, there exists a positive constant N > 1 such that

\@wmawm@<;bmm, (3.27)
1028 (. 6) " Lz < 1 flz
n 7 n
10281, ) L2 < — 1 2.
z n L /2 n
We relegate the proof of these inequalities to the appendix, Lemma 4.1. [ |
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For sufficiently small g > 0 and § € R, we now rewrite the system (3.16,3.17) as follows.

Cf + 7 Ce = - CullCu 2 = |G +2 e, ICa) + O(W2 + [0 =0, L€l (328)

akz, otz
Cy, 0
Dy 1 0
S, 6) | 7 —0, 3.29
(1, 6) Des o (3.29)
Dy, 3 f(z)

where f(z) =30y, (|Co. |2 +2Y, 7 |Chl? — 2C32 — 2072) + O(|u).

I{GT*

Rotated rolls. Similar to the non-resonant case, the family of rolls in (2.25) gives a family of periodic
orbits for (3.28,3.29), still denoted as P, 5. ¢ and Q,, 5., for all £ € I,. Again, we just consider ¢ = 1.

Persistence of the heteroclinic orbit Our main goal now is to show that the heteroclinic actually
persists as a solution for the reduced equation (3.28,3.29). In particular, we want to show that there
is a heteroclinic orbit for (3.28,3.29), for small ;1 and ¢, which connects two periodic orbits P, 5.1, as
x — 00, and Q 56,1, a8 T — —00.

The systems (3.28) and (3.29) together with the complex conjugated equations are separately of the
form

Fi(C,C,u'/?,6) =0, (3.30)
Fo(C,C, u%,6) =0, (3.31)

where

C= (C—(f*—l)v ey 0727 Cfly COv Cla 027 ey Cf*aDZ*,lv D3*727 DZ*,3>7
C= (07(6*71)7 iy C_9,C_1,Cy,C1,Co, ..., Cy, 7).

They have the periodic solutions C = P, 5.1 and C = Q,, 5.1 for 1,6 and ¢ sufficiently small, and the
heteroclinic solution C = (0,...,0,C*,0,C%,0,...,0) for =6 = 0.

We consider the ansatz
C(2) = e C" () + x(2)Ppser (#) + (ROPusen) ) (—2) + V (@), (3.32)

in which heteroclinic orbit and correction to the periodic orbit are given as

~ 1 .
C* = (0,...,0,C*,0,C%,0,..,0), Puse1=Pusc1— (0, .,0,0,0, %,0, ...,0) ol

X : R —[0,1] is a smooth cut-off function with
x(z)=1, ifx > M, x(x) =0, if z < m, x(x) + x(—z) =1,
for some positive constants m < M. Moreover, we have

V= ({77W)7 {/: (V—(ﬁ*—l)a"'7V—1a%>‘/17'“7w*—1)7 W = (W*;VZ*,LVK*,%W*&)-
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We next modify (3.30,3.31), by adding zero terms, where the functions F; are evaluated on the periodic-
orbit solutions, in order to make mapping properties in exponentially weighted spaces more explicit
later on. Therefore, define

Fu(C,C,u"?,6) = X(@)Fi (P, Prges 1'7,6) = X(=2) F1(Quse,t Quoe, n'/?,6) = 0, (3.33)
F2(C,C. ' 2,0) = x(2) Fa(Ppugien. Pugeas n72,0) = X(—2) Pa(Quusc Quaea 1/%,8) = 0, (3.34)
and substitute our ansatz (3.32) into (3.33,3.34), to obtain a system of the form
Ti(V,V,W,W,e,u'/2,6) =0, (3.35)
T(V,V, W, W, e, 11/2,5) = 0. (3.36)
For n > 0, we define the spaces of exponentially decaying functions
Xy ={(Ce,Cp) . € (L%)M*_Q}? Vo = {(Ce, Ch)ye - € (Hp)' %Y,
X7 ={(Ce,Co) et ; Cy(z) = C_y(—2), x € R, L€ L},
Vr={(Cy, CZ)M € y77 . Cplz) =C_y(—x), z € R, L € L},
Z7 = {(W;,W;)j=1,234 € (H))*|Wj(z) = Wj(—2),j = 1,2,3,4},
Z?]‘ = {(W;,W;)j=1234 € (L%)8|Wj(ﬂf) =W;j(-z),j =1,2,3,4},

It is now not hard to verify that s s
Ti Yy x Z) xRP — A7,
T :572" x Z) x R® —>Z’7“
are well-defined nonlinear operators. We start by solving the first of these two equations, which is in

fact similar to the non-resonant case.

Proposition 3.4 For (W, W, pu,6) € Z) x [0,00) x R sufficiently small, there exist smooth functions
V(W, W, 122, 6) and £ (W, W, u}/2,8), solving equation (3.35), with V(0,0,0,0) = 0 and £(0,0,0,0) =
0.

Proof. The proof is based on the inverse-function-theorem argument from the nonresonant case. A
key role is played by the linear operator, found by linearizing the system (3.28) at

(C_tt,—1)s - C—2,C-1,Co,C1,C, ..., Cp, 1) = (0,...,0,C2,0,C%, 0, ..., 0),
with y =86 =0and Cy, = Dy, 1=Dy, o=D, 3=0,1ie.,

" 1 *2 *2
Coe Pty + a7y Ot~ g (O OOty
C C// 4k2 C_ ka 2(0*2 4 0*2)0_
-2
C_, C// 4k2 C_q1— 4k2 ( (0*2 + 0*2)0_1 + 0*20_1 + 20* c* (Cl + Cl))
Z; CO — C 4k2 C[ 2](:2 (0*2 +C*2)CO

Ci Cf + 71— 5= (2 (0*2 + 0*2)01 + O + 20505 (Cy + Ty))

¢, e/ + e — (O +C0,
Co, 1 %2 2

C _1 + 4k‘2 C[* 1 — ng (C Ci )Cf*fl

—1 x,lx—1
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For n > 0 sufficiently small, the operator z acting in ;YV',; is Fredholm with trivial kernel and one-
dimensional co-kernel, spanned by

(0, ...,0,—iC*,0,iC*,0, ..., 00, ..., 0,iC* , 0, —iC* , 0, ..., 0).

Next, notice that

71(0,0,0,0,0,0,0) = 0, Do =71(0,0,0,0,0,0,0) = L,

— 1 a-; 2,.C*
DET(0,0,0,0,0,0,0)25*< iz >:< i )

and

—izC* —92C¥

Using the explicit form of the co-kernel, we find that the linearization with respect to \7, V and ¢,
jointly, is invertible, so that we can use the implicit function theorem to conclude persistence as stated
in the theorem. ]

We substitute the solutions \NI(W,W,,ul/Q,é) and (W, W, u'/2,6) from Proposition 3.4 into (3.36)
and obtain
Ts(W, W, u'/?,6) = 0. (3.37)

Theorem 3 For any p and & sufficiently small, there exists continuous function W(u1/2,5) solving
equation (3.37), with W(0,0) = 0.
Proof. We define the map

Ta:2; x[0,00) xR —2Z)

(W, W, u'/2,6) (W, W) — (8(n,8) "' (W, W, !/2,6), (539

and extend to p = 0 by setting
(8(0,0)) " t:=o0. (3.39)

To prove the theorem, we only have to show that there exist two small neighborhoods W = {(W, W) €
ZI|(W, W]zr < a} of (W,W) = (0,0) and U C [0,00) x R of (u'/?,6) = (0,0) such that T; :
W x U — W is a uniform contraction. We only have to show that 74 has the following properties.

(i) [7a(W, W, p/2,6)||z; < a, for all (W, W) € W and (u'/2,6) € U.

(i)
_ _ 1 _ .
I Ta(W1, W1, 1/2,8) — Ta(Wa, Wy, u!/2,6)|| z; < S [(W1, Wi) — (W2, Wa)| 25,

for all (W1, W7), (Wa, Wy) € W and (u'/2,6) € U.
To see that, we first recall that equation (3.37) is equation (3.34)

fQ(Cvéa /1’1/27 5) - X(HT)FQ(Pu,é,s,l, P,u,,(s,e,lv N1/27 5) - X(_x)FQ(Q,u,(s,E,l? Q,u,é,s,la /’Ll/27 5) = 07
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together with its conjugate in terms of (W, W, ul/2, ). Moreover, we recall that
Cy

Dy, 1
Dy, 2

0
— 0
Fao(C,C, pu?,8) = S(u, ) 0
Dy, 3 f(x)

_|_

9

in which f(x) = 3Cy, (|Cy,|* + 2> et |C|? — 2C%2 — 2C*?) + O(|p|) and that O(u) here represents
the higher order terms of order

p(D (Gl + [Dal) + Y (1G] +1Dcal + [Deal +1D¢ ).
A lengthy calculation shows that
0
0
S(p,6)) "
— Ule, ut/2,6) f)
W, W, u/26)=_ 3.40
72( ’ 7:“’ ) ) (U(&,ul/Q,(S) + (O i ( )
S(p,6)) " 0
(S(u,6)) 0
f)

in which
(U, T)llz; = O(u'?), HfHH% = O(|(W,W)|Z, + (' + 16D (W, W) | 27 + u'/?). (3.41)

We recall the estimate (3.20) in Lemma 3.3,

Is~!

o O O

lys < ClIf Nl

f

which, combined with (3.41), shows that there exist positive constants C1,Cy > 1 such that
ITa(W, W, 172,6) 2, < Cil| (W, W)||Z, + ("2 + [6]) CL[(W, W) 27 + Cop /2.

Noting that h(x) = Cyz? + (u/? 4 §)Cra + Cop/? is positive and increasing on [0, c0) and solving the
inequality Cia® + (u1/2 +0)Cra + Cout/? < a, we conclude that property (i) of T4 holds as long as we
take
W L e T 1= G ) = G B AT
= 16C1Cy’ = 16C,Cy’ 20 '

(3.42)
On the other hand, there exist positive constants C'3,Cy > 1 such that
IT3(W, Wi, 12, 6) — Ta(Wa, Wa, 1/2,8)]| 2y <Ca? [ (W1, W1) — (Wa, Wa)|| 25+
C4||f(W17W17 .ul/2’ 5) - f(WQa WQa M1/27 5)”[1%
(3.43)
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A straightforward calculation shows that there exists a positive constant C5 > 1 such that
LF (W, Wi, 1 2,8) = F(Wa, Wa, 1'%, 6) |y < Cs(a+ g2 + [8]) [ (W1, Wi) — (W2, Wo)] 27,
which, plugged into equation (3.43), gives that
I Ta(Wr, Wi, 1'/2,8) = Ta(Wa, Wa, 1/?,6)]| 2,
<(Cap'? + CuCs(a+ p'? + |6) (W1, W1) — (Wa, Wa)| 2, (3.44)
<l (W1 W) — (W, W),

provided p and § are sufficiently small and choosing a as in equation (3.42).

Therefore, we have proved that for sufficiently small i and §, we can take a properly such that 7Ty is
a uniform contraction. By fixed point theorem, for 1 and § sufficiently small, there exists a function
W (112, 6) solving equation

Ta(W, W, u'/2,5) = (W, W).

Due to the smoothness of T3 away from p = 0, we conclude that W (u!'/2,6) is smooth for y # 0. On
the other hand, from equation (3.42), we have

lim a =0,
pn—0+

which implies that
. /2 §\ _
u%+W(u ,0) =0.
Noting that W(0,4) = 0, we thus proved the continuity of W (u!/2,4). ]

The result in Theorem 1 is an immediate consequence of Theorem 2. Since 6(,u1/ 2.5) is a continuous
function with £(0,0) = 0, we find that the angle of the selected grain boundary is a continuous function
a(u'/2,8) with a(0,0) = 1, and that the wavenumber of the asymptotic rolls is k, ~ kg 1. As a result,
the wavenumber function k(u'/2,8) = \/k2 + (k. + 0)2 with k(0,0) = 1 is continuous, which, combined
with the compactness of the interval [e,, 7 — €,] for fixed €, € (0,7), shows that Theorem 1 is true.

4 Appendix
Lemma 4.1 There exists a positive constant N > 1 such that
~ . N
102(S(1:0)) ™ fllzz < — 51 fllz2 (4.1)
) m / )
1628 0) " Flu < £
i 122 L% X [ L%u
02 8) " fllz < a5 1
x Hs LZ X ,U,3/2 L2-

Proof. We define
J:L; —H,

Voo— /R G(r —y,9(z —y))V(y)dy,
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—itx

where G(z,a) = [, Tt Mtf R, 5)2+adt g(x) =6(CH2+C*?) — 1

We note that

b2+a—byi/2,,—1/4 /52 Vb2 -
%1/‘4@1‘/2%(;2%)1/46( = s )12 cos(F) V2 )
Gloa) = | ~Covid) 2 sin(CO ) 2 ), ")
z,a)= _Vb2ta—by1/2,,—1/4 v} 2 ’
gme ( 5 ) x((\;l\)/%b)lﬂcos((vb 42ra+b)1/2'u—1/4x)
(L) 2 i (Y121 ), >0,
- Vo2ta—by1/2, —1/4. . /22 o _
G (z,a) = *fme( s (V)2 ), 2 <0,
) _g 1/21a1/26_( b2;a7b)l/2ufl/4z Sin((\/b2;a+b)l/2ufl/4x)’ T 2 07
b 1/4 b2+a—by1/2, —1/4 2 2 _
g\}i)w () P z((x/zb l;;(fc_zb)l/Q cos((‘/b 42ra+b)1/2u 1/41,)
( b2 )1/2 Sin((‘/b2J2ra+b)1/2,u_1/4fL’)), x <0,
G 0)(:6 @) = ? )1/4 —(MbErazbyi/2,—1/4y B2 atb\1/2 Vb2ta+b\1/2,,—1/4
2\/&1/2 2 (( 2@) cos(( 2 ) )
( 2b2;;a b)1/2 Sln((\/b2+a+b)1/2 —1/41,))7 x>0,
_x (P+a)'/? o b2+a by1/2,,-1/4
2 na 1/2
60 B (\/;éia COS((\/b‘2;a+b)1/2u—1/4x) _ bgﬂ Sin((@%)lﬂ’u—lﬂx)) . 2 <0,
(z,a) = x (B+a) /2 b2;a—b)1/2u—1/4x
2 pal/z € '
(s cos((VEgme) /21 ) 4 b sin(E5ee) /2 ) ) >,
k2
where b = =40

/5. Then, it is not hard to see from expressions (4.2) that there exists some positive
constant Cy > 1 such that

IGOD @, g(@)llr < Cr, for j=0,1,2,3,4,
, Ch ,
G (2, ()| 1 < e (1 + kxé* YA for j=0,1,2,3,

| o | (4.3)
GO gl < e+ kL 5) 12 or 5= 0,1,2,

) C .
IGOD g llor < 7+ Ky, )1 for j = 0,1

Moreover, from estimates (4.3) and by Young’s inequality, for n > 0 sufficiently small, there exists a
positive constant C > 1 such that

C
1027 (1,6) f || 22 < Hl%nfnL%, (4.4)
C
1927 (1)l < —E NSz,
C
1927 . 0)F 1z < 57511

To prove the lemma, we just need to show that for sufficiently small p and 4, ST - L,Q7 — L%] is
uniformly bounded and invertible. In fact,

ST = id + K1 + Ko,
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where

(K1 V)(2) =2k, 5 /R(g”(fv — )GV (@ —y, gz —y)) + ¢ (2 — 1)’ GOV (z — y, g9(z — y))V (y)dy+

m /R(QM) (z— )GV (@ —y, gz —y)) + 49P (2 — ) GV (2 — y, g(z — y))+

39" (x — y)’GO(z —y, gz — ) + ¢ (z — 9GO (z — y, g(z — y)+

49/ (z — y* G (z -y, g(z — y)) + 64/ (x — y)’G*P (2 — y, g(z — y))+

493 (@ - y)g'(x — )G (@ -y, g(z — y)+

69" (z — y)(g'(x — 1)°GO¥ (@ — y, g(x — ) + 2¢'(z — y) G (x — y, g(z — y))+
GV (@ -y, g(z —y))V(y)dy.

(K2V)(z) = /R (4g'(x — y) (k2 5, s5GID + uGCY) (@ — y, g2 — y)))V (y)dy.

By Young’s inequality and estimates (4.3), it is straightforward to conclude that the norm of K; as an
operator from L% to L2 goes to 0 uniformly as g > 0 and § go to zero. On the other hand, we denote
H(z,a) =k2, ;G0 (2, a) + uGBO (2, a) and have

T (M)lﬁu—l/‘lz Vb tatby1/2 ,~1/4 <
H(z,a)=1{ 2° sz b cos((F542) AT ), 2 <0,
e~ () B cos((@)lmlfl/‘ix)y x>0,

vl

Moreover, it is not hard to see that there exists some positive constant C'3 > 1 such that
IH OV (@, a) | < Cs(u+ Kz, 6)'*,

which, combined with Young’s inequality, also shows that the norm of Ko as an operator from L727 to
L?7 goes to 0 uniformly as u > 0 and ¢ go to zero.

Thus, for sufficiently small p and &, we have

§t=7E9)7,
which, combined with estimate (4.4) and the fact that (S7)~! is uniformly bounded, shows that the
lemma holds. [ |
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