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Abstract: We analyze Fredholm properties of radially symmetric second order systems in
unbounded domains. The main theorem relates the Fredholm index to the Morse index at
infinity. As a consequence, linear operators are Fredholm in exponentially weighted spaces
for almost all weights. The result provides the basic tool for the analysis of perturbation
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example, where we use the implicit function theorem to calculate the effect of a localized source
term on a trimolecular chemical reaction-diffusion systems on the plane.
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1 Introduction

When studying perturbation and bifurcation problems in unbounded domains, one is often
confronted with the difficulty that the relevant linearized operator is not invertible, not even
Fredholm, in convenient function spaces such as LP-based spaces or spaces of continuous func-
tions. This difficulty is caused by the non-compactness of the underlying physical space. The
goal of this paper is to present and illustrate results on the calculation of Fredholm indices in
exponentially weighted spaces that can be used to circumvent this difficulty.

We therefore first present a simple toy problem that captures some of the main difficulties. We
then discuss in some more detail our main general results, Theorems 1.1-1.3, which characterize
Fredholm properties of radially symmetric elliptic operators, and then apply those results to
our toy problem. We also briefly comment on a more elaborate application towards bifurcation
of eigenvalues from the essential spectrum.



1.1 Perturbation theory and the essential spectrum — a toy problem

Consider the apparently simple problem
Au—ud +eVy(lz|) =0, z€R?

with V' exponentially localized, and ¢ small. One would like to continue the trivial solution
u(z) = 0 at ¢ = 0 to ¢ # 0 in, say, H*(R?). When trying to invoke the implicit function
theorem to that purpose, a difficulty arises from the fact that the Laplacian is not Fredholm
from H? into L2, so that a naive application of the implicit function theorem is not possible.
This difficulty also manifests itself when different methods are employed, such as comparison
principles or variational methods; see for instance the recent work [3] and references therein,

or [2] for a situation where the linearization is invertible.

In this specific context, a simple remedy is to rewrite the elliptic problem as a first-order
ordinary differential equation,

v
Upr =V, UT:_;+U3_8‘/0(T)7

use dynamical systems methods to construct manifolds W of solutions that decay at r = +oc
and are bounded at r = 0, respectively, and then use a variant of Melnikov analysis to study
the intersection of these manifolds.

This dynamical systems approach has been used quite successfully in much more elaborate
problems, such as elliptic equations posed on infinite cylinders, when the dynamical systems
setup is actually ill-posed due to Hadamard-type instabilities. Key technique then is often
the construction of center manifolds as pioneered in [12], or global dichotomies and Melnikov
analysis as in [15]. While quite successful in many circumstances, this method is somewhat
indirect since PDE concepts need to be translated into dynamical systems language. For in-
stance, dimensions of the generalized kernel are often encoded in geometric transverse crossing
of stable and unstable manifolds; see for instance [22].

A somewhat different approach, in some sense more traditional, was outlined in [23] and suc-
cessfully extended and applied in [16, 17]. The key idea in these papers was to decompose the
solution into an exponentially localized part and a far-field component which can be computed
to leading order from a simpler far-field problem. In our simple toy problem, we would decom-
pose u = ujoe + ug, where uy. belongs to a space of exponentially localized functions, and ug
is a bounded function that solves the equation for r > r, > 1 exactly; see (5.16) for the precise
form of the decomposition. The upshot is that in this decomposition, one can rely on the fact
that the Laplacian is actually Fredholm in spaces of exponentially localized functions and use
a bordering lemma and the implicit function theorem to establish existence and asymptotic
properties of solutions for € # 0 in a fairly straightforward fashion.

One ingredient to such an analysis are Fredholm properties of differential operators in spaces
with suitable exponential weights. Our main abstract results, Theorems 1.1-1.3, aim at pre-
cisely such Fredholm properties. As a simple corollary, they show that the Laplacian is Fredholm
of index -1 on spaces of exponentially localized functions; see (1.5) for a precise definition.



Compared to other methods, the approach presented here is quite flexible and direct, generaliz-
ing to systems and problems in cylindrical domains €2 x R¥. It can for instance be used to track
eigenvalues as they merge into the essential spectrum, as we showed in [16, 17]; see Section 5.1
for more details.

1.2 Fredholm properties of radially symmetric elliptic operators

Before addressing our particular problem of radially symmetric elliptic problems, let us recall
some results on abstract linear differential equations and Fredholm properties of operators on
the real line. We refer to [1, 6, 7, 8, 9, 10, 11, 13, 14, 15, 18, 19, 20, 21] and references therein
for details and applications.

Determining Fredholm properties of differential operators,
Tu=u — A(t)u, (1.1)

in unbounded domains, ¢t € R, can sometimes be reduced to the study of relative Morse indices
of asymptotic operators. Roughly speaking, denote by v, possible asymptotic rates of solutions

it at +oo. The operator 7 then is Fredholm whenever Re yi # 0. In the presence of

u~e
essential spectrum, we have Rerv = 0 for at least one of those growth rates. Introducing
exponential weights 7, Hu()||L3] = ||u(-)e™ || 2, shifts the asymptotic decay rates v +— v + 17, so
that 7 may be Fredholm for non-zero choices of . One can then determine Fredholm indices
by counting the number i1 of asymptotic growth rates vy with Revy > —n: the Fredholm

index ind(7) is given by the simple formula
ind(T) = i_ —iy. (1.2)

This strategy has been used successfully in a number of contexts, including cases where both
i— and iy are infinite as illustrated in the references cited above.

Here, we are concerned with perturbation problems that arise in the study of radially symmetric
solutions to systems of second order equations. The linearized operators that we consider are

of the form )
d k—1d d
ra = 00) (5 + ) Q)+ R (1.3

The operator L,,q can be viewed as the restriction of

T

£ =D(a)A +Q(lal) (5 - V) + R(lal), (L4)

|z
to the space of radially symmetric functions.

More precisely, we consider L.,q as a closed operator on Lfad(Rk,(Cm), the space of vector-
valued functions in L2 j(R*,C™) which depend on |z|, only, that is, they are invariant under
the rotations in R*. The domain of definition is H2 j(R*,C™) c H?(R*,C™), again rotation-

invariant functions.

We will assume throughout that D, Q, R : [0,00) — M,,,(C) are continuous functions with the
following properties.



(N) Nondegeneracy: The matrix D(r) is invertible and | det D(r)| > do > 0 for all r € [0, 00)};

(C) Convergence: We have that D(r) — Do, Q(1) — Qoo and R(1) — R, as 7 — 0.

Our first main result will also assume asymptotic invertibility:

(A) Asymptotic Invertibility: The asymptotic operator, DooOi + Qoo0¢ + R is invertible in
L?(R). Equivalently, we require that det(Dso? + Qool + Roo) # 0 for all v € iR, or that

the matrix
0 I,

Too = )
_Do_olROO _Do_olQoo

is hyperbolic, that is, it does not possess purely imaginary eigenvalues.

We define the Morse index (T, ) of the hyperbolic matrix T, as the number of eigenvalues of
T with positive real part.

Theorem 1.1. Assume Nondegeneracy (N) and Convergence (C). Then the operator Lyaq is
Fredholm if and only if we have Asymptotic Invertibility (A). In this case, the Fredholm index
s given by

ind(Lrag) =m — i(T),
where i(Ty) is the Morse index of Two.

This conclusion here is in fact very similar to the formula for Fredholm indices for problems on
the real line, (1.1) and (1.2), if one defines i_ := m. In fact, we do study Fredholm properties
of L..q by writing the operator as a first-order differential operator on the real line. This is
accomplished by using various weight functions and transformations of the independent variable,
which eliminate the obvious difficulty caused by the 1/r-singularity in the coefficients of L;,q;
see Section 2. We emphasize, however, that the resulting problem is of a slightly different type
than (1.1) and requires some additional arguments.

As pointed out, we are interested in Fredholm properties in exponentially weighted spaces.
Therefore, consider the space L% raq Of measurable functions such that

o0
fullfs = [ luter el (15)
0
is finite. Similarly, we define Hg’rad with norm
2 — 2 2
e A e

Asymptotic Hyperbolicity for such spaces can be restated as follows.

I'With this assumption, one can actually reduce the problem to the case D = I,,; since this does not simplify
exposition, we prefer to retain the general form of D as it appears in applications [17]



(A)17 Asymptotic Invertibility: The asymptotic operator, D0y + Qoo0r + Roo is invertible in
L%. Equivalently, we require that det(Door? + QooV + Roo) # 0 for all v € —n + iR, or
that the matrix

Nlm I,

Thoo = Too +nlop = ’
7,00 e Ni2m _Do_olRoo _DgolQoo+7]Im

is hyperbolic.

Again, we denote the Morse index of the asymptotic problem by ind(7}, o) = ind(T3, + 17l2m).

Theorem 1.1 translates into a statement on Fredholm properties in exponentially weighted
spaces as follows.

Theorem 1.2. Assume Nondegeneracy (N) and Convergence (C). Then the operator Lyaq is

Fredholm on L7277rad

Fredholm index is given by

if and only if we have Asymptotic Invertibility (A)n‘ In this case, the

ind(Lraq) =m — i(Th00) = m — i(Too + nlom),
where i(Ty o) is the Morse index of Ty .

We note that it follows from Theorem 1.2 that the operator L;,q is Fredholm on L?7 rad (R*,C™)
for all but finitely many values of n > 0.

Another interesting case are isotropic systems of the form D(r)Au+ M (r)u = f on L?(R*, C™),
which can be simplified using the spectral decomposition of the Laplace-Beltrami operator Ap
on S¥=1. In fact, the left-hand side decomposes into a direct sum of operators of the form

& k—-1d ¢

[

Liaq = D(r) <d7,2 T 7"2) + R(r), (1.6)
where ¢2 is an eigenvalue of —Ap. The topology of L?(R¥,C™) and H?(R* C™) naturally
induce topologies which make L'fad a closed operator with domain Hi;g(]Rk, C™). Similarly, we

define ngfad(Rk, C™) in analogy to (1.5).

We then have the following theorem, similar to Theorem 1.1.

Theorem 1.3. Assume Nondegeneracy (N) and Convergence (C). Then the operator [Zfad 18

(i) Fredholm on L2 ,(RF,C™) if and only if we have Asymptotic Invertibility (A). In this

rad
case, the Fredholm index is given by

ind(£%,4) =0,

rad

(ii) Fredholm on L%yrad(]Rk,Cm) if and only if we have Asymptotic Invertibility (A)n' In this

case, the Fredholm index is given by
ind(L%q) = m — i(Ty00) = m — i(Too 4+ nlam),

rad

where (T} o) is the Morse index of Ty .

5



Theorems 1.1-1.3 can be generalized to various infinite-dimensional settings, using relative
Morse indices as in [7, 9, 10, 21, 23]. These extensions can then cover systems of elliptic
equations with radially symmetric domains R¥ x Q, with Q C RP, bounded, and suitable
boundary conditions on R¥ x 9. Another infinite-dimensional generalization concerns time-
periodic solutions of parabolic equations in such domains; see for instance [21] for the case
k =1 and [24] for some applications in radially symmetric settings.

1.3 A perturbation result in the presence of essential spectrum

As pointed out in Section 1.1, we illustrate these results by applying them to a semilinear

elliptic perturbation problem,
Au—u? +eV(jzl,u) =0, =€R? (1.7)

for ¢ & 0. We think of this equation as a simple model for a chemical reaction of the form
A+2B — C, with reaction rate k-ab? and non-dimensionalized concentrations a = [A], b = [B].
Setting up this reaction in a large almost planar container and feeding A and B close to the
center of the container, leads to a model of the form

t>0, z € RF.

a; = d,Aa — ab® + eV, (|x, a,b)
by = dpAb — 2ab? + eVi(|z], a, b),

Assuming balance of concentrations in the feed mechanism,
2V, (r, ka, b) = Vy(r, kb, a), Kk =dp/(2d,),

one can find time-independent solutions in the system with ka = b from
3 da
d,Ab —b° + Ed—Vb(|x], b/k,b) = 0.
b

Scaling = now gives a system of the form (1.7).

We assume that V : R, xR — R is a C'-function that is exponentially localized. More precisely,
assume that there exists dg > 0 such that

(V) Ezponential Decay: |V (r,u)| + |Vu(r,u)| < ce™%", forall r e Ry, ucR.

(P) Positiity: [,V (r,0)rdr > 0.

One would like to find solutions to this equation for £ small using the implicit function theorem
near u = 0, = 0 in order to solve for u as a function of €. The linearization with respect to u at
e = 0 is given by the Laplacian on R?, which is not Fredholm on LP. The Laplacian is, however,
Fredholm in spaces of exponentially localized functions, by Theorem 1.2, as we shall see later.
We therefore use such exponentially weighted spaces together with a far-field matching ansatz

in order to obtain a perturbation result based on an implicit function theorem.



Theorem 1.4. Consider (1.7) with Exponential Decay (V) and Positivity (P). Then there
exists § > 0 and n € (0,00/2) such that for any € € [0,9] equation (1.7) has a smooth, radially
symmetric solution with asymptotics

u(r;e) = eva(re) + O3 + O(e™), as 1 — oo.

The function v, : (0,00) — R satisfies the conditions

lim v (r) € (—00,0) and lim v.(r) =0.

r—0 Inr r—00

3

%9

Avy =0

We note that the case € < 0 can be reduced to the case € > 0 by the simple change of variable
u — —u in equation (1.7).

Theorem 1.4 can be extended in many ways. The exponential decay assumption can be sub-
stantially weakened. One can also change the power of the nonlinear term and the dimension
of the space slightly, with only minor changes to the proof. Some aspects of our analysis do
however change for both small and large powers and/or space dimensions.

On the other hand, the heart of the proof, is well suited to analyze more complicated prob-
lems, such as systems of elliptic equations. A straightforward generalization would consider
nonlinearly coupled systems of the form

Au —u® + Vo(lz])u + vg1 (u,v) +eVi(|z|,u,v) = 0
D,Av — go(u,v)v =0,

where D, A + g2(0,0) is invertible on L?(R¥), and Vp(|z|) is exponentially localized. Theorem
1.4 then applies to this system, as well.

Outline: In Section 2, we show that Fredholm properties of £,,q are equivalent to Fredholm
properties of suitably defined first-order differential operators on L?(0, 00) and L?(R), equipped
with appropriate weight functions. In Section 3, we study the Fredholm properties of the as-
sociated first-order differential operators on the real line and calculate their Fredholm index.
Section 4 combines these results into the proofs of Theorems 1.1-1.3. Section 5 contains ap-
plications of our main theorems. We first briefly summarize the application towards instability
of spikes in reaction-diffusion equations coupled to conservation laws and then prove Theorem
1.4.

Notations: We collect some notation that we will use throughout this paper. We write
Ry = [0,00), R_ = (=00,0], Cx = {2z € C:Rez >0} and C_ = {z € C: Re,z < 0}.
For an operator T' on a Banach or Hilbert space X we use T%, dom(7T), ker T, im T, o(T),
p(T) and T}y to denote the adjoint, domain, kernel, range, spectrum, resolvent set and the
restriction of T on a subspace Y of X. B(X,Y) is the space of all bounded linear operators
from X to Y and KC(X,Y) is the space of all compact linear operators from X to Y. We denote
the space of all m x m matrices with complex entries by M,,,(C). We recall that a matrix is
called hyperbolic if it has no eigenvalues on the imaginary axis. For a matrix B we denote
by i(B) the Morse index of the matrix B, the dimension of the generalized eigenspace of all
eigenvalues p with Rep > 0. Similarly, we denote by j(B) the dimension of the generalized



eigenspace of all eigenvalues p with Rep > 0. We denote by LP the usual Lebesgue spaces,
by H? the usual Sobolev spaces and by AC the space of absolutely continuous functions. In
addition to this notations, we add the subscript rad to denote the restriction to the set of
radially-symmetric functions. For any p € [1,00] and any measurable function w : F — Ry,
w > 0 almost everywhere, we define the space LP(E,C™;w(z)dx) = {u: w(-)u(-) € LP(E,C™)}
with the weighted norm ||ul|1p(g w(2)dz) = lwullp. For any F' € L*(E, My, (C)) we denote by
M the operator of multiplication on L?(E, C™) with the matrix-valued function F. We denote
by ¢ a generic positive constant.

Acknowledgment: The authors gratefully acknowledges support by the National Science
Foundation under grant NSF-DMS-0806614.

2 Second order radially-symmetric differential operators

In this section we study the Fredholm properties of the second order radially-symmetric dif-
ferential operators L4, defined in (1.3). Our approach to the problem at hand is as follows.
First, we reduce the order of the differential operator in the problem, that is, we construct a
first order operator 7;,4, which is Fredholm if and only if £,,4 is Fredholm. In the second step,
we change the independent variable » > 0 to 7 = logr € R and construct a weighted first order
differential operator on the real line that is Fredholm if and only if 7,,q is Fredholm with equal
indices. Throughout this section we assume Nondegeneracy (N) and Convergence (C) for the
coefficients as defined in the introduction.

First, recall that L2

rad
defined on (0, 00). The theorem therefore is equivalent to a statement on differential operators

(]Rk, C™) is isometrically isomorphic to a weighted L?-space of functions

on weighted L2-spaces of a single variable 7 = |z|. The following simple lemma makes this
notion precise.

Lemma 2.1. The operator L;,q is equivalent to a one-dimensional differential operator in the
following sense.

1—k

(i) The isometry Upaq = L*((0,00),C™) — L2 (R¥,C™) defined by (Upaau)(r) = r 2 u(r) is
surjective.

(ii) If we define £ = UraéﬁmdUrad : dom(£) — L?((0,00),C™) then dom(L) consists of all

functions v € Lz((O 00),C™) such that v,v" € AC’lOC(( 00),C™) and the vector-valued

functions r — v"(r) — Wv(r), ro— v(r)— v( ) belong to L?((0,00),C™).
Moreover,
- d? k—1)(k—-3 d k-1

(iii) The operator Lyaq is Fredholm if and only if the operator L is Fredholm and their indices
coincide.



Proof. The assertion (i) follows directly from the definition of radially-symmetric functions
in L2(R,C™). The proof of (ii) is a simple computation and (iii) follows immediately from (i).
]

Next, we define the linear operators S; : dom(S;) — L*((0,00),C™), j = 1,2 by

k—1
2r

u(r). (2.2)

dom(S;) = {u €L%((0,00),C™) : u € ACpe, 7+ u'(r) + (—1)!

(Syu)(r) = u'(r) + (-1

u(r) € L*((0,00),C™)}

Remark 2.2. A direct computation shows that the operators S7 and Sy are closed, densely-
defined linear operators and

(i) (0,00) C p(S;), j = 1,2 and
(51— a)lg)(r) = r'T e / T e g(s)ds, >0, ge L2((0,00),C™).

[(So —a)"tg)(r) = r_2e_“r/ s 2 eg(s)ds, a>0, ge&L*(0,00),C™). (2.3)
0
(ii) Spy = & — B=D=3),
(iif) dom £ = dom(S2S1).
(iv) [: = MpSsS1 + MQSl + Mg.
Lemma 2.3. Define the linear operator Traq : dom(S1) x dom(S2) — L?((0, 00), C?™) by

Si —Id

Trad = .
rad Mp-1g 82+MD—1Q

(2.4)

The operator L is Fredholm if and only if Toaq is Fredholm and their indices coincide.

Proof. The proof of this lemma is similar to the the proof of [23, Thm. A.1l]. There are
however a few key differences and we give a complete proof here.

From the definition of the operator 7;,q and Remark 2.2(iv) one can easily see that
(u,v)T €kerTrnq ifandonlyif wekerl and v= Siu.

It follows that the map u — (u, S1u)T from ker £ to ker T,,q is surjective. Since it is clearly

also injective, we have
ker £ = ker Tyaq. (2.5)

Define the operators 7o : dom(S1) x dom(Ss) — L?(R,C?>™), B : L?(R,C?>™) — L?*(R,C?™) by

S1 —Id
—Id S

0 0
By +1d By

T = , (2.6)




where By = Mp-1p and By = Mp-1 are the multiplication operators by the matrix-valued
functions D~!(-)R(-) and D~(-)Q(-), respectively. Thus, Tr.q = 7o + B. It follows from
Remark 2.2(ii) that the operators S152 —Id and S2.51 —Id are invertible which implies that the
operator 7y is invertible and

-1 _ S2(S5152 — Id)_l (5251 — Id)_l

T, = . 2.7
0 (5152 — Id)_l 51(5251 — Id)_l ( )

Next, we will prove that

im Traq  is closed if and only if im £ is closed (2.8)

Assume first that im Zyaq is closed. To prove that im £ is closed assume that f € LAR,C™)

and that there exists a sequence (uy)n>1 of elements of dom(L£) = dom(S52951), according to
Remark 2.2(iii), such that f, := Lu, — f € L*(R,C™). Then, (u,,Siu,)" € dom(S;) x
dom(Ss) = dom(7Z;aq) for all n > 1. Since the operator Mp-1 is bounded on L?(R,C™) by
Nondegeneracy (N), we infer that Zr.q(un, S1un)T = (0, Mp-1f,) — (0, Mp-1f)T as n — oc.
Since im T;aq is closed, we obtain that (0, Mp-1f)T € imT;.q. Using again the definition of
Tiad, we conclude that f € im L, proving that im £ is closed.

Assume next that im £ is closed and let {(t,, v,)T }n>1 be a sequence of elements of dom(Z;aq) =
dom(S1) x dom(S2) such that (fn,gn)T = Trad(un,vn)T — (f,9)T € L*(R,C*™). Since the
operator 7Ty is invertible, we have that 75 '(f,, gn)" € dom(7p) = dom(S;) x dom(Ss) for all
n > 1 and %_l(fn,gn)T — ’]E)_l(f,g)T as n — oo. Thus,

(i, D) " i= (un, o) T = T5  (frygn)® € dom(Sy) x dom(Sz) for n > 1. (2.9)
In addition, from the definition of the sequence {(f,,gn)T }n>1, we have that

ﬂad(ﬁnv f)n)T = ,Z;"ad<un7 'Un)T - 7676_1(fn7gn)T - B(fna gn)T
= —B(fn:gn)" = (0, Bifp + fn + Bagn)" forall n>1, (2.10)

It follows that

S1ty, =0, and  SsU, + Botyp + Bity, = Bifn + fn+ Bagy, forall n>1, (2.11)

which implies that @, € dom(S251) = dom(L). Using (2.11) we calculate

Ean — MD(SZSlan + BZSlan + Blan) — MD(SZﬁn + B2’L~}n + Blan)
= Mp(Bifn+ fn+ B2gn) forall n>1. (2.12)
Since Mp, Bi, and By are bounded operators on L?(R,C™), we have that Li, — Mp(B1f +
f + Bag) as n — co. Since im £ is closed, we infer that = Mp(B1f + f + Bag) € im L. Using

again the definitions of L and 7T,,q we conclude that (f,9)T € im T;aq, proving that im 7Zp,q is
closed.

10



To finish the proof of the lemma, we need to show that ker 7, and ker L* are isomorphic.
Similarly to the proof of (2.5), one can show that the map w — ((S3 M}, + M¢)w, Mpw)t from
ker £* to ker 1.}, is bijective, and thus,

ker £* 2 ker 7.1 4. (2.13)

In the next lemma, we construct a weighted first order differential operator 7 on L2 (R, C?™)
that is Fredholm if and only if 7,4 is Fredholm with equal indices. First we construct an
increasing C°°-function W such that

T <
\I/(T):{e’ =l g (2.14)

Lemma 2.4. The following assertions hold:

(i) The operator Uy : L*(R,C™) — L%((0, 00), C™) defined by (Uy f)(r) = (@’(r))%f(fb(r)) is
an isometric isomorphism and its inverse is defined by (Uy'g)(1) = (@’(Q/(T)))_%g(\II(T)).

i) The operator T,aq is Fredholm if and only if the operator T = Ug ' TraaUs is Fredholm
(it) P y P v
and their indices coincide.

(iii) The linear operator T is asymptotically equal to a weighted first order differential operator,
of the general form described in (3.2), below, with a— =1 and ay = 0.

Proof. We first prove (i). Using the change of variables r = ®(7), 7 € R one can readily
check that Uy is an isometry. Similarly, using the change of variables 7 = ¥(r), r > 0, one can
see immediately that (o \I!))_%(g o W) € L3(R,C™) for any g € L*((0,0), C™), proving the
surjectivity of Uy, and thus (i).

Assertion (ii) follows immediately from (i).

Assertion (iii) follows from the definition of W in (2.14) after a long but straightforward com-
putation. -

3 Weighted First order Differential Operators on R

In this section we give necessary and sufficient conditions for Fredholm properties of weighted
first order differential operators on R. Given atx > 0, Ay € M,,(C), we define o = (a_, ay)
and the functions ¢, : R — [1,00) and A : R — M,,(C) by

e T, 7<0 A_, 7<0
Palr) = { e+, >0 Alr) = { Ay, 7>0 (3.1)

Next we define the operator 72 : dom(Z,) C L*(R,C™) — L*(R,C™) as follows,
dom(7) = {u € HY(R,C™) : po(u’ — Mau) € L*(R,C™)}, T Au= oo(u' — Mau). (3.2)

11



We recall that, in general, if B € L>®(R, M,,(C)), Mp denotes the operator of multiplication
by the matrix-valued function B.

We note that the linear operator ’Z'aA is closed for every choice of o € ]Ri and Ax € M,,(C).

The following compactness lemma is needed in the sequel.

Lemma 3.1. If K is matriz-valued L™ function with bounded support, then My, the operator
of multiplication by K, is a compact operator from dom(T) to L*(R,C™). Here we consider
dom(7;?) as a Hilbert space with the usual graph norm.

Proof. Since the support of K is bounded, we infer that My € KC(H'(R,C™), L?(R,C™)).
In fact, using [25, Thm. 4.1], one can show that the operator My is Hilbert-Schmidt. To
finish the proof of the lemma it is enough to show that the canonical inclusion from dom(7;)
into H'(R,C™) is bounded, with the corresponding norms. Assume u € dom(72) and let
f =T = @o(u— Mau). Then v/ = Myu + (p%f, which implies that

1 1
[l < [[Maull2 + | —fll2 < cllull + |l | ll2 < cllull + | ]2
Pa Pa

< cllullz + llullgomza) < cllullaomza)-

In the next example we show that the L*° condition in the previous lemma is necessary. More-
over, there is an example when the operator Mp is not even relatively bounded to TaA in the
absence of the L*>°-condition on B.

Example 3.2. Set m=1,B(r) =e¢ ", a_- =2, a1 =0, A_ = %, A, = 0. In this setup, the
operator of multiplication by B is not relatively bounded to TaA.

Indeed, define the function ug : R — C by ug(r) = ez for 7 < 0 and ug(r) = e~ for 7 > 0.
One can check that ug € H*(R,C) and

65, T<0

ug (1) = { S 130 [pa(tfy — Maug)|(T) = {

0, T<0
—e 7, 720

N[

(3.3)

This shows that o, (uy — Maug) € L?(R, C), which implies that ug € dom(7/). However,

/0 |B(r)u(r)[2dr = /0 edr = oo,

—0o0 —0o0

proving that B(-)ug(-) ¢ L*(R,C).

In the next lemma we establish a connection between weighted exponential spaces and the
domain of 7.

Lemma 3.3. If ay > 0 then there exists ny € (0,a4) such that

/ (€7 T u(r) 2T < cllulliomra) for all u € dom(Z5). (3.4)
0 [e3
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Proof. Since A} is a matrix, one can choose 74 € (0, ), small enough, such that A, + 74 is
hyperbolic and

o(Ay +n:)NCr ={p+ny :p€o(Ay),Rep > 0} (3.5)

Next, we define the stable and the unstable subspaces W_T_/ “of the hyperbolic matrix A, + 7,:
let W3 and W} be the subspaces of all h € C™ such that eAtn)Th 5 0 as 7 — oo and
T — —00, respectively. Since Ay + 7y is hyperbolic, we have that

"= W5 o WY (3.6)

We denote by P° and P" the projections onto W% and W} respectively associated to the
decomposition (3.6). Define the operator D, : dom(D,) — L?(R,C™) by

dom(Dy) = {u € H'(R,C™) : u(0) € Wi}, Diu=1u— (A +n4)u. (3.7)

Let u € dom(7) and define F : Ry — C by F(7) = e~4+7 P%(7). We will show in the sequel
that F € HY(R,,C™). First we need to show that lim, ., F/(7) = 0. The latter is not trivial
since the matrix A, might have eigenvalues on the imaginary axis and hence, e~4+7 might
grow at +o0o. Since u € H'(R,C™), one immediately concludes that F € H! (R,C™) and,
since A, commutes with P",

F'(1)= —A+6_A+7Puu(7') + e_A+TPuu'(T) = e_A”Pu(u'(T) — Ayu(T))

_ ea+Te—A+7'Puf(7_) _ 6_a+7—€_(Ai_77+)TPuf(T) _ e_(a+_n+)T€_AiTPuf(7‘).
Next, we estimate
[F/(r)] < e[ AT | f(7)] < e[ f(7)] forall T >0, (3.8)

for some v > 0. In this last estimate we used the fact that |[e~4%7|| decays exponentially. Since
f € L*(R,C™), estimate (3.8) implies that F’ € L'(R,C™). Hence, Fy = lim, .o F(7) exists
in C™.

In what follows we will show that F,,, = 0. First we note that we obtain from estimate (3.8)

that
Fe-F@l< [P |

T T

() 00 1/2
Wiy < ([ e vay) Cifl < e (39)

for all 7 > 0. Next, we decompose W} = W @ W, where W and W{° are the spectral
subspaces associated to the spectral sets o(A4) NC, and o(A4) NiR, respectively. We denote
by P"™ and P"¢ the projections onto W" and W€, respectively, associated to this spectral
splitting. One can immediately see that P% = P"" 4 PY°,
Since PUPY = P it follows that PWE (1) = e~ A+P™7 puuf(r) for all 7 > 0, which implies
that

|PYUF()| < |le™ P |Ju(r)| < e Ju(r)| forall T >0.

Since u € H'(R,C™), we obtain that P"F,, = 0 by passing to the limit as 7 — oco.
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Since PU*P" = P we obtain that PUF(1) = e~ 4+ 7 Puy(7) for all 7 > 0 which implies
that

6A+P“CTPuCF — 6A+P“°TPuCF )+ 6A+P“C7'Puc F. — F(r
o0 0o
= P*u(r) + P PY(Fly — F(7))

for all 7 > 0. Since o(A 4 P") C iR, we infer that |eA+"T|| < ¢(1 4 7)7 for all 7 > 0 and for
some ¢ > 0 and j a positive integer. Using the estimate (3.9) we obtain that

e TP E | < clu(t)| +e(1+7)e ™ forall T>0,

which implies that e+ P € L*(R,C™). Using again the fact that (A, P") C iR, we
conclude that PY"F,, = 0. Moreover, from the definition of F', we have that Fi,, € W} which
implies that

Fo = P'Fy = P"Fy + P*Fy = 0. (3.10)

Since F' € L*(R,C™), we obtain that
o
| F@yir = -F©) = -Pruo) (3.11)
0
It is well-known that the operator D is invertible (see for example [4] or [5]) and

(D f)(r) = / AL P f(y)dy / T AL pr )y, (3.12)

0 T

Here A% and AY are the restrictions of (A4 + 714 ) to the invariant subspaces W$ and W}
respectively.

Next we define the functions g : Ry — C™ by g(7) = e~ (@+~")7 f(r) and z := D} 'g. Using
(3.12) and (3.11), we calculate

2(0) = —/ efA‘erPug(T)dT = —/ efAiTPuemT(u’(T) — Ayu(r))dr
0 0

= - / T AT T pUneT (4 (2) — Ay u(r))dr — — / T F(r)dr = Pu0).  (3.13)
0 0

Next, we will show that
e Tu(r) = 2(7) + A7 Pu(0)  for all 7> 0. (3.14)

Define H : Ry — C™ by H(7) = €™ u(r) — 2(7) — e**" P%u(0). One readily checks that
H e H} (R,C™) and

H' (1) = nie™u(r) + ™7/ (1) — 2/(7) — AieAiTPsu(O)
= nye™Tu(r) + eMT(Au(r) + e (7)) = (A + 1) 2(7) — (1) — (Ag +np)e™ T PPu(0)
— (Ay +0) (€Tulr) = 2(7) = AT PU(0)) = (As + 1) H(7)
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for all 7 > 0. Tt follows from (3.13) that H(0) = 0, and therefore H(7) = eA++1+)TH(0) = 0
for all 7 > 0, proving (3.14). Thus,

e™ue L2(R,C™) forall e dom(T). (3.15)

To finish the proof of the lemma, we define the operator V, : dom(7) — L*(R,,C™) by
(Viu)(r) = €™ "u(r), 7 > 0. To show that V, is bounded it is enough to show that it is closed.
Let (un)n>1 be a sequence of vectors from dom(Z.), u € dom(Z;?) and g € L?(R,C™) such
that u, — u in dom(Z;) and V,u, — g in L>(R;,C™), as n — oo. It follows that u, — u
in L?(R,C™), as n — oo, which implies that there exists a subsequence (un, )k>1 such that
Up, — u almost everywhere as k — oo. From the definition of V. we infer that Vi u,, — Viu
almost everywhere as k — oo, which proves that Vi u = g. Hence, V., is bounded, which finishes
the proof. [

In the next corollary we extend and summarize the result proved in Lemma 3.3.

Corollary 3.4. The following assertions hold true:

(i) If a— > 0 then there exists n— € (0,a_) such that

0
/ e Tu(r)Pdr < elullionz) for all u € dom(TSY). (3-16)

—00

(ii) For any pair a = (a—,ay) € R% there exists a pair n = (n-,n3+) € RL such that
Nt € [0,a+ %], nx >0 if ax >0 and

lonull2 < CHuH?iom(TaA) for all w e dom(TA). (3.17)

Proof. The proof of (i) is similar to the proof of Lemma 3.3. Assertion (ii) follows directly
from Lemma 3.3 and (i). "

In the next lemma we give a more general dom(72)-relative compactness result needed in the
proof of the main result of this section.

Lemma 3.5. If B is matriz-valued L™ function and lim go%(r)B(T) = 0, then Mp, the

T—+00

operator of multiplication by B, is a compact operator from dom(T,2) to L?(R,C™). Here, like
i Lemma 3.1, we consider dom(’TaA) as a Hilbert space with the usual graph norm.

Proof. To prove the lemma we are going to approximate the matrix-valued function B with
a sequence of matrix-valued functions K, defined such that the operator My, approximates
the operator Mp in the operator norm. Let (¢, )n>1 be a sequence of real-valued C* functions
such that 0 < ¢, (7) < 1, ¢ (1) = 1 for all 7 € [-n,n] and ¥, (1) =0 for all 7 ¢ [-n—1,n+1].
Define the matrix-valued functions K,, := ¥, By, n > 1.

Since B € L*°(R,C™), we can assume without loss of generality that |B(7)| < ¢ for all 7 € R. It
follows from Corollary 3.4(ii) that there exists n = (n_,n4) € R2 such that ne € [0, 4], e >0
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if o > 0 such that (3.17) is satisfied. Since, by the hypothesis, we have that lim 2 L -B(r) =

rFoeo PalT)
0, we conclude that

lim B(r) = 0. (3.18)
T—+00 (pn(T) (
Thus,
1 1
‘ — K, — BH < sup B(1)]—0 as n— oo. (3.19)
®n Pn o |rI>n 9077(7-

Next, we will show that Mg, — Mp as n — oo in the operator norm. Using (3.17), for any
u € dom(T), we estimate

1 1 1
(01, = MsYall = | 25 = B < |00 = 28| el
Pn 2 ¥n n oo
1 1
<c||—K,——B Hquom(Ta{‘)7
#n n oo
which implies that
1 1
Mg, — Mp|| <c||—K, — BH for all n > 1. (3.20)
Pn Pn 00

Applying Lemma 3.1 to the sequence of matrix valued functions (K,,),>1 we obtain that M, €
K(dom(ZA), L*(R,C™)) for all n > 1. From (3.19) and (3.20) we have that Mg, — Mp as
n — oo in the operator norm, which implies that Mp € K(dom(72), L?(R,C™)), proving the
lemma. [ |

Recall that for a matrix B we denote by i(B) the dimension of the generalized eigenspace of
all eigenvalues p with Re g > 0. Similarly, we denote by j(B) the dimension of the generalized
eigenspace of all eigenvalues p with Re > 0.

Assume that ay > 0 or that Ay is hyperbolic. Then there exists n = (n-,n4+) € R% (not
necessarily unique) that satisfies the condition from Corollary 3.4(ii), (3.17). Moreover, we can
choose 1+ so that Ay + ny is hyperbolic and

i(A4), if A4 is hyperbolic

. (3.21
Jj(AL), if Ay is not hyperbolic (3:21)

= (Al — ) = i(AD), i = i(Ag ) = {

Definition 3.6. Assume that either ay > 0 or that AL is hyperbolic. Take 1L as defined
above satisfying (3.17) and (3.21). We define 3 = (8_,3+) € R2 and H = (H_, Hy) through
Br=axr—nx, Hr = Ax £

Lemma 3.7. Assume that either ax > 0 or that AL is hyperbolic and let 8 and H as defined
in Definition 3.6. Then the following hold true:

i) The operator U, : dom(T.2) — dom(7#) defined by Uyu = pyu is bounded with bounded
n « 3 n n

inverse. In addition,

17 =1§'U,. (3.22)
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(ii) The operator T2 is Fredholm if and only if the operator ’]bH 1s Fredholm. In this case
ind(7;) = ind(74"). (3.23)
Proof. First we note that U, is an injective operator. Next, we will show that
Uy, (dom(’]’j‘)) - dom(TﬁH) and TﬁHUnu =T forall uedom(TH). (3.24)

Let u € dom(7;') and denote by v = Uyu = ¢,u and f = TAu € L?(R,C™). From Corol-
lary 3.4(ii) we have that also v € L*(R,C™). Since u € H'(R,C™) and ¢, € H}. (R), we obtain
that

v = @pu+ oy = (Nyxr, — 1-XR_)@nu + Ma(pu) + f

a—=n

:MHU+

f almost everywhere. (3.25)
Pa—n

Here x g denotes the characteristic function of a set £ C R. Since the operator My is bounded
on L*(R,C™) and since p,—, > 1, we obtain from (3.25) that v' € L?*(R,C™). Thus, v €
H!(R,C™). Moreover, using the definition of 3 in Definition 3.6, we have that pgz(v' — Mpv) =
f € L*(R,C™), which shows v € dom(%H) and %H?} = f, proving (3.24).

Similarly, one can show that if v € dom(TﬁH ) and ’ZbH v = g then u = ?1,]” € dom(7/) and
TAu = g. This proves that

dom(’TBH) cu, <dom(TaA)> and TaAUn_lv = ’Z;;Hv for all v e dom(TﬁH). (3.26)

The conclusions of (i) follows shortly from (3.24), (3.26) and the definition of the domain of
the operators 7 and %H and their respective graph norms.

Assertion (ii) follows immediately from (i). n

In the next lemma we give sufficient conditions that guarantee the Fredholm property of the
operator 7.4 and in this case we compute its index.

Lemma 3.8. Assume that ayx > 0 or Ay is hyperbolic and 3 and H are defined in Defini-
tion 3.6. Then, the operator ’TaA is Fredholm and ind(’ZlA) =i_ —iy. Here iyx were defined in
(3.21).

Proof. It follows from Lemma 3.7(ii) that to prove the lemma, it is enough to show that the
operator TBH is Fredholm and to compute its index.

From Palmer’s Classic Dichotomy Theorem in [13, 14] we know that 7 is a Fredholm operator
and ind(7y!) = i(H_) —i(Hy) = i- —iy. A direct computation immediately shows that
ker ’Z'ﬁH = ker ’]E)H . To conclude the proof the lemma, we only need to show that im ’TBH is a
closed subspace of finite codimension and codim(im ’Z/'BH ) = codim(im 7;*).

Therefore, we define the operator V,, : L?(R,C™) — L%*(R,C™) by V,u = %ﬂu. Since ¢, > 1,
we have that V;, is a linear, injective and bounded operator. Moreover, for any matrix-valued
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continuous function h with compact support, the function p,h € L?(R,C™), which implies that
h = V,(¢yh) € imV,. This shows that imV}, is a dense subspace, that is im V;, = L*(R,C™).
Thus, the operator V,, and the subspace im TOH satisfy the conditions of Lemma 6.1. In addition

a direct computation shows that im TﬁH = Vn_l(im T4), which proves the lemma. n

The main result of this section is the following theorem.

Theorem 3.9. Assume that ax >0, Ay € M,,,(C), and let « = (a—, o). Recall the defini-
tions of o : R — [1,00) and A : R — M,,,(C),

e 7, <0 A_, 7<0
‘pa(ﬂ_{ea”, 7>0 A<T)_{A+, T>0

Let B € L®(R, M,,,(C)) and define the operator T : dom(7,2) — L*(R,C™) by
Tu = pa(tu/ — Mau) — Mpu. (3.27)
If in addition, there exist By € My, (C) such that
(1) im; 4o eT*+7(B(1) — B1+) =0,
(ii) a— >0 or A_ + B_ is hyperbolic, and
(iii) oy >0 or Ay + By is hyperbolic,

then the operator T is Fredholm and ind(7) =i_ —iy. Here

- Z(A_+B_), ’ifOé_ =0 - ’L(A++B+), ifOé_A,_ =0
= ) : , o= } : . (3.28)
i(A-), ifa_>0 J(A4), ifay >0
Proof. First we define the matrices Ay as follows
~ Ay + By, ifagr =0
AL = ’ . 3.29
* { A, if g >0 (3:29)
Also, we define the matrix-valued function B : R — M,,(C™) by
B(1) = B_xr_(7) = Byxr, (1), ifa_=a; =0
Br) = B(1) — B_xr_(1), ?foz_ =0, a0y >0 ‘ (3.30)
B(t) — Byxr, (1), ifa_ >0, a;p =0
B(T), ifa_ >0, ap >0

One can readily check that dom(7) = dom(’TaA) = dom(ZA) and T = ’Z'OfI — Mg. Since
o+ > 0 or Ay is hyperbolic, we conclude from Lemma 3.8 that the operator TQA is Fredholm
and ind(TA) = 7_ —i,. Since lim,_ 400 @%(T)B(T) =0 and B € L®(R, M,,(C)), we obtain
from Lemma 3.5 that My € lC(dom(TaA), L?(R,C™)). Thus, the operator 7 is Fredholm and
ind(7) = ind(TA) =7_ — i, .
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4 Proofs of Theorems 1.1-1.3

Proof. [of Theorem 1.1] From Lemma 2.1(iii), Lemma 2.3, and Lemma 2.4(ii), we have
that the operators L;.q, £~, Traq, and 7 are Fredholm if one of them is Fredholm and their

indices coincide. Moreover, from Lemma 2.4(iii), we have that (Tu)(r) = (Tu)(r) for all
|| > 1, where 7 = T — Mp. Hence, T — T is relatively compact. Here a_ = —1, ay = 0,
k
=7 0
A_ = [20m k2 | Ay = 0. The function B € L>®(R, M,,,(C™)) satisfies the condition
2

0 I,
~DRec —D)Qwo
Theorem 3.9 we now conclude that 7 = 724 — Mp is Fredholm if T, is hyperbolic. In this
case ind(7) =i_ —iy =i(A_) —i(Ts) = m — i(T). To see that the hyperbolicity condition
on Tt is necessary, assume that Lyaq is Fredholm. It follows that the operator 7" is Fredholm,
and thus, from Theorem 3.9 we have that 7 is Fredholm. Since a, = 0, we infer that the
equation v’ = f~1+u has an exponential dichotomy on R which implies that T, = B4 = Ay is

lim; 4o eT**7(B(1) = By) =0 for B_ =0 and By =T = . From

hyperbolic. n

Proof. [of Theorem 1.2] First, we define the smooth function ¢ € C*(R), ¢’ <0, such that

e " for r > 2,
o(r) = { e~ for r € [0,1] ° (4.1)

(R*,C™) = L2 ,(R*, C™; ¢(|x|)~2dz) and that the operator

rad

One then readily checks that LEI
Ug: L2 J(RF,C™) — L2

,;rad

(R¥,C™) defined by Uyu = ¢(| - |)u is an isomorphism. The linear

rad ;rad
operator Ly rad = qulgradU¢ : Hfad(Rk,(Cm) — Lfad(Rk,(Cm) is defined in the radial variable
by
d ¢\* k—-1/d ¢ d ¢
'Cd),rad = D(’I”) <dT‘ + 2) + r <d?" + Z) + Q(T) <dT’ + 2) + R(’r‘)
& k—-1d d
= D(’I“) (d’l"2 + ’l“d’l") + Q¢(T)5 + R¢(’r‘), (4.2)
where
, 2¢/(r) _ (k—=1)¢'(r)  ¢"(r) ¢'(r)
Q)= Q) + 22 D), o) = i) + (B E 4 20 by 4 E QZ);),)

Since the matrix-valued functions @ and R are continuous and ¢/(r) = 0 for all r € [0, 1], we
infer that Q4 and Ry are continuous and in addition

Qo o0 := tlirgo Qs(r) = Qoo — 2nDoo, Ry oo = tlirgo Ry(r) = Roo — 1Qoo + 1*Doo.  (4.4)

To finish the proof of the theorem, we need to show that the matrix

— 0 I B 0 I
00 _Dgoleyoo _Dgoleﬁ,oo _D;olRoo + anolQoo - 772Im _DgolQoo + 277Im
(4.5)

19



I,
Nl
over, ¢]7]_1T(]57c,<>.]77 = T + nlap,, we have that the matrices Ty o, and T, + 1, are conjugate.

is hyperbolic. Let J, =

0
I ] . Since det J,, = 1, the matrix J,, is invertible. Since, more-
m

Thus, Ty  is hyperbolic if and only if Tt +n12,, is hyperbolic. Since Uy is an isometric isomor-
phism, it follows that L,,q is Fredholm on L%’md(Rk, C™) if and only if L4 raq is Fredholm on
L2 ,(R¥,C™) and their indices coincide. Now the conclusion follows shortly from Theorem 1.1.

Moreover, in the case when the operators are Fredholm, we have that

ind(Lraq) = ind(Lgrad) = m —ind(Ty o) = m — i(Too +nlpn)

Proof. [of Theorem 1.3] First, we note that (i) can be obtained from (ii) for n = 0. Since,

0 Iy
-D 'Ry 0O
Morse index is simply i(To,) = m. To prove (ii), let ¢ € C°°(Ry) be the function defined in
(4.1). We define the operator Ei = Ur;équlﬁfadUwUrad : dom(ﬁfb) — L?((0,00),C™), where

Utaq is defined in Lemma 2.1 and Uy, is defined in the proof of Theorem 1.2. It is a simple

in this case, Too = , we have that det(T, — A\) depends only on A2, thus the

computation to see that

. 42 (k—1)(k—3)+42\ 2¢/(r) d k-1
£y = D) (g3 - e )+ =0 PO (G- 5)

ro(r) o(r)
2 1V 5 I _ -

Here k := 2+ /(k — 2)2 + 4m? and the matrix-valued functions Qg, Ry : Ry — M(C) are
defined by

20w e (=000 00
Qulr) i= = D(r), Ry(r) M)+<7wm +¢M>Du. (46)

Since the matrix-valued functions D and R are continuous and ¢'(r) = 0 for all r € [0, 1], we
infer that Q¢ and R¢ are continuous and in addition

Qoo = tlim Qs(r) = —2nDey, Ry = 1tlim Ry(r) = R + 1*Deo. (4.7)
Similarly to Remark 2.2, one can show that dom(ﬁf/}) = dom(S5,S;) and
Zﬁ) = MDSle + Mngl + M*w,

where the linear operators S; : dom(S;) — L?((0,00),C™), j = 1,2 are defined by




&2 (k=1)(k—3)
an ¢ p A = R
and Id — 5159 are invertible. Hence, similarly to Lemma 2.3 we can show that the operator
L¢, , is Fredholm on L%ﬂrad(Rk,(Cm) if and only if the operator Tj’rad : dom(S;) x dom(Sy) —

L?((0,00),C?™), defined by

Since we can also prove that 5’2§1 = , we have that the linear operators Id—5’2 51

Sy —1d
T = ~ , 4.8
;rad [MD ) Rw Sg + MD* 1Qw ( )

is Fredholm on L?((0,00), C?*™), and their indices coincide.
Next, we define ’ZNZf =Uy 171/{,radU¢ : dom(’]ﬁf) — L?(R,C™). Here, the isometri(:, isomorphism
Uy is defined in Lemma 2.4. Similarly to the proof of Theorem 1.1, the operator ’Tf is Fredholm
if and only if the operator 7 = ’Z;A — Mp is Fredholm and their indices coincide. Here, a— = —1,
k
LY . 0

Oé+:07A_:[2 ~

0 _k=2y |’ Ay = 0. The function B € L*°(R, M,,(C™)) satisfies the
2

0 I,
~DRyo —Dil Quoc|’
Moreover, we have that J;~ 1B+Jn = T + nlopm, where J;, was defined in the proof of Theo-

rem 1.2. We conclude from Theorem 3.9 that the operator £¢_ is Fredholm on L%rad (R*, C™)

condition lim, 4. eT*+"(B(17) — By) =0 for B_ =0 and By =

if Too + 11y, is hyperbolic and ind(L, ;) = i(A-) —i(B+) = m —ind(Tso + 1l2m). To show that
the hyperbolicity condition on T}, oo = T + 112y, is necessary, one can use the same argument
given in the proof of Theorem 1.1. [

5 Applications

5.1 Lyapunov-Schmidt reduction in linear problems

An interesting application of our results arises in the study of stability of spikes in a class of
spatially extended systems that are governed by a scalar reaction-diffusion equation, coupled
to a conservation law,

{ u =V-la(w,0)Vutb(w, 0)Vel, o o0 gk (5.1)

v = Av + f(u,v),

The functions a,b, and f are of class C3(R? R) and, in addition, a(u,v) > ag > 0 for all
(u,v) € R2. This model includes models such as the Keller-Segel model for chemotaxis, the
phase-field models for undercooled liquids, models for precipitation patterns, and reaction-
diffusion systems in closed reactors. The spike solutions are time independent steady states of
equation (5.1). In [17], we proved the instability of exponentially localized, radially-symmetric
spikes with a stable background, that is spikes solutions satisfying

(rsl)
|(u* — u®,v* —v™)(z)] < ce™ @ forall zeRF, (u*,v*) # (W™, v™),

for some constants u™,v> € R, f(u™,v>°) =0 and ¢, §y > 0.
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(rs2) Spikes are asymptotic to constant states that are stable for the pure kinetics,
w =0 v = f(u,v),
that is, we assume f,(u™,v>) < 0.

A key argument in our proof in [17] is to track the point spectrum at the edge of the essential
spectrum of the operator L;,q defined as the linearization of the equation (5.1) along the spike
(u*,v*),

1 d [k—1(,%d 1 d [ k=1 (prd
fog— | @G )] g [P (07 + )] '
! [ £20) Lk )Y ) | 52
where
a*(r) = a(u’(r),v"(r)), 0°(r) = b(u"(r),v"(r)), 0°f(r) =0"f(u*(r),v*(r)),  (53)
li =aur+bvs and Iy =aju; + biuy. (5.4)

This operator satisfies the conditions Nondegeneracy (N) and Convergence (C) of Theorem 1.1
and Theorem 1.2, with
* *
D(r) = [a ér) ’ Y)] : (5.5)

Using the fact that the spike (u*, v*) decays exponentially at co we obtain that limiting matrices
are

a®> b 0 0
DOO:[0 1], Qoo =09 and R”:[fgo fffo]’ (5.6)
where
a® = a(u®™,v>), b>® =0bu>,v>), 9Yf =0%f(u>,v™>), (5.7)
. . . . . 02 I
It is easy to check that in this case the eigenvalues of the matrix T, = 1 are
—D Ry 02

£/ 25 fe° — fo° with multiplicity 1 and 0 with multiplicity 2. Let n* = /2% fo0 — fo° > 02,

We obtain from Theorem 1.2 that L,,q is Fredholm on L727 oq(RF.C?) and

ind(Lyaq) =2 —i(Too +nl2) =2—-3=—1 forall ne (0,n%).

In order to solve the eigenvalue problem
(Lraa = 7*)(u,0)" =0 (5.8)

for v =~ 0 we use the ansatz

(u,0)" = w + Bo(y) (), (5.9)
where w € H irad(Rk, C?) and the function hy is asymptotically equal at oo to the plain wave
solutions of the operator L3, := Do A, + Ro. For details we refer to [17, Section 4]. As shown

in the proof of Proposition 4.10 in [17] it is essential for the Lyapunov-Schmidt reduction that

Lraq is Fredholm on L%Jad(Rk, C?) and ind(L;aq) = —1 for all n € (0,7%).

20One can show that in this case the quantity under the square root is positive, see condition ODE-
Hyperbolicity on [17, page 5]
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5.2 Lyapunov-Schmidt reduction in nonlinear problems
In this subsection, we prove Theorem 1.4. Recall that we are interested in the equation
Au—ud +eV(jzl,u) =0, z€R? (5.10)
for e ~ 0. Writing equation (5.10) in the radial variable r = |z|, we obtain the equation
u’ + %u’ —ud+eV(r,u) =0, 7>0. (5.11)

We first construct a suitable far-field solution by ignoring the perturbation term €V. We find a
one-parameter family of far-field expansions by exploiting the scaling symmetry. These far-field
solutions are singular at the origin » = 0. We therefore truncate them to a support in r > 2
and allow for a general exponentially localized, e-dependent contribution.

1
W+ = —u?=0, r>0, (5.12)
T
we make the change of independent variable 7 = Inr. We also set @(7) := €"u(7). Then @
satisfies the equation
W2t +u—-a>=0, TeR. (5.13)

Using a phase-portrait analysis we can find a solution a4, € L*®(R), t.(7) — 0 as 7 — —o0,
and (1) — 1 as 7 — oo, whose rate of decay at —oo is given by

Uy (T) = agre” + O(13e*T), as T — —o0, (5.14)
for some ag < 0. It follows that the function u, : (0,00) — R, defined by

ua(r) = 2enr). (5.15)

r

is a solution of equation (5.12), for » > 0. Note however that u, is not bounded.
Ansatz for the perturbation problem

To find solutions of equation (5.11) we use the following ansatz:
w=h(,p)+w, weH, 4(R*), ne(0,5/2). (5.16)

Here, dy is given in the assumption on exponential decay (V), and the function A : (0,00) x R —
R is defined by

U (In (pr)) r >0
h(r, 1) :{ . ruzg( ) m , (5.17)

where x € C®(R4), 0 < x <1, x(r) =0 for r € [0,1] and x(r) = 1 for r > 2. In the next
remark we collect a few elementary properties of the functions u, and h needed in the sequel.

Remark 5.1. The following statements hold true:
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(i) There exists o, 8 € C1(R;) such that
us(r) = (Inr)a(r) + B(r) forall r >0, (5.18)

and a(0) = ag, o/(0) =0, a(r) =0 for all r > 1, B(r) = 0 for all r € [0,e73], |B(r)| < &
for all » > 1.

(ii) The function h can be represented as
h(r,p) = (pln p)a(pr)x(r) + p[(nr)x(r)]a(pr) + pB(ur)x(r) for all r,u>0. (5.19)

(iii) If we denote by ji : [0,e~!] — [0, e~!] the inverse of the function p +— —pIn u from [0, e}
to itself, then the function & : [0, 00) x [0,e~'] — R defined by h(r,v) = h(r, i(v)), is C1.

(iv) The function h satisfies the following estimates

\h(r,v)| < CX(T) for all 7 €R,, ve[0,e], (5.20)
T
|hy(r,v)| < ex(r)(Inr 4+ 1) forall reRy, vel0,e ] (5.21)

Proof. To prove (i), one writes u, as a sum of two functions, one smoothly localized in a
neighborhood of 0, and another one smoothly localized in a neighborhood of co. Then the
conclusion follows immediately from (5.14). Moreover, one readily checks that (ii) follows from
(i), and (iii) follows from (ii).

It remains to check (iv). Since u, € L*°(R), it follows that |h(r,u)| < c@ for all r € Ry,
p € Ry, which proves (5.20). We obtain from (5.14) that

o
‘M‘ <c|Inr| forall re (0,e71].

), (Inr)
r

Since @), € L*°(R), we have that lim,_ = 0, which implies that

e
}u*(rnr)’Scmax{|1n7"|71}SC(!lnrH—l) for all r > 0.

It follows that

o (r, )| = B, () (v)]

< ex(r)(Inr + DIE ()] + ex(r)[1+ @ ()] < ex(r)(Inr + 1)

for all r > 0, v € (0,e71]. "
Next, we define the function F : Hirad(RQ) x [0,e7 x R — L%rad(]l@) by
F(w,v,e) = Ap(w + h(-,v)) — (w~+ h(-, 1)+ eV (-, w + h(-,v)). (5.22)

In the next lemma we are going to prove that the map F is well-defined and C?.
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Lemma 5.2. We have the following smoothness properties for F:

(R?) x [0,e7 1] — L2

irad (R2), defined by

(i) The function F : Hg

,rad

Filw,v) = Ap(w + h(-,v)) — (w + h(-,v))?, (5.23)
is well defined and C.

(R?) x [0,e7 '] — L2

(ii) The function Fy : Hg 77Jad(]RQ) defined by

,rad
Fo(w,v) =V(,w+ iL(, v)) (5.24)

is well defined and C.

Proof. We first show (i). We group the terms of F; as follows:
Fir(w,v) = Apw — w® — 3w?h(-,v) — 3wh(-,v) + (Ah(-,v) — B3 (-, v)).

In what follows we will show that every term is well-defined and C'. Since A, is a bounded
linear operator from Hfhrad(]Rz) to L7277rad(R2), we have that the first term is well-defined and
C'. Next, define H; : H?

o rad(R?) X L2y (R?) x Lgy (R?) — L2 | 4(R?) by Hi(u,v,2) = uvz. The

map H; is well-defined, multilinear and bounded, which implies that H; is a C! function. In
(R?) — L (R?). Hence,

rad

addition, from Sobolev’s Embedding Theorem, we have that Hirad

the map

w — w = Hi(w, w, w) from Hgyrad(Rz) to L%’rad

(R?) is C. (5.25)
We next use Lemma 6.2 that is stated and proved in the appendix in order to show that the

function

v h(-,v) from [0,e"!] to L?

2 rad(R?) is C. (5.26)

Therefore, we choose, in the notation of Lemma 6.2, w(r) = re™ 2", gi(r) := <x(r) and

g2(r) == ex(r)(Inr + 1). One can readily check that g; € L?(R;;w(r)dr), j = 1,2. Now, since

h is a C'-function that satisfies (5.20), (5.21) we can apply Lemma 6.2 and find (5.26).
Define Hy : L;%,4(R?) x L 4(R?) x L2, (R?) — L7 _4(R?) by Ha(u,v,2) = uvz. Again,
the map Hs is well-defined, multilinear and bounded, hence C'. Moreover, from Sobolev’s

Embedding Theorem, we also have that Hfhrad (R?) — Lf]?rad(Rz). Hence, the map

(w,v) — w?h(-,v) = Ho(w,w, h(-,v)) from H?

n,rad

(R?) x [0,e7 ] to L2

2 aa(R?)is O (5.27)

We now again use Lemma 6.2 from the appendix to show that the function
v h%(-,v) from [0,e"!] to L*(R, ) is CL. (5.28)

X2(r)

This time, we choose, in the notation of Lemma 6.2, w := 1, g1(r) = c*37, ga(r) = ex?(r)nrtl

and f(r,v) = h%(r,v). Since h is a C'-function, we know that f is a C"'-function on Ry x [0, e
and g; € L%(Ry), j = 1,2. From (5.20) and (5.21) we have that

If(r,v)| < gi(r) and |f,(r,v)] < ga(r) forall reR,, ve[0,e ]
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Applying again Lemma 6.2, we obtain (5.28).
The map Hz : LO(R,;r/2e™dr) x L*(Ry) — L%’rad(RQ) defined by Ha(u,v) = uv is well-

defined, multilinear and bounded, which implies that Hs is a C' function.

Let ¢ € C*(R4) be a function such that 0 < ¢ < 1, ¢(r) = 0 for all r € [0,3] and ¥(r) = 1
for all r > 1. Since h(r,v) = 0 for all r € [0,1], v € [0,e7!], we have that

h2(-,v) = Yh2(-,v) forall vel0,el]. (5.29)

Next, we will prove that the linear operator w — 9w : Hg g (R2) — L®(Ry;r1/2emmdr) is
bounded. If w € Hg (R?) then

;rad

T

2

1
re2w?(r) = 1/2e"w?(1/2) —|—/ [(2775 + 1)e?Buw?(s) + seQ”Sw(s)w’(s)] ds forall r> 3
1

which implies that
T T
re?w?(r) < cljw||% +/1 seznslw(s)]2d3+/1 s> w(s)w' (s)|ds

2 2

r 1/2 r 1/2
< cHw||go—|—cHw||?{Zmd(R2) + </1 se2ns‘w(5)‘2d5> (/1 562ns’w/(5)‘2d5>

2 2

N

< cllwld +elwlfys ey foral r>

Using again that H? _;(R?) < L2 (R?), we find,
re2nr¢(r)w2(r) < C||w”H72;,rad(R2) for all r e R4,

which proves that the linear operator w — w : H’?],rad(R2) — L®(Ry;rY/2e"dr) is bounded.
Since Hjz is C!, we conclude from (5.28) and (5.29) that
(w, v) — wh?(-,v) = Hz(Yw, h*(-,v)) from H?

77’rad(RQ) x [0,e7Y] to L?

n,rad

(R?)is Ct. (5.30)

It follows from (5.25), (5.27), and (5.30) that to finish the proof of (i) it is enough to show that
the function v — A.h(-,v) — h3(-,v) from [0,e7!] to L%Jad(Rz) is C1. Since Ayu, = u? and

h(r,v) = a(v)u.(ri(v)x(r) for all € Ry, v € [0,e7'], it follows that
Ah(r,v) —h3(r,v) =0 forall reRy\(1,2).

Thus, again from Lemma 6.2 in the appendix, it follows that v +— Arﬁ(-,y) — fl?’(-, v) from
[0,e71] to L%Jad(]RQ) is C1, finishing the proof of (i).

We next prove (ii). Choosing w(r) := €™, g1(r) := Sx(r) and go(r) := cx(r)(Inr 4 1), one
readily checks that lim, . g;(r)w(r) = 0, j = 1,2. Since h is a Cl-function, it follows from
(5.20), (5.21), and Lemma 6.4 in the appendix that the function

v h(-,v) from [0,e!] to L™

> raa(R?)is C. (5.31)
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The embeddings H? _,(R?) — L2 (R?) — L> . (R?) imply that

n,rad —n,rad
(w,v) — w + h(-,v) from ngad(Rz) x [0,e71] to L=, (R is Ch (5.32)
From Lemma 6.5 we know that the map u — V(- u) from L% aa(R?) to L?7 aq(R?) is C1, and

we conclude that Fy is C1. [ |

The next lemma, crucial in our Lyapunov-Schmidt reduction argument, is an immediate con-
sequence of Theorem 1.2

Lemma 5.3. We have the following Fredholm properties of the linearization.

(i) A, is Fredholm on L2 . (R?) with index —1;

n,rad
(ii) ker(Ar, L7 ,q(R?)) = {0}

(iii) im(Ay, Ly g (R?)) = {f € L .q(R?) : [¥ rf(r)dr =0}

o

Proof. To prove (i), note that A, = L;,q with the special choice of D = 1, Q@ = R =
and m = 1. It follows from Theorem 1.2 that A, is Fredholm on L?; aq(R?) and md( r)
m—i(nly) =1—-2=—1.

Assertion (ii) follows from the fact that 1,ln ¢ H 77 aa(R?).

It remains to show (iii). It follows from (i) and (ii) that codimim(A, ,L77 q(R?)) = 1. Since,
in addition, 1 € ker(AT,Lfn a(R?)), we infer that im(A,, LEI a(R?) = {1}, proving the
lemma. n

Lemma 5.4. The following assertions hold true:
(i) There exists § > 0 and E : [0,0] x [-6,8] — R a C'-function such that

€[-6,0], vel0,0] and E(v,e) =0 = equation (5.11) has a solution. (5.33)

(i) The function E can be represented as follows

E(v,e) = Eo(ji(v)) + E1(v,€) + eFa(v, €), (5.34)
Ei(v,e) = v2211(v,€) + velzia(v,€) + 3 213(e), (5.35)
E1,(v,e) = V2201 (v, ) + vezaa(v,€) + e2203(v, €), (5.36)

for all v € [0,6], € € [—6,8]. Here Ey € C(Ry), Eo(0) = 0, Ey, E1, and Ey are C'-
functions on [0,0] x [—0, 6], and Ey(0) = ap # 0 and z;;, i = 1,2, j = 1,2,3 are continuous
functions.

Remark 5.5. The expansions (5.35) and (5.36) are not sharp. For instance, z;1(0,0) = 0.
Since those terms appear only as higher-order terms in the expansion, we do not attempt to
isolate leading order terms in E.
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Proof. To prove (i), let Py be the projection onto im(A,, L? _.(R?)) and define the func-

- ~’r],rad
tion F : H? 4(R?) x [0,e7'] x R — im(A,, L7 _4(R?)) by F(w,v,e) = PyF(w,v,¢). From

,rad
Lemma 5.2 we have that F is C', which impliesnthat F is C*. Moreover, a simple computation
shows that F(0,0,0) = 0 and F,,(0,0,0) = PyA,. Since PyA, is a bounded, invertible linear
operator from H 7?’md(RQ) to im(A,, L%,rad(R2))7 we conclude from the Implicit Function Theo-
rem that there exists a § > 0, small enough, and a C'-function wy : [0, 6] x [~§, 8] — HZ . ,(R?)

n,rad
such that w,(0,0) = 0 and for any (v,¢) € [0,4] X [—0, J]

Flw,v,e) =0 <= w = wi(v,¢).
It follows from Lemma 5.3(iii) that for any (v,¢) € [0, d] x [, d],
Flw,v,e) =0 <= w =ws(r,e) and (F(w,v,e),1)=0.

Here (-,-) represents the usual L2 _.(R?) — L2

irad e oq(R?) pairing. At this point, (i) follows

immediately for
E(v,e) = (F(w«(v,e),v,¢e),1). (5.37)

To prove (ii), we define the functions Ey, Es, Ey : [0,6] x [-6,0] — R and Ep : Ry — R as
follows

EJ(V75) = <ﬂ(w*(y’5)7V75)7 1>a EO(H) = _/ ,r,h3(7,,7 ,u)dr, El(y) 5) = El(V,E) - EO(/]‘(V))
0
Let F,(r) = pus(ur). Since Ayu, = u3, we calculate that A, F, = Fj’, which allows us to
compute

!/

Eo(u) = - /0 S ES i (r)dr = — /O AW = [T eE) P

0

r=o00 0o 2
s | R @ =3 [ rE e e

= —rFj(rx(r)

From Remark 5.1(i) we have that

a(pr)

Fl(r) = (W Inp)d (ur)p + p(Inr)a’ (pr) + @B (ur)  for all r € [1,2],

which implies that

Eo(p) = pai(p) + (I p)az(p) + pPaz(p)  for all p >0,

where

2 2
ar () = / o)X (r)dr,  as(u) =3 / v (ur ()X (r)dr,

2
as(u) = 3 / [ ) (ur) + B (ur) 3 (r)x(r)dr-

Using again Remark 5.1(i), we conclude that Ey € C1(R), Ey(0) = 0 and E§(0) = ag # 0.
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To prove the expansions for Fj, we first note that, since w, (v, &) € Hg}rad(RZ) for all (v,¢) €
[0,0] x [—4, 0], we have

(Aywy(v,e),1) =0 forall (v,e) €]0,d] x [-9,4]. (5.38)

Also, since ., @, € L*°(R), we have

(Aph(-,v),1) = /Oo rAh(r,v) = rhe(r,v) Tl 0 forall vel0,d]. (5.39)
0 r=0
From (5.38) and (5.39) we obtain that
Ei(v,e) = (B3(-,v) — (wi(v,€) + h(-,v))*,1) forall (v,e) € [0,d] x [—4,d]. (5.40)

To finish the proof of (ii), we note that we can write h(-,v) = V;L(-, v) and wy (v, ) = e, (g) +

Vi, (v, €). Here, the functions ., W, and v — h(-,v) from [0, ] to L? (R?) are continuous

—n,rad
functions. Plugging these expansions into (5.40), we obtain the representations (5.35) and

(5.36). "

Proof. [of Theorem 1.4] After choosing § > 0 small enough, we can define the functions
F,F1,Fy : [0,6] x [-6,6] — R by F(u,e) = E(—plnp,e), Fi(p,e) = Ei(—plnp,e) and
Fy(p,e) = Eo(—plnp,e). Next, since Ep(0) = 0 we can extend the function Ey to R by
Eo(—p) = —FEo(p) so that Ey € C'(R). We also extend the functions F, Fy, Fy to [—d,8]? by
setting F(—pu,e) = —F(pu,e) + 2F(0,¢), Fi(—p,e) = —Fi(p,e) + 2F1(0,¢) and Fy(—p,e) =
—Fy(p,€) + 2F5(0,¢). One can readily verify that F, Fy, and Fy are continuous on [—4, ]2 and
C'on [-6,6)%\ ({0} x [=9,4]).

Define the functions 7 : [~d,d] — R and A : [-§, ]2 — R by 7(¢) = eF5(0,¢) and

12
A e) = @T(Tag 1 HE)e), 70
0, =0

Since Fy is a C'-function, we have the representation

Es(v,e) = Fy(0,¢) + vEsy (v, €),
where E- is a continuous function. It follows that
€ ev
—FEy(v,e) =14+ ——
TC R Te
Using the fact that the functions E and Ey are C', and using the representations (5.35), (5.36),
and (5.41), we can show that A is continuous on [—6, 6], A¢ is continuous on [—4, 8], A(0,0) =0
and A¢(0,0) = ap # 0. From the Implicit Functions Theorem it follows that after taking § > 0
small enough for any e € [—§, d] the equation A({,e) = 0 has a solution. It follows that for any
e € [—9, 0] the equation E(v,e) = 0 has a solution, v, = —p. In p., where . = —%ﬁ)(l +&).
Since ag < 0, & € [—6,0] is small enough and from condition Positivity (P), v(g) > 0 for
e € [0, 6] small enough, we conclude that p: > 0 and p. = boe + O(?), where

Ey(v,e) forall e #0. (5.41)

1 o0
bp = —— V(r,0)rdr > 0.
ap Jo

29



Thus, by Lemma 5.4(i) we obtain that equation (5.11) has a solution. Moreover, using the
ansatz (5.16) we infer that
(7<) = hr, pe) + w(r;2),

for some function w(-;¢) € H? rad(Rkv C™), n € (0,80/2). From the definition of h in (5.17) and
Remark 5.1we have that for all r>2

u(r;€) = petis (1) + O(e™M) = boeu (1) + O(2) + O(e™7)
= boe [In(rpe)a(rpe) + B(rue)] + O(?) + O(e™")

boe | (In(bore) + O(e)) (a(bore) + O(?)) + Bbore) + O(e?) | + O(e?) + O(e™")

= boe [In(bore)a (bors) + B(bore)] + O(e%) + O(e™") = boeuy (bore) + O(e?) + O(e™")
evi(re) + O(e?) + O(e™"),

where v, : (0,00) — R is defined by v.(r) = bous(bor). From (5.14) and the definition of A in
(5.17) we obtain that

_ .3 . v(r) _ . _
Apvy = vy, }}E(l)ilnr € (—00,0) and Tlgrolov*(r)—().

6 Appendix

In this appendix, we state and prove some auxiliary lemmas needed in the proof of our main

results.

Lemma 6.1. Let X and Y be two Banach spaces and Z a closed subspace of Y of finite
codimension. If T € B(X,Y) is a bounded linear operator, injective with dense image. Then
T~1Z is a closed subspace of X, of finite codimension and

codim(T~'Z) = codim(Z). (6.1)

Proof. Since the operator T is bounded and the subspace Z is closed, T~'Z is closed. In
what follows we denote by [y] =y + Z, y € Y the elements of the quotient space Y/Z with the
usual norm. Next, we define the operator S : X — Y/Z by Sx = [T'z]. Since the operator T is
linear and bounded, one readily checks that the operator S is linear and bounded.

Next, we will prove that the image of S is dense in Y/Z, that is im S = Y/Z. Let [y], y € Y, be
an element of the closure of im S. Since, by hypothesis, the image of the operator T is dense
in Y, we can construct a sequence (z,),>1 of vectors of X such that Tz, — y as n — oo in
Y. Since the canonical inclusion y — [y] : Y — Y/Z is a bounded linear operator, we obtain
that Sz, — [y] asn — oo in Y/Z, proving that im S = Y/Z. Since Z has finite codimension, it
follows that the quotient space Y/Z has finite dimension, which implies that all of its subspaces
are closed. Thus, imS =Y/Z.
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From the definition of S we can easily see that ker S = T~1Z. It follows that
X/T'Z=X/kerS=imS=Y/Z.

Thus,
codim(T71Z) = dim(X/T'Z) = dim(Y/Z) = codim(Z).

A key element of the argument given in Section 4 is to prove that several Banach space valued
functions are C''. Below we prove a couple of auxiliary lemmas that give necessary conditions
for such functions to be C!.

Lemma 6.2. Let f : Ry x [0,a] — R be a C'-function, g1, g2 € L*(Ry;w(r)dr) such that

(i) |f(r,v)| < g1(r) for allr € Ry, v € [0,a];

(i1) |fu(r,v)| < g2(r) for allr € Ry, v € [0,a].

Then the map Hy : [0,a] — L*(Ry;w(r)dr) defined by He(v) = f(-,v) is a C*-function and
H}(v) = fu(-v) for allv €0, al.

Proof. From (i) and the fact that the function f is C! it follows that the map Hy is well-
defined. Similarly, from (ii) and the fact that f is a C'-function, we conclude that f,(-,v) €
L2(Ry;w(r)dr).

Let vy € [0,a] and (vp,)p>1 be a numerical sequence in [0, a] such that v — vy as n — oo and
Up # 1 for all n > 1. Then

1
Un — 10

2 0
= / F,.(r)dr,
0

L2(R4,w(r)dr)

(Hy(vn) = Hy(v0)) = fu (- v0)

where
2

! w(r), n > 1. (6.2)

Un — 1o

Fn(r) = (f(’l”,l/n)—f(T‘,I/o))—fy(T‘, VO)

Since f is a C'-function, it follows that Fy,(r) — 0 as n — oo for all » € R;. In addition we

estimate

2
) Il rnf? o) < g1t o= PO

Fu(r)| < [z‘

for all » € Ry, n > 1. Since go € L?(Ry,w(r)dr), we have that FF € L'(R,). From Lebesgue’s
Dominated Convergence Theorem we conclude that

/ Fo(r)dr — 0 as n — oo,
0

which proves that the map Hy is differentiable on [0,a] and H}(v) = f,(-,v) for all v € [0, a].
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To prove the continuity of H } consider again vy € [0,a] and (v,),>1 a numerical sequence in
[0, a] such that v — vy as n — oo. Then

NG ) = H o) s iy = /0 Fo(r)dr,

where
Eo(r) = |(fu(r,vn) — fu(r,w0))Pw(r), n > 1. (6.3)

Since f is a C'-function, it follows that F,(r) — 0 as n — oo for all 7 € R,. Moreover, it
follows from (ii) that

|Fn(r)] < 4g3(r)w(r) := F(r) forall reRy, n>1.
Using Lebesgue’s Dominated Convergence Theorem again, we conclude that
S ~
/ F,(r)dr — 0 as n — oo,
0

which shows that the map H; is C', proving the lemma. ]

Next, we recall a well-known result from the theory of uniformly continuous functions.

Remark 6.3. If f : Ry x [0,a] is continuous function, g : Ry — R4, (vp)n>1 is @ numerical

sequence in [0, a] with v, — 1y as n — oo such that

(i) [f(r,v)| < h(r) for all r € Ry, v € [0, al;

(i) lim h(r) =0,

r—00

then f(-,v,) — f(, 1) as n — oo in L2 (R4).

Proof. One can readily see that it follows from (i) and (ii) that f is uniformly continuous on
Ry x [0, a], which proves the remark. ]

Lemma 6.4. Let f : Ry x [0,a] — R be a C'-function, w a continuous weight function,
g1, 92 : Ry — Ry such that

(i) £, )] < 0a(r) for all v € Ry, v e [0,]
(i) 11,(r,0)] < g2(r) Jor all v € Ry, v € [0,a];
(i) lim g;(r)u(r) = 0, j = 1,2

Then the map Hy : [0,a) — L®(Ry,w(r)dr) defined by H¢(v) = f(-,v) is a C'-function and
H(v) = fu(-v) for allv €0, al.
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Proof. Since f is a C'-function and w is continuous, we have that w(:)f(-,v),w(-)f,(-,v) €
LOO

loc*

for all v € [0,a], which proves that f(-,v), fu(-,v) € L(Ry,w(r)dr). Thus, Hy is well-defined.

In addition, from the hypothesis, it follows that lim f(r,v)w(r) = lim f,(r,v)w(r) =0

Let vy € [0,a] and (vy,)p>1 be a numerical sequence in [0, a] such that v — vy as n — oo and
vp, # 1y for all n > 1. First, we define the sequence of functions (Gp)n>1, Gn : Ry — Ry as

follows
1

Un — 1o

Gn(r) = (f(rsvn) = fr,v0)) = fu(rvo)|w(r). (6.4)

Next, we define the function f: Ry — Ry by

f(r,v) = [/01 fu(ryvo + s(v —1g))ds — f,(r, Vg)}w(r). (6.5)

Since f is C'! and w is continuous, we infer that f is continuous on Ry X [0,a]. Moreover, it
follows from (ii) that

[f(r,v)] < 2ga(r)w(r) =: h(r).

In addition, it follows from (iii) that f satisfies the conditions from Remark 6.3 and, since

Gn(r) = f(r,vy), we conclude that
G,—0 as n—oo in L¥Ry).

Thus, the map Hy is differentiable and H}(v) = fu(-,v).
To prove the continuity of H } consider again vy € [0,a] and (v,),>1 a numerical sequence in
[0, a] such that v — vg as n — oo. Define the function f Ry x[0,a] — Rby f(r) = w(r)f,(r,v).

Since f is C! and w is continuous, we obtain that f is continuous on Ry x [0,a]. In addition,
from (ii) we have that

| (r,v)] < ga(r)w(r) < h(r).
Finally, from (iii) and Remark 6.3 it follows that

Hy(va) = f(ovn) = f(-ov0) = H(wo) as n—oc in L¥(Ry),
proving the continuity of H ]’c and finishing the proof of the lemma. [

Lemma 6.5. Assume that condition (V) holds. Then, for every n € (0,00/2) the map V :

L‘iowad(RQ) — L%md(RQ) defined by V(u) = V(-,u) is C*.

Proof. Let ug € L‘f’mad(]RZ) and define the linear operator Ly : Liomad(RQ) — L%’rad

Lou = Vi (-, up)u. To show that the operator Lg is bounded, we estimate

(R?) by

HLO'LLH%QI [(R2) = / 7'62777““/'”(7“, uO(T))u(r)|2d7” < C/ 7”372(50*277)7“‘67777“11,(7')‘er
n,rad 0 0

o0
< c(/ re_z(‘so_%)’”dr) [ (R2)-
0 —mn,rad
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[e.e]

—n,rad(]R2)7 such that u, — 0 as n — oo in

Let (un)n>1 be a sequence of functions from L

L‘ion,rad(]R2) and u, # 0 for all n > 1. Then
1 2 %0
HV(UO + up) — V(ug) — Louy, = / H,,(r)dr,
HunHLion’rad(R?) 12 4(R?) 0
where
1 2
Ha(r) = V(1) + 00(r) =V 0(0) = Vil ()] 2 1.
HunHL‘fmad(RQ)

Since [un(r)| < €™ [Jun|fe w2y for all 7 € Ry and n > 1, we have that u,(r) — 0 as n — oo
-,

rad

for all » € R,. From the fact that V is a C'-function we obtain that

H,(r)—0 as n—oo foral reR;. (6.6)

]

<ere” 0072 forall reRy, n>1. (6.7)

From condition (V) and using again the fact that V is a C'! function we find the estimate

2
+

1

|Hp(r)| < ) e —
| un, ”L‘i"n,rad(W)

[mem+wm»wwmww Vi (0 (r) Yt (r)

2(n—bo)r |’U,n (T)|

< cre
[[tn HLi"mmd(RQ)

From (6.6), (6.7) and Lebesgue’s Dominated Convergence Theorem it follows that
o0
/ H,(r)dr -0 as n — oo,
0

which proves that the map V is Frechet differentiable.

(ion,rad(]R2> and (un)n>1 a sequence of

(R?) such that u, — 0 as n — oo in L=, oq(R?). Define the linear
operators Ly, Lg : L‘iowad(RQ) — L7277rad(R2) by Ly,u = Vi, (-, up + wo)u, Lou = Vyu(-,up)u. To

prove the lemma it is enough to show that the L,, — L as n — oo in the operator norm. For

To finish the proof of the lemma, consider again ug € L

3 o0
functions from L& rad

o0

,n7rad(R2) and any n > 1 we estimate

any u € L

L= Loullly gy = [ P IValrr) + ) = Valr o) Pl P
< ([ e Vatrn(r) + uo(r) = Vit () )l

This estimate implies that
o]
|Ly — Loll < / ., (r)dr, (6.8)
0

where

Hy(r) = re* |V (r, un (r) + uo(r)) — Va(r,uo(r)) 2, n > 1. (6.9)
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Since [un(r)| < e"[Jun|pe w2y for all ¥ € Ry and n > 1, we have that u,(r) — 0 as n — oo
—,

rad

for all r € R,. Using again the fact that V is a C! function we obtain that H,(r) — 0 as
n — oo for all » € Ry. In addition, we have from condition (V) that

|H,(r)] < ere” 20207 forall reRy, n> 1.

From Lebesgue’s Dominated Convergence Theorem it follows that
S ~
/ Hy,(r)dr — 0 as n — oo.
0

Together (6.8), the lemma follows shortly. "
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